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Abstract 

I "From the range of the basic questions of metaphysics 

^ ■ we shall here ask this one question: "What is a thing?" 

Tjlj- . The question is quite old. What remains ever new about it 

O I is merely that it must be asked again and again [36]. " 

■ Martin Heidegger 
O " 
oo 

o 



The goal of this paper is to summarise the first steps in developing 
a fundamentally new way of constructing theories of physics. The 
motivation comes from a desire to address certain deep issues that 
^ ' arise when contemplating quantum theories of space and time. In 

■ doing so we provide a new answer to Heidegger's timeless question 

"What is a thing?" . 

Our basic contention is that constructing a theory of physics is 
equivalent to finding a representation in a topos of a certain formal 
language that is attached to the system. Classical physics uses the 
topos of sets. Other theories involve a different topos. For the types 
of theory discussed in this paper, a key goal is to represent any physical 
quantity A with an arrow : T,^ TZ^ where and TZ^ are two 
special objects (the 'state-object' and 'quantity- value object') in the 
appropriate topos, r^. 
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We discuss two different types of language that can be attached to 
a system, S. The first, VC^S), is a propositional language; the sec- 
ond, C{S), is a higher-order, typed language. Both languages provide 
deductive systems with an intuitionistic logic. With the aid of VC{S) 
we expand and develop some of the earlier work^ on topos theory 
and quantum physics. A key step is a process we term 'daseinisa- 
tion' by which a projection operator is mapped to a sub-object of the 
spectral presheaf S — the topos quantum analogue of a classical state 
space. The topos concerned is Sets^^^^ ^ : the category of contravari- 
ant set- valued functors on the category (partially ordered set) V{7i) 
of commutative sub-algebras of the algebra of bounded operators on 
the quantum Hilbert space 7i. 

There are two types of daseinisation, called 'outer' and 'inner': 
they involve approximating a projection operator by projectors that 
are, respectively, larger and smaller in the lattice of projectors on 7i. 

We then introduce the more sophisticated language C{S) and use it 
to study 'truth objects' and 'pseudo-states' in the topos. These objects 
topos play the role of states: a necessary development as the spectral 
presheaf has no global elements, and hence there are no microstates 
in the sense of classical physics. 

One of the main mathematical achievements is finding a topos 
representation for self-adjoint operators. This involves showing that, 
for any bounded, self-adjoint operator A, there is a corresponding 
arrow 8° {A) : S R- where M- is the quantity- value object for this 
theory. The construction of S°{A) is an extension of the daseinisation 
of projection operators. 

The object R- is a monoid-object only in the topos, = Sets^^^^ 
of the theory, and to enhance the applicability of the formalism we 
discuss another candidate, MH, for the quantity-value object. In this 
presheaf, both inner- and outer-daseinisation are used in a symmet- 
ric way. Another option is to apply to R- a topos analogue of the 
Grothendieck extension of a monoid to a group. The resulting object, 
fc( R- ), is an abelian group-object in r^. 

Finally we turn to considering a collection of systems: in particu- 
lar, we are interested in the relation between the topos representation 
of a composite system, and the representations of its constituents. Our 
approach to these matters is to construct a category of systems and 
to find coherent topos representations of the entire category. 

^By CJI and collaborators. 
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1 Introduction 



Many people who work in quantum gravity would agree that a deep change 
in our understanding of foundational issues will occur at some point along 
the path. However, opinions differ greatly on whether a radical revision is 
necessary at the very beginning of the process, or if it will emerge 'along 
the way' from an existing, or future, research programme that is formulated 
using the current paradigms. For example, many (albeit not all) of the 
current generation of string theorists seem inclined to this view, as do a, 
perhaps smaller, fraction of those who work in loop quantum gravity. 

In this article we take the iconoclastic view that a radical step is needed 
at the very outset. However, for anyone in this camp the problem is always 
knowing where to start. It is easy to talk about a 'radical revision of current 
paradigms' — the phrase slips lightly off the tongue — but converting this pious 
hope into a concrete theoretical structure is a problem of the highest order. 

For us, the starting point is quantum theory itself. More precisely, we 
believe that this theory needs to be radically revised, or even completely 
replaced, before a satisfactory theory of quantum gravity can be obtained. 

In this context, a striking feature of the various current programmes for 
quantising gravity — including superstring theory and loop quantum gravity — 
is that, notwithstanding their disparate views on the nature of space and 
time, they almost all use more-or-less standard quantum theory. Although 
understandable from a pragmatic viewpoint (since all we have is more-or-less 
standard quantum theory) this situation is nevertheless questionable when 
viewed from a wider perspective. 

For us, one of the most important issues is the use in the standard quan- 
tum formalism of critical mathematical ingredients that are taken for granted 
and yet which, we claim, implicitly assume certain properties of space and/or 
time. Such an a priori imposition of spatio-temporal concepts would be a 
major category^ error if they turn out to be fundamentally incompatible with 
what is needed for a theory of quantum gravity. 

A prime example is the use of the continuum^ by which, in this context, 
is meant the real and/or complex numbers. These are a central ingredient in 
all the various mathematical frameworks in which quantum theory is com- 
monly discussed. For example, this is clearly so with the use of (i) Hilbert 

^The philosophy of Kant runs strongly in our veins. 

^When used in this rather colloquial way, the word 'continuum' suggests primarily the 
cardinality of the sets concerned, and, secondly, the topology that is conventionally placed 
on these sets. 
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spaces or C*-algebras; (ii) geometric quantisation; (iii) probability functions 
on a non-distributive quantum logic; (iv) deformation quantisation; and (v) 
formal (i.e., mathematically ill-defined) path integrals and the like. The a 
priori imposition of such continuum concepts could be radically incompatible 
with a quantum-gravity formalism in which, say, space-time is fundamentally 
discrete: as, for example, in the causal-set programme. 

As we shall argue later, this issue is closely connected with the question of 
what is meant by the 'value' of a physical quantity. In so far as the concept is 
meaningful at all at the Planck scale, why should the value be a real number 
defined mathematically in the usual way? 

Another significant reason for aspiring to change the quantum formalism 
is the peristalithic problem of deciding how a 'quantum theory of cosmology' 
could be interpreted if one was lucky enough to find one. Most people who 
worry about foundational issues in quantum gravity would probably place 
the quantum-cosmology /closed-system problem at, or near, the top of their 
list of reasons for re-envisioning quantum theory. However, although we are 
deeply interested in such conceptual issues, the primary motivation for our 
research programme is not to find a new interpretation of quantum theory. 
Rather, our main goal is to find a novel structural framework within which 
new types of theories of physics can be constructed. 

However, having said that, in the context of quantum cosmology it is cer- 
tainly true that the lack of any external 'observer' of the universe 'as a whole' 
renders inappropriate the standard Copenhagen interpretation with its in- 
strumentalist use of counterfactual statements about what would happen if 
a certain measurement is performed. Indeed, the Copenhagen interpretation 
is inapplicable for any'^ system that is truly 'closed' (or 'self-contained') and 
for which, therefore, there is no 'external' domain in which an observer can 
lurk. This problem has motivated much research over the years and continues 
to be of wide interest. 

The philosophical questions that arise are profound, and look back to the 
birth of Western philosophy in ancient Greece, almost three thousand years 
ago. Of course, arguably, the longevity of these issues suggests that these 
questions are ill-posed in the first place, in which case the whole enterprise 
is a complete waste of time! This is probably the view of most, if not all, of 
our colleagues at Imperial College; but we beg to differ*. 

^The existence of the long-range, and all penetrating, gravitational force means that, 
at a fundamental level, there is only one truly closed system, and that is the universe 
itself. 

®0f course, it is also possible that our colleagues are right. 
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When considering a closed system, the inadequacy of the conventional 
instrumentalist interpretation of quantum theory encourages the search for 
an interpretation that is more 'realist' in some way. For over eighty years, 
this has been a recurring challenge for those concerned with the conceptual 
foundations of modern physics. In rising to this challenge we join our Greek 
ancestors in confronting once more the fundamental question:^ 



"What is a thing?" 



Of course, as written, the question is itself questionable. For many 
philosophers, including Kant, would assert that the correct question is not 
'What is a thing?" but rather 'What is a thing as it appears to us7" 
However, notwithstanding Kant's strictures, we seek the thing-in-itself, and, 
therefore, we persevere with Heidegger's form of the question. 

Nevertheless, having said that, we can hardly ignore the last three thou- 
sand years of philosophy. In particular, we must defend ourselves against the 
charge of being 'naive realists'. ^'^ At this point it become clear that theoret- 
ical physicists have a big advantage over professional philosophers. For we 
are permitted/required to study such issues in the context of specific math- 
ematical frameworks for addressing the physical world; and one of the great 
fascinations of this process is the way in which various philosophical posi- 
tions are implicit in the ensuing structures. For example, the exact meaning 
of 'realist' is infinitely debatable but, when used by a classical physicist, it 
invariably means the following: 

1. The idea of 'a property of the system' (for example, 'the value of a 
physical quantity at a certain time') is meaningful, and mathematically 
representable in the theory. 

2. Propositions about the system (typically asserting that the system has 
this or that property) are handled using Boolean logic. This require- 
ment is compelling in so far as we humans are inclined to think in a 
Boolean way. 

^ "What is a thing?" is the title of one of the more comprehensible of Heidegger's works 
[36]. By this, we mean comprehensible to the authors of the present article. We cannot 
speak for our colleagues across the channel: from some of them we may need to distance 
ourselves. 

^"if we were professional philosophers this would be a terrible insult. :-) 
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3. There is a space of 'microstates' such that specifying a microstate^^ 
leads to unequivocal truth values for all propositions about the system: 
i.e., a state^^ encodes "the way things are". This is a natural way of 
ensuring that the first two conditions above are satisfied. 

The standard interpretation of classical physics satisfies these requirements 
and provides the paradigmatic example of a realist philosophy in science. 
Heidegger's answer to his own question adopts a similar position [36]: 

"A thing is always something that has such and such properties, 
always something that is constituted in such and such a way. This 
something is the bearer of the properties; the something, as it 
were, that underlies the qualities. " 

In quantum theory, the situation is very different. There, the existence 
of any such realist interpretation is foiled by the famous Kochen-Specker 
theorem [50] . This asserts that it is impossible to assign values to all physical 
quantities at once if this assignment is to satisfy the consistency condition 
that the value of a function of a physical quantity is that function of the 
value. For example, the value of 'energy squared' is the square of the value 
of energy. 

Thus, from a conceptual perspective, the challenge is to find a quantum 
formalism that is 'realist enough' to provide an acceptable alternative to 
the Copenhagen interpretation, with its instrumentally-construed intrinsic 
probabilities, whilst taking on board the implications of the Kochen-Specker 
theorem. 

So, in toto what we seek is a formalism that is (i) free of prima facie 
prejudices about the nature of the values of physical quantities — in particular, 
there should be no fundamental use of the real or complex numbers; and (ii) 
'realist', in at least the minimal sense that propositions are meaningful, and 
are assigned 'truth values', not just instrumentalist probabilities of what 
would happen if appropriate measurements are made. 

However, finding such a formalism is not easy: it is notoriously difficult to 
modify the mathematical framework of quantum theory without destroying 

"'^"'^In simple non-relativistic systems, the state is specified at any given moment of time. 
Relativistic systems (particularly quantum gravity!) require a more sophisticated under- 
standing of 'state', but the general idea is the same. 

^^We are a little slack in our use of language here and in what follows by frequently 
referring to a microstate as just a 'state'. The distinction only becomes important if 
one wants to introduce things like mixed states (in quantum theory), or macrostates (in 
classical physics) all of which are often just known as 'states'. Then one must talk about 
microstates (pure states) to distinguish them from the other type of state. 
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the entire edifice. In particular, the Hilbert space structure is very rigid and 
cannot easily be changed; and the formal path-integral techniques do not 
fare much better. 

To seek inspiration let us return briefly to the situation in classical physics. 
There, the concept of realism (as asserted in the three statements above) is 
encoded mathematically in the idea of a space of states, S, where specifying a 
particular state (or 'micro-state'), s G 5, determines entirely 'the way things 
are' for the system. In particular, this suggests that each physical quantity A 
should be associated with a real-valued function A : 5 ^ M such that when 
the state of the system is s, the value of A is A{s). Of course, this is indeed 
precisely how the formalism of classical physics works. 

In the spirit of general abstraction, one might one wonder if this formal- 
ism can be generalised to a structure in which A is represented by an arrow 
A : ^ TZ where E and TZ are objects in some category, r, other than the 
category of sets. Sets? In such a theory, one would seek to represent propo- 
sitions about the 'values' (whatever that might mean) of physical quantities 
with sub-objects of S, just as in classical physics propositions are represented 
by subsets of the state space S (see Section 2.2 for more detail of this). 



Our central conceptual idea is that such a categorial 
structure constitutes a generalisation of the concept of 
'realism' in which the 'values' of a physical quantity are 
coded in the arrow A : H ^ TZ. 



Clearly the propositions will play a key role in any such theory, and, 
presumably, the minimum required is that the associated sub-objects of S 
form some sort of 'logic', just as the subsets of S form a Boolean algebra. 

This rules out most categories since, generically, the sub-objects of an 
object do not have any logical structure. However, if the category r is a 
'topos' then the sub-objects of any object do have this property, and hence 
the current research programme. 

Our suggestion, therefore, is to try to construct physical theories that are 
formulated in a topos other than Sets . This topos will depend on both the 
theory-type and the system. More precisely, if a theory-type (such as classical 
physics, or quantum physics) is applicable to a certain class of systems, then, 
for each system in this class, there is a topos in which the theory is to be 
formulated. For some theory- types the topos is system-independent: for 
example, classical physics always uses the topos of sets. For other theory- 
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types, the topos varies from system to system: as we shall see, this is the 
case in quantum theory. 

In somewhat more detail, any particular example of our suggested scheme 
will have the following ingredients: 

1. There are two special objects in the topos t^: the 'state-object'^^, 
and the 'quantity- value object', T?.^. Any physical quantity. A, is rep- 
resented by an arrow : J]^ ^ TZ^p in the topos. Whatever meaning 
can be ascribed to the concept of the 'value' of a physical quantity is 
encoded in (or derived from) this representation. 

2. Propositions about a system are represented by sub-objects of the state- 
object E^. These sub-objects form a Heyting algebra (as indeed do the 
sub-objects of any object in a topos): a distributive lattice that differs 
from a Boolean algebra only in that the law of excluded middle need 
not hold, i.e., a\/-ia ^ 1. A Boolean algebra is a Heyting algebra with 
strict equality: a V -la = 1. 

3. Generally speaking (and unlike in set theory), an object in a topos 
may not be determined by its 'points'. In particular, this may be so 
for the state-object, in which case the concept of a microstate is not 
so useful. Nevertheless, truth values can be assigned to propositions 
with the aid of a 'truth object' (or 'pseudo-state'). These truth values 
lie in another Heyting algebra. 

Of course, it is not instantly obvious that quantum theory can be writ- 
ten in this way. However, as we shall see, there is a topos reformulation 
of quantum theory, and this has two immediate implications. The first is 
that we acquire a new type of 'realist' interpretation of standard quantum 
theory. The second is that this new approach suggests ways of generalising 
quantum theory that make no fundamental reference to Hilbert spaces, path 
integrals, etc. In particular, there is no prima facie reason for introducing 
standard continuum quantities. As emphasised above, this is one of our main 
motivations for developing the topos approach. We shall say more about this 
later. 

From a conceptual perspective, a central feature of our scheme is the 
'neo-realist' structure reflected mathematically in the three statements above. 

^^The meaning of the subscript is explained in the main text. It refers to a particular 
topos-representation of a formal language attached to the system. 

^^In quantum theory, the state-object has no points/microstates at all. As we shall see, 
this statement is equivalent to the Kochen-Specker theorem. 
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This neo-realism is the conceptual fruit of the fact that, from a categorial per- 
spective, a physical theory expressed in a topos 'looks' like classical physics 
expressed in the topos of sets. 

The fact that (i) physical quantities are represented by arrows whose 
domain is the state-object, and (ii) propositions are represented by 
sub-objects of S<^, suggests strongly that E<^ can be regarded as the topos- 
analogue of a classical state space. Indeed, for any classical system the topos 
is just the category of sets. Sets, and the ideas above reduce to the familiar 
picture in which (i) there is a state space (set) S; (ii) any physical quantity, 
A, is represented by a real-valued functions A : 5 — > M; and (iii) proposi- 
tions are represented by subsets of S with a logical structure given by the 
associated Boolean algebra. 

Evidently the suggested mathematical structures could be used in two 
different ways. The first is that of the 'conventional' theoretical physicist 
with little interest in conceptual matters. For him/her, what we and our 
colleagues are developing is a new tool-kit with which to construct novel 
types of theoretical model. Whether or not Nature has chosen such models 
remains to be seen, but, at the very least, the use of topoi certainly suggests 
new techniques. 

For those physicists who are interested in conceptual issues, the topos 
framework gives a radically new way of thinking about the world. The neo- 
realism inherent in the formalism is described mathematically using the in- 
ternal language that is associated with any topos. This describes how things 
look from 'within' the topos: something that should be particularly useful in 
the context of quantum cosmology^^. 

On the other hand, the pragmatic theoretician with no interest in con- 
ceptual matters can use the 'external' description of the topos in which the 
category of sets provides a metalanguage with which to formulate the the- 
ory. From a mathematical perspective, the interplay between the internal 
and external languages of a topos is one of the fascinations of the subject. 
However, much remains to be said about the significance of this interaction 
for real theories of physics. 

This present article is partly an amalgam of a series of four papers that 
we placed on the ArXiv server^^ in March, 2007 [21, 22, 23, 24]. However, 
we have added a fair amount of new material, and also made a few minor 

-'^^In this context see the work of Markopoulou who considers a topos description of the 
universe as seen by different observers who Uve inside it [58] . 

"'^^These are due to pubhshed in Journal of Mathematical Physics in the Spring of 2008. 
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corrections (mainly typos). We have also added some remarks about devel- 
opments made by researchers other than ourselves since the ArXiv preprints 
were written. Of particular importance to our general programme is the 
work of Heunen and Spitters [38] which adds some powerful ingredients to 
the topoi-in-physics toolkit. Finally, we have included some background ma- 
terial from the earlier papers that formed the starting point for the current 
research programme [44, 45, 35, 13]. 

We must emphasise that this is not a review article about the general 
application of topos theory to physics; this would have made the article far 
too long. For example, there has been a fair amount of study of the use of 
synthetic differential geometry in physics. The reader can find references to 
much of this on the, so-called, 'Siberian toposes' web site^^. There is also 
the work by Mallios and collaborators on 'Abstract Differential Geometry' 
[59, 60, 66, 61]. Of course, as always these days, Google will speedily reveal 
all that we have omitted. 

But even less is this paper a review of the use of category theory in general 
in physics. For there any many important topics that we do not mention at 
all. For example, Baez's advocation of n-categories [5, 6]; 'categorial quantum 
theory' [2, 73]; Takeuti's theory^^ of 'quantum sets' [71]; and Crane's work 
on categorial models of space-time [17]. 

Finally, a word about the style in which this article is written. We 
spent much time pondering on this, as we did before writing the four ArXiv 
preprints. The intended audience is our colleagues who work in theoreti- 
cal physics, especially those whose interests included foundational issues in 
quantum gravity and quantum theory. However, topos theory is not an easy 
branch of mathematics, and this poses the dilemma of how much background 
mathematics should be assumed of the reader, and how much should be ex- 
plained as we go along. We have approached this problem by including 
a short mathematical appendix on topos theory. However, reasons of space 
precluded a thorough treatment, and we hope that, fairly soon, someone will 
write an introductory review of topos theory in a style that is accessible to 
a typical theoretical-physicist reader. 

^^Some of the more technical theorems have been placed in the Appendix with the hope 
that this makes the article a little easier to read. 

^'^This is littp:/ /users. univer.omsk.su/~ topoi/. See also Cecilia Flori's website that deals 
more generally with topos theory and physics: http://topos-physics.org/ 

^^Takeuti's work is not exactly about category theory applied to quantum theory: it is 
more about the use of formal logic, but the spirit is similar. For a recent paper in this 
genre see [64]. 

^"The references that we have found most helpful in our research are [55, 29, 52. 8, 56, 48] . 
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This article is structured in the following way. We begin with a discussion 
of some of the conceptual background, in particular the role of the real num- 
bers in conventional theoretical physics. Then in Section 3 we introduce the 
idea of attaching a propositional language, VC{S), to each physical system 
S. The intent is that each theory of 5* corresponds to a particular represen- 
tation of VC{S). In particular, we show how classical physics satisfies this 
requirement in a very natural way. 

Propositional languages have limited scope (they lack the quantifiers 'V 
and '3'), and in Section 4 we propose the use of a higher-order language 
C{S). Languages of this type are a central feature of topos theory and it is 
natural to consider the idea of representing C.{S) in different topoi. Classical 
physics always takes place in the topos. Sets, of sets but our expectation is 
that other of physics will use a different topos. 

This expectation is confirmed in Section 5 where we discuss in detail the 
representation of VC{S) for a quantum system (the representation of C{S) is 
discussed in Section 8). The central idea is to represent propositions as sub- 
objects of the 'spectral presheaf S which belongs to the topos, Sets^^^^ ^ , 
of presheaves (set- valued, contravariant functors) on the category, V(7i), of 
abelian sub-algebras of the algebra B{l-C) of all bounded operators on Ti. 
This representation employs the idea of 'daseinisation' in which any given 
projection operator P is represented at each context/stage-of-truth V in 
V(7Y) by the 'closest' projector to it in V . There are two variants of this: 
(i) 'outer' daseinisation, in which P is approached from above (in the lattice 
of projectors in V)] and (ii) 'lower' daseinisation, in which P is approached 
from below. 

The next key move is to discuss the 'truth values' of propositions in a 
quantum theory. This requires the introduction of some analogue of the mi- 
crostates of classical physics. We say 'analogue' because the spectral presheaf 
E — which is the quantum topos equivalent of a classical state space — has no 
global elements, and hence there are no microstates at all: this is equivalent 
to the Kochen-Specker theorem. The critical idea is that of a 'truth object', 
or 'pseudo-state' which, as we show in Section 6, is the closest one can get 
in quantum theory to a microstate. 

In Section 7 we introduce the 'de Groote' presheaves and the associated 
ideas that lead to the concept of daseinising an arbitrary bounded self-adjoint 
operator, not just a projector. Then, in Section 8, the spectral theorem is 
used to construct several possible models for the quantity-value presheaf 
in quantum physics. The simplest choice is M^, but this uses only outer 
daseinisation, and a more balanced choice is which uses both inner and 
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outer daseinisation. Another possibility is A;(M^): the Grothendieck topos 
extension of the monoid object R- . A key result is the 'non-commutative 
spectral theorem' which involves showing how each bounded, self-adjoint 
operator A can be represented by an arrow A : S — ^ R^ . 

In Section 10 we discuss the way in which unitary operators act on the 
quantum topos objects. Then, in Sections 11, 12 and 13 we discuss the 
problem of handling 'all' possible systems in a single coherent scheme. This 
involves introducing a category of systems which, it transpires, has a natural 
monoidal structure. We show in detail how this scheme works in the case of 
classical and quantum theory. 

Finally, in Section 14 we discuss/speculate on some properties of the state 
object, quantity- value object, and truth objects that might be present in any 
topos representation of a physical system. 

To facilitate reading this long article, some of the more technical material 
has been put in Appendix 1. In Appendix 2 there is a short introduction to 
some of the relevant parts of topos theory. 

2 The Conceptual Background of our Scheme 

2.1 The Problem of Using Real Numbers a Priori 

As mentioned in the Introduction, one of the main goals of our work is to 
find new tools with which to develop theories that are significant extensions 
of, or developments from, quantum theory but without being tied a priori 
to the use of the standard real or complex numbers. 

In this context we note that real numbers arise in theories of physics in 
three different (but related) ways: (i) as the values of physical quantities; (ii) 
as the values of probabilities; and (iii) as a fundamental ingredient in models 
of space and time (especially in those based on differential geometry). All 
three are of direct concern vis-a-vis our worries about making unjustified, a 
priori assumptions in quantum theory. We shall now examine them in detail. 

2.1.1 Why Are Physical Quantities Assumed to be Real- Valued? 

One reason for assuming physical quantities are real-valued is undoubtedly 
grounded in the remark that, traditionally (i.e., in the pre-digital age), they 
are measured with rulers and pointers, or they are defined operationally in 
terms of such measurements. However, rulers and pointers are taken to be 
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classical objects that exist in the physical space of classical physics, and this 
space is modelled using the reals. In this sense there is a direct link between 
the space in which physical quantities take their values (what we call the 
'quantity- value space') and the nature of physical space or space-time [41]. 

If conceded, this claim means the assumption that physical quantities 
are real-valued is problematic in any theory in which space, or space-time, 
is not modelled by a smooth manifold. Admittedly, if the theory employs 
a background space, or space-time — and if this background is a manifold — 
then the use of real- valued physical quantities is justified in so far as their 
value-space can be related to this background. Such a stance is particularly 
appropriate in situations where the background plays a central role in giving 
meaning to concepts like 'observers' and 'measuring devices', and thereby 
provides a basis for an instrumentalist interpretation of the theory. 

But even here caution is needed since many theoretical physicists have 
claimed that the notion of a 'space-time point in a manifold' is intrinsically 
flawed. One argument (due to Penrose) is based on the observation that any 
attempt to localise a 'thing' is bound to fail beyond a certain point because 
of the quantum production of pairs of particles from the energy /momentum 
uncertainty caused by the spatial localisation. Another argument concerns 
the artificiality^^ of the use of real numbers as coordinates with which to 
identify a space-time point. There is also Einstein's famous 'hole argument' 
in general relativity which asserts that the notion of a space-time point (in 
a manifold) has no physical meaning in a theory that is invariant under the 
group of space-time diffeomorphisms. 

Another cautionary caveat concerning the invocation of a background is 
that this background structure may arise only in some 'sector' of the theory; 
or it may exist only in some limiting, or approximate, sense. The associated 
instrumentalist interpretation would then be similarly limited in scope. For 
this reason, if no other, a 'realist' interpretation is more attractive than an 
instrumentalist one. 

In fact, in such circumstances, the phrase 'realist interpretation' does 
not really do justice to the situation since it tends to imply that there are 
other interpretations of the theory, particularly instrumentalism, with which 
the realist one can contend on a more-or-less equal footing. But, as we 
just argued, the instrumentalist interpretation may be severely limited as 
compared to the realist one. To flag this point, we will sometimes refer to a 

^^Tlie integers, and associated rationals, have a 'natural' interpretation from a physical 
perspective since we can all count. On the other hand, the Cauchy-sequence and/or the 
Dedekind-cut definitions of the reals are distinctly un-intuitive from a physical perspective. 
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'realist formalism', rather than a 'realist interpretation'. 



2.1.2 Why Are Probabilities Required to Lie in the Interval [0, 1]? 

The motivation for using the subset [0, 1] of the real numbers as the value 
space for probabilities comes from the relative-frequency interpretation of 
probability. Thus, in principle, an experiment is to be repeated a large 
number, N, times, and the probability associated with a particular result 
is defined to be the ratio Ni/N, where A'^j is the number of experiments in 
which that result was obtained. The rational numbers Ni/N necessarily lie 
between and 1, and if the limit iV — > oo is taken — as is appropriate for 
a hypothetical 'infinite ensemble' — real numbers in the closed interval [0, 1] 
are obtained. 

The relative-frequency interpretation of probability is natural in instru- 
mentalist theories of physics, but it is not meaningful if there is no classical 
spatio-temporal background in which the necessary measurements could be 
made; or, if there is a background, it is one to which the relative-frequency 
interpretation cannot be adapted. 

In the absence of a relativity-frequency interpretation, the concept of 
'probability' must be understood in a different way. In the physical sciences, 
one of the most discussed approaches involves the concept of 'potentiality', 
or 'latency', as favoured by Heisenberg [37], Margenau [57], and Popper [65] 
(and, for good measure, Aristotle). In this case there is no compelling reason 
why the probability-value space should necessarily be a subset of the real 
numbers. The minimal requirement is that this value-space is an ordered 
set, so that one proposition can be said to be more or less probable than an- 
other. However, there is no prima facie reason why this set should be totally 
ordered: i.e., there may be pairs of propositions whose potentialities cannot 
be compared — something that seems eminently plausible in the context of 
non-commensurable quantities in quantum theory. 

By invoking the idea of 'potentiality', it becomes feasible to imagine 
a quantum-gravity theory with no spatio-temporal background but where 
probability is still a fundamental concept. However, it could also be that 
the concept of probability plays no fundamental role in such circumstances, 
and can be given a meaning only in the context of a sector, or limit, of the 

^^Of course, such discussions are unnecessary in classical physics since, there, if knowl- 
edge of the value of a physical quantity is gained by making a (ideal) measurement, the 
reason why we obtain the result that we do, is because the quantity possessed that value 
immediately before the measurement was made. In other words, "cpistcmology models 
ontology" . 
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theory where a background does exist. This background could then sup- 
port a hmited instrumentahst interpretation which would include a (limited) 
relative-frequency understanding of probability. 

In fact, most modern approaches to quantum gravity aspire to a formalism 
that is background independent [4, 15, 67, 68]. So, if a background space does 
arise, it will be in one of the restricted senses mentioned above. Indeed, it is 
often asserted that a proper theory of quantum gravity will not involve any 
direct spatio-temporal concepts, and that what we commonly call 'space' 
and 'time' will 'emerge' from the formalism only in some appropriate limit 
[12]. In this case, any instrumentalist interpretation could only 'emerge' in 
the same limit, as would the associated relative-frequency interpretation of 
probability. 

In a theory of this type, there will be no prima facie link between the val- 
ues of physical quantities and the nature of space or space-time, although, of 
course, this cannot be totally ruled out. In any event, part of the fundamen- 
tal specification of the theory will involve deciding what the 'quantity- value 
space' should be. 

These considerations suggest that quantum theory must be radically 
changed if one wishes to accommodate situations where there is no back- 
ground space/space-time, manifold within which an instrumentalist interpre- 
tation can be formulated. In such a situation, some sort of 'realist' formalism 
is essential. 

These reflections also suggest that the quantity-value space employed in 
an instrumentalist realisation of a theory — or a 'sector', or 'limit', of the 
theory — need not be the same as the quantity-value space in a neo-realist 
formulation. At first sight this may seem strange but, as is shown in Section 
8, this is precisely what happens in the topos reformulation of standard 
quantum theory. 

2.2 The Genesis of Topos Ideas in Physics 

2.2.1 Why are Space and Time Modelled with Real Numbers? 

Even setting aside the more exotic considerations of quantum gravity, one can 
still query the use of real numbers to model space and/or time. One might 
argue that (i) the use of (triples of) real numbers to model space is based on 
empirically-based reflections about the nature of 'distances' between objects; 
and (ii) the use of real numbers to model time reflects our experience that 
'instants of time' appear to be totally ordered, and that intervals of time are 
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always divisible^^ . 

However, what does it really mean to say that two particles are separated 
by a distance of, for example, A/2cms? From an empirical perspective, it 
would be impossible to make a measurement that could unequivocally re- 
veal precisely that value from among the continuum of real numbers that lie 
around it. There will always be experimental errors of some sort: if noth- 
ing else, there are thermodynamical fluctuations in the measuring device; 
and, ultimately, uncertainties arising from quantum 'fluctuations'. Similar 
remarks apply to attempts to measure time. 

Thus, from an operational perspective, the use of real numbers to label 
'points' in space and/or time is a theoretical abstraction that can never be 
realised in practice. But if the notion of a space/time/space-time 'point' in 
a continuum, is an abstraction, why do we use it? Of course it works well in 
theories used in normal physics, but at a fundamental level it must be seen 
as questionable. 

These operational remarks say nothing about the structure of space (or 
time) 'in itself, but, even assuming that this concept makes sense, which is 
debatable, the use of real numbers is still a metaphysical assumption with 
no fundamental justification. 

Traditionally, we teach our students that measurements of physical quan- 
tities that are represented theoretically by real numbers, give results that 
fall into 'bins', construed as being subsets of the real line. This suggests 
that, from an operational perspective, it would be more appropriate to base 
mathematical models of space or time on a theory of 'regions', rather than 
the real numbers themselves. 

But then one asks "What is a region?", and if we answer "A subset of 
triples of real numbers for space, and a subset of real numbers for time" , we 
are thrown back to the real numbers. One way of avoiding this circularity is 
to focus on relations between these 'subsets' and see if they can be axioma- 
tised in some way. The natural operations to perform on regions are (i) take 
intersections, or unions, of pairs of regions; and (ii) take the complement of 
a region. If the regions are modelled on Borel subsets of M, then the inter- 
sections and unions could be extended to countable collections. If they are 
modelled on open sets, it would be arbitrary unions and finite intersections. 

From a physical perspective, the use of open subsets as models of regions 
is attractive as it leaves a certain, arguably desirable, 'fuzziness' at the edges, 
which is absent for closed sets. Thus, following this path, we would axioma- 

These remarks are expressed in the context of the Newtonian view of space and time, 
but it is easy enough to generahse them to special relativity. 
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tise that a mathematical model of space or time (or space-time) involves an 
algebra of entities called 'regions', and with operations that are the analogue 
of unions and intersections for subsets of a set. This algebra would allow 
arbitrary 'unions' and finite 'intersections', and would distributed^ over these 
operations. In effect, we are axiomatising that an appropriate mathematical 
model of space-time is an object in the category of locales. 

However, a locale is the same thing as a complete Heyting algebra (for 
the definition see below), and, as we shall, Heyting algebras are inexorably 
linked with topos theory. 

2.2.2 Another Possible Role for Heyting Algebras 

The use of a Heyting algebra to model space/time/space-time is an attractive 
possibility, and was the origin of the interest in topos theory of one of us (CJI) 
some years ago. However, there is another motivation which is based more 
on logic, and the desire to construct a 'neo-realist' interpretation of quantum 
theory. 

To motivate topos theory as the source of neo-realism let us first consider 
classical physics, where everything is defined in the category. Sets, of sets 
and functions between sets. Then (i) any physical quantity. A, is represented 
by a real-valued function A : iS — M, where S is the space of microstates; 
and (ii) a proposition of the form "A e A" (which asserts that the value of 
the physical quantity A lies in the subset A of the real line M)^^ is repre- 
sented by the subset^^ A~^{A) C S. In fact any proposition P about the 
system is represented by an associated subset, Sp, of S: namely, the set of 
states for which P is true. Conversely, every (Borel) subset of S represents 
a proposition. d^ 

It is easy to see how the logical calculus of propositions arises in this 
picture. For let P and Q be propositions, represented by the subsets Sp and 

^^If the distributive law is dropped we could move towards the quantum-set ideas of 
[71]; or, perhaps, the ideas of non-commutative geometry instigated by Alain Connes [14]. 

^^In the rigorous theory of classical physics, the set 5 is a symplectic manifold, and A 
is a Borel subset of R. Also, the fimction 4 : 5 — > M may be required to be measurable, 
or continuous, or smooth, depending on the quantity, A, under consideration. 

Throughout this article we will adopt the notation in which A C B means that yl is a 
subset of B that could equal B; while A C B means that ^ is a proper subset of B; i.e., 
A does not equal B. Similar remarks apply to other pairs of ordering symbols like -<,^] 
or etc. 

^^More precisely, every Borel subset of S represents many propositions about the values 
of physical quantities. Two propositions are said to be 'physically equivalent' if they are 
represented by the same subset of S. 
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Sq respectively, and consider the proposition "P and Q" . This is true if, and 
only if, both P and Q are true, and hence the subset of states that represents 
this logical conjunction consists of those states that lie in both Sp and Sq — 
i.e., the set-theoretic intersection Sp fl Sq. Thus "P and Q" is represented 
by Sp (1 Sq. Similarly, the proposition "P or Q" is true if either P or Q 
(or both) are true, and hence this logical disjunction is represented by those 
states that lie in Sp plus those states that lie in Sq — i.e., the set-theoretic 
union Sp U Sq. Finally, the logical negation "not P" is represented by all 
those points in S that do not lie in Sp — i.e., the set-theoretic complement 
S/Sp. 

In this way, a fundamental relation is established between the logical 
calculus of propositions about a physical system, and the Boolean algebra 
of subsets of the state space. Thus the mathematical structure of classical 
physics is such that, of necessity, it reflects a 'realist' philosophy, in the sense 
in which we are using the word. 

One way to escape from the tyranny of Boolean algebras and classical 
realism is via topos theory. Broadly speaking, a topos is a category that 
behaves very much like the category of sets; in particular, the collection 
of sub-objects of an object forms a Heyting algebra, just as the collection 
of subsets of a set form a Boolean algebra. Our intention, therefore, is to 
explore the possibility of associating physical propositions with sub-objects 
of some object S (the analogue of a classical state space) in some topos. 

A Heyting algebra, f), is a distributive lattice with a zero element, 0, and 
a unit element, 1, and with the property that to each pair G f) there is 
an implication a ^ l3, characterized by 

7 ^ (a ^ /5) if and only if 7 Aa ^ /3. (2.1) 

The negation is defined as -la := (a ^ 0) and has the property that the 
law of excluded middle need not hold, i.e., there may exist a G f), such that 
a V -la -< 1 or, equivalently, there may exista G f) such that -i-ia >- a. This 
is the characteristic property of an intuitionistic logic. A Boolean algebra 
is the special case of a Heyting algebra in which there is the strict equality: 
i.e., a V -la = 1 for all a. It is known from Stone's theorem [70] that each 
Boolean algebra is isomorphic to an algebra of (clopen, i.e., closed and open) 
subsets of a suitable (topological) space. 

^^Here, a /3 is nothing but the category-theoretical exponential f3" and 7 A a is 
the product 7x0;. The definition uses the adjunction between the exponential and the 
product, Hom(7, = Hom(7 x a, (3). A slightly easier, albeit 'less categorical' definition 
is: a Heyting algebra, f), is a distributive lattice such that for any two elements a,j3 £ [}. 
the set {7 € [} I 7 A a < /3} has a maximal element, denoted by (a => /3). 
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The elements of a Heyting algebra can be manipulated in a very similar 
way to those in a Boolean algebra. One of our claims is that, as far as theories 
of physics are concerned, Heyting logic is a viable^^ alternative to Boolean 
logic. 

To give some idea of the difference between a Boolean algebra and a 
Heyting algebra, we note that the paradigmatic example of the former is the 
collection of all measurable subsets of a measure space X. Here, if a C X 
represents a proposition, the logical negation, -la, is just the set-theoretic 
complement X\a. 

On the other hand, the paradigmatic example of a Heyting algebra is the 
collection of all open sets in a topological space X. Here, if a C X is open, 
the logical negation -la is defined to be the interior of the set-theoretical 
complement X\a. Therefore, the difference between -la in the topological 
space X, and -la in the measurable space generated by the topology of X, 
is just the 'thin' boundary of the closed set X\a. 

2.2.3 Our Main Contention about Topos Theory and Physics 

We contend that, for a given theory-type (for example, classical physics, 
or quantum physics), each system S to which the theory is applicable is 
associated with a particular topos T0(S') within whose framework the theory, 
as applied to S*, is to be formulated and interpreted. In this context, the 
'^'-subscript is a label that changes as the theory-type changes. It signifies 
the representation of a system-language in the topos t^{S): we will come to 
this later. 

The conceptual interpretation of this formalism is 'neo- realist' in the fol- 
lowing sense: 

1. A physical quantity. A, is to be represented by an arrow A^^s '■ '^<f>,s ~^ 
Tl^^s where S^^^ and TZ^^s are two special objects in the topos t^{S). 
These are the analogues of, respectively, (i) the classical state space, 
iS; and (ii) the real numbers, M, in which classical physical quantities 
take their values. 

^^Tlie main difference between theorems proved using Heyting logic and those using 
Boolean logic is that proofs by contradiction cannot be used in the former. In particular, 
this means that one cannot prove that something exists by arguing that the assumption 
that it does not leads to contradiction; instead it is necessary to provide a constructive 
proof of the existence of the entity concerned. Arguably, this docs not place any major 
restriction on building theories of physics. Indeed, over the years, various physicists (for 
example, Bryce DeWitt) have argued that constructive proofs should always be used in 
physics. 
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In what follows, Tj^^s and 7^</,,5 are called the 'state object', and the 
'quantity- value object', respectively. 

2. Propositions about the system S are represented by sub-objects of S^.s- 
These sub-objects form a Heyting algebra. 

3. Once the topos analogue of a state (a 'truth object') has been speci- 
fied, these propositions are assigned truth values in the Heyting logic 
associated with the global elements of the sub-object classifier, ^2^-^(5), 
in the topos 7-0(5). 

Thus a theory expressed in this way looks very much like classical physics 
except that whereas classical physics always employs the topos of sets, other 
theories — including quantum theory and, we conjecture, quantum gravity — 
use a different topos. 

One deep result in topos theory is that there is an internal language asso- 
ciated with each topos. In fact, not only does each topos generate an internal 
language, but, conversely, a language satisfying appropriate conditions gen- 
erates a topos. Topoi constructed in this way are called 'linguistic topoi', 
and every topos can be regarded as a linguistic topos. In many respects, this 
is one of the profoundest ways of understanding what a topos really 'is'.^°. 

These results are exploited in Section 4 where we introduce the idea that, 
for any applicable theory-type, each physical system S is associated with 
a 'local' language, C{S). The application of the theory-type to S is then 
involves finding a representation of C{S) in an appropriate topos; this is 
equivalent to finding a 'translation' of C{S) into the internal language of 
that topos. 

Closely related to the existence of this linguistic structure is the striking 
fact that a topos can be used as a foundation for mathematics itself, just as 
set theory is used in the foundations of 'normal' (or 'classical') mathematics. 
In this context, the key remark is that the internal language of a topos has 
a form that is similar in many ways to the formal language on which normal 
set theory is based. It is this internal, topos language that is used to interpret 
the theory in a 'neo-realist' way. 

The main difference with classical logic is that the logic of the topos 
language does not satisfy the principle of excluded middle, and hence proofs 
by contradiction are not permitted. This has many intriguing consequences. 
For example, there are topoi in which there exist genuine infinitesimals that 

•^^This aspect of topos theory is discussed at length in the books by Bell [8], and Lambek 
and Scott [52] 
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can be used to construct a rival to normal calculus. The possibility of such 
quantities stems from the fact that the normal proof that they do not exist 
is a proof by contradiction. 

Thus each topos carries its own world of mathematics: a world which, 
generally speaking, is not the same as that of classical mathematics. 

Consequently, by postulating that, for a given theory-type, each physical 
system carries its own topos, we are also saying that to each physical sys- 
tem plus theory-type there is associated a framework for mathematics itself! 
Thus classical physics uses classical mathematics; and quantum theory uses 
'quantum mathematics' — the mathematics formulated in the topoi of quan- 
tum theory. To this we might add the conjecture: "Quantum gravity uses 
'quantum gravity' mathematics"! 

3 Prepositional Languages and Theories of 
Physics 

3.1 Two Opposing Interpretations of Propositions 

Attempts to construct a naive realist interpretation of quantum theory founder 
on the Kochen-Specker theorem. However, if, despite this theorem, some de- 
gree of realism is still sought, there are not that many options. 

One approach is to focus on a particular, maximal commuting subset of 
physical quantities and declare by fiat that these are the ones that 'have' 
values; essentially, this is what is done in 'modal' interpretations of quantum 
theory. However, this leaves open the question of why Nature should select 
this particular set, and the reasons proposed vary greatly from one scheme 
to another. 

In our work, we take a completely different approach and try to formulate 
a scheme which takes into account all these different choices for commuting 
sets of physical quantities; in particular, equal ontological status is ascribed 
to all of them. This scheme is grounded in the topos-theoretic approach 
that was first proposed in [44, 45, 35, 13]. This uses a technique whose first 
step is to construct a category, C, the objects of which can be viewed as 
contexts in which the quantum theory can be displayed: in fact, they are 
just the commuting sub-algebras of operators in the theory. All this will be 
explained in more detail in Section 5. 

In this earlier work, it was postulated that the logic for handling quan- 
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turn propositions from this perspective is that associated with the topos of 
presheaves^^ (contravariant functors from C to Sets), Sets'' The idea is 
that a single presheaf will encode quantum propositions from the perspec- 
tive of all contexts at once. However, in the original papers, the crucial 
'daseinisation' operation (see Section 5) was not known and, consequently, 
the discussion became rather convoluted in places. In addition, the general- 
ity and power of the underlying procedure was not fully appreciated by the 
authors. 

For this reason, in the present article we return to the basic questions 
and reconsider them in the light of the overall topos structure that has now 
become clear. 

We start by considering the way in which propositions arise, and are ma- 
nipulated, in physics. For simplicity, we will concentrate on systems that 
are associated with 'standard' physics. Then, to each such system S there 
is associated a set of physical quantities — such as energy, momentum, posi- 
tion, angular momentum etc.^^ — all of which are real-valued. The associated 
propositions are of the form "A e A" , where A is a physical quantity, and A 
is a subset^^ of M. 

From a conceptual perspective, the proposition "AeA" can be read in 
two, very different, ways: 

(i) The (naive) realist interpretation: "The physical quantity A has 
a value, and that value lies in A." 

(ii) The instrumentalist interpretation: "// a measurement is made 
of A, the result will be found to lie in A." 

The former is the familiar, 'commonsense' understanding of propositions in 
both classical physics and daily life. The latter underpins the Copenhagen in- 
terpretation of quantum theory. Of course, the instrumentalist interpretation 
can also be applied to classical physics, but it does not lead to anything new. 
For, in classical physics, what is measured is what is the case: "Epistemology 
models ontology" . 

■^^In quantum theory, the category C is just a partially-ordered set, which simplifies 
many manipulations. 

■^^This set does not have to contain 'alV possible physical quantities: it suffices to 
concentrate on a subset that are deemed to be of particular interest. However, at some 
point, questions may arise about the 'completeness' of the set. 

■^^As was remarked earlier, for various reasons, the subset A C R is usually required to 
be a Borel subset, and for the most part we will assume this without further comment. 
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We will now study the role of propositions in physics more carefully, 
particularly in the context of 'realist' interpretations. 

3.2 The Prepositional Language VC{S) 

3.2.1 Intuitionistic Logic and the Definition of VC{S) 

We are going to construct a formal language, VC{S), with which to express 
propositions about a physical system, S, and to make deductions concerning 
them. Our intention is to interpret these propositions in a 'realist' way: an 
endeavour whose mathematical underpinning lies in constructing a represen- 
tation of VC{S) in a Heyting algebra, Sj, that is part of the mathematical 
framework involved in the application of a particular theory-type to S. 

In constructing VC{S) we suppose that we have first identified some set, 
Q{S), of physical quantities: this plays a fundamental role in our language. 
In addition, for any system 5", we have the set, Pb^ of (Borel) subsets of 
M. We use the sets Q{S) and Pb^ to construct the 'primitive propositions' 
about the system S. These are of the form "yle A" where A e Q{S) and 
A e PsM. 

We denote the set of all such strings by VC{S)q. Note that what has 
been here called a 'physical quantity' could better (but more clumsily) be 
termed the 'name' of the physical quantity. For example, when we talk about 
the 'energy' of a system, the word 'energy' is the same, and functions in the 
same way in the formal language, irrespective of the details of the actual 
Hamiltonian of the system. 

The primitive propositions "Ae A" are used to define 'sentences'. More 
precisely, a new set of symbols {-i. A, V, ^} is added to the language, and 
then a sentence is defined inductively by the following rules (see Ch. 6 in 
[29]): 

1. Each primitive proposition "Ae A" in VC{S)o is a sentence. 

2. If a is a sentence, then so is -la. 

3. If a and (3 are sentences, then so are a A /3, a V /3, and a ^ p. 

The collection of all sentences, VC{S), is an elementary formal language that 
can be used to express and manipulate propositions about the system 5*. Note 
that, at this stage, the symbols -i. A, V, and =^ have no explicit meaning, 
although of course the implicit intention is that they should stand for 'not'. 
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'and', 'or' and 'implies', respectively. This implicit meaning becomes explicit 
when a representation of VC{S) is constructed as part of the application 
of a theory-type to S (see below). Note also that VC{S) is a propositional 
language only: it does not contain the quantifiers 'V or '3'. To include them 
requires a higher-order language. We shall return to this in our discussion of 
the language jC{S). 

The next step arises because VC{S) is not only a vehicle for expressing 
propositions about the system S: we also want to reason with it about the 
system. To achieve this, a series of axioms for a deductive logic must be 
added to VC{S). This could be either classical logic or intuitionistic logic, 
but we select the latter since it allows a larger class of representations/models, 
including representations in topoi in which the law of excluded middle fails. 

The axioms for intuitionistic logic consist of a finite collection of sentences 
in VC{S) (for example, a A/3 =^ P Aa), plus a single rule of inference, modus 
ponens (the 'rule of detachment') which says that from a and a ^ (3 the 
sentence (3 may be derived. 

Others axioms might be added to VC{S) to reflect the implicit meaning of 
the primitive proposition "Ae A": i.e., (in a realist reading) "A has a value, 
and that value lies in A C M". For example, the sentence Ai A A2" 
('A belongs to Ai' and 'A belongs to A2') might seem to be equivalent to 
"A belongs to Ai fl A2" i.e., "AeAi fl A2". A similar remark applies to 
"AeAi V AeA2". 

Thus, along with the axioms of intuitionistic logic and detachment, we 
might be tempted to add the following axioms: 



These axioms are consistent with the intuitionistic logical structure of VC{S). 

We shall see later the extent to which the axioms (3.1-3.2) are compatible 
with the topos representations of classical and quantum physics. However, 
the other obvious proposition to consider in this way — "It is not the case 
that A belongs to A" — is clearly problematical. 

In classical logic, this proposition^^, "-i(y4e A)", is equivalent to "A be- 
longs to M\ A" , where M\ A denotes the set-theoretic complement of A in M. 
This might suggest augmenting (3.1-3.2) with a third axiom 



■^^The parentheses ( ) are not symbols in the language; they are just a way of grouping 
letters and sentences. 



AeAiAAeA2 ^ A£:AinA2 
AeAi\/AeA2 ^ A£:AiUA2 



(3.1) 
(3.2) 



-^{AeA) ^ AeR\A 



(3.3) 
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However, applying '-i' to both sides of (3.3) gives 



-^^{AeA) ^ AeA 



(3.4) 



because of the set-theoretic result M\(M\A) = A. But in an intuitionistic 
logic we do not have a -i-ia but only a =^ -i-ia, and so (3.3) could be false 
in a Heyting-algebra representation of VC{S) that is not Boolean. Therefore, 
adding (3.3) as an axiom in VC{S) is not indicated if representations are to 
be sought in non-Boolean topoi. 

3.2.2 Representations of P/:(S'). 

To use a language VC{S) 'for real' for some specific physical system S one 
must first decide on the set Q{S) of physical quantities that are to be used in 
describing S. This language must then be represented in the concrete math- 
ematical structure that arises when a theory-type (for example: classical 
physics, quantum physics, Dl-physics,. . . ) is applied to S. Such a represen- 
tation, TT, maps each primitive proposition, a, in VC{S)q to an element, vr(a), 
of some Heyting algebra (which could be Boolean), Sj, whose specification is 
part of the theory of S. For example, in classical mechanics, the propositions 
are represented in the Boolean algebra of all (Borel) subsets of the classical 
state space. 

The representation of the primitive propositions can be extended recur- 
sively to all of VC{S) with the aid of the following rules [29]: 



Note that, on the left hand side of (3.5-3.8), the symbols {-i. A, V, ^} are 
elements of the language VC{S), whereas on the right hand side they denote 
the logical connectives in the Heyting algebra, S^, in which the representation 
takes place. 

This extension of tt from VC{S)o to VC{S) is consistent with the ax- 
ioms for the intuitionistic, propositional logic of the language VC{S). More 
precisely, these axioms become tautologies: i.e., they are all represented by 
the maximum element, 1, in the Heyting algebra. By construction, the map 
TT : VC{S) — > i3 is then a representation of VC{S) in the Heyting algebra S^. 
A logician would say that vr : VC{S) — ^ is an ^-valuation, or Sj-model, of 
the language VC{S). 




n{a V p) := n{a) V n{p) 
7r{a A /3) := n{a) A tt{/3) 
7r(-ia) := -i7r(a) 
7r(a =^ f3) := 7r(a) =^ 7r(/3) 



(3.5) 
(3.6) 
(3.7) 
(3.8) 
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Note that different systems, S, can have the same language. For example, 
consider a point-particle moving in one dimension, with a Hamiltonian func- 
tion H{x,p) = + V{x) and state space T*M. Different potentials V corre- 
spond to different systems (in the sense in which we are using the word 'sys- 
tem'), but the physical quantities for these systems — or, more precisely, the 
'names' of these quantities, for example, 'energy', 'position', 'momentum' — 
are the same for them all. Consequently, the language VC{S) is independent 
of V. However, the representation of, say, the proposition "E'eA" (where 'E' 
is the energy), with a specific subset of the state space will depend on the 
details of the Hamiltonian. 

Clearly, a major consideration in using the language VC{S) is choosing 
the Heyting algebra in which the representation is to take place. A funda- 
mental result in topos theory is that the set of all sub-objects of any object in 
a topos is a Heyting algebra, and these are the Heyting algebras with which 
we will be concerned. 

Of course, beyond the language, S, and its representation vr, lies the 
question of whether or not a proposition is 'true'. This requires the con- 
cept of a 'state' which, when specified, yields 'truth values' for the primitive 
propositions in VC{S). These can then be extended recursively to the rest of 
VC{S). In classical physics, the possible truth values are just 'true' or 'false'. 
However, as we shall see, the situation in topos theory is more complex. 

3.2.3 Using Geometric Logic 

The inductive definition of VC{S) given above means that sentences can 
involve only a finite number of primitive propositions, and therefore only 
a finite number of disjunctions ('V') or conjunctions ('A'). An interesting 
variant of this structure is the, so-called, 'propositional geometric logic'. This 
is characterised by modifying the language and logical axioms so that: 

1. There are arbitrary disjunctions, including the empty disjunction ('0'). 

2. There are finite conjunctions, including the empty conjunction ('1') 

3. Conjunction distributes over arbitrary disjunctions; disjunction dis- 
tributes over finite conjunctions. 

This structure does not include negation, implication, or infinite conjunc- 
tions. 

From a conceptual viewpoint, this set of rules is obtained by considering 
what it means to actually 'affirm' the propositions in VC{S). A careful 
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analysis of this concept is given by Vickers [72]; the idea itself goes back 
to work by Abramsky [1]. The conclusion is that the set of 'affirmable' 
propositions should satisfy the rules above. 

Clearly such a logic is tailor-made for seeking representations in the open 
sets of a topological space — the paradigmatic example of a Heyting algebra. 
The phrase 'geometric logic' is normally applied to a first-order logic with 
the properties above, and we will return to this in our discussion of the typed 
language C{S). What we have here is just the propositional part of this logic. 

The restriction to geometric logic would be easy to incorporate into our 
languages VC{S): for example, the axiom (3.2) (if added) could be extended 
to read'^^ 



for all index sets /. 

The move to geometric logic is motivated by a conception of truth that 
is grounded in the actions of making real measurements. This resonates 
strongly with the logical positivism that seems still to lurk in the collective 
unconscious of the physics profession, and which, of course, was strongly 
affirmed by Bohr in his analysis of quantum theory. However, our drive to- 
wards 'neo- realism' involves replacing the idea of observation/measurement 
with that of 'the way things are', albeit in a more sophisticated interpre- 
tation than that of the ubiquitous cobbler-in-the-market. Consequently, the 
conceptual reasons for using 'affirmative' logic are less compelling. This issue 
deserves further thought: at the moment we are open-minded about it. 

The use of geometric logic becomes more interesting in the context of the 
typed language C{S), and we shall return to this in Section 4.2.2 

3.2.4 Introducing Time Dependence 

In addition to describing 'the way things are' there is also the question of 
how the-way-things-are changes in time. In the form presented above, the 
language VC{S) may seem geared towards a 'canonical' perspective in so 
far as the propositions concerned are implicitly taken to be asserted at a 
particular moment of time. As such, VC{S) deals with the values of physi- 
cal quantities at that time. In other words, the underlying spatio-temporal 

•^^Note that the bi-imphcation used in, for example, (3.1-3.2), is not available if there 
is no implication symbol. Thus we have assumed that we are now working with a logical 
structure in which 'equality' is a meaningful concept; hence the introduction of in 




(3.9) 



(3.9). 



32 



perspective seems thoroughly 'Newtonian'. 

However, this is only partly true since the phrase 'physical quantity' can 
have meanings other than the canonical one. For example, one could talk 
about the 'time average of momentum', and call that a physical quantity. In 
this case, the propositions would be about histories of the system, not just 
'the way things are' at a particular moment in time. 

In practice, the question of time dependence can be addressed in various 
ways. One is to attach a (external) time label, t, to the physical quantities, 
so that the primitive propositions become of the form "A^ e A" . This can 
be interpreted in two ways. The first is to think of 2(5") as including the 
symbols At for all physical quantities A and all values of time t G M. The 
second is to keep Q{S) fixed, but instead let the language itself becomes 
time-dependent, so that we should write VC{S)t, t G M. 

In the former case, VC{S) would naturally include history propositions 
of the form 

{Au, e Ai) A {A2t, e A2) A ■ ■ ■ A e A,,) (3.10) 
and other obvious variants of this. Here we assume that ti <t2 < ■ ■ ■ <tn- 

The sequential proposition in (3.10) is to be interpreted (in a realist read- 
ing) as asserting that " 'The physical quantity Ai has a value that lies in Ai 
at time ti and 'the physical quantity A2 has a value that lies in A2 at time ^2' 
and ■ ■ ■ and 'the physical quantity An has a value that lies in A„ at time tn 
" . Clearly what we have here is a type of temporal logic. Thus this would be 
an appropriate structure with which to discuss the 'consistent histories' in- 
terpretation of quantum theory, particularly in the, so-called, HPO (history 
projection formalism) [39]. In that context, (3.10) represents a, so-called, 
'homogeneous' history. 

From a general conceptual perspective, one might prefer to have an in- 
ternal time object, rather than adding external time labels in the language. 
Indeed, in our later discussion of the higher-order language C{S) we will 
strive to eliminate external entities. However, in the present case, ACM 
is already an 'external' (to the language) entity, as indeed is A G Q{S), so 
there seems no particular objection to adding a time label too. 

In the second approach, where there is only one time label, the represen- 
tation vr will map "AjeA" to a time-dependent element, 7r(ylteA), of the 
Heyting algebra, ^; one could say that this is a type of 'Heisenberg picture'. 

This suggests another option, which is to keep the language free of any 
time labels, but allow the representation to be time-dependent. In this case. 
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7Tt{AeA) is a time-dependent member of i^.^^ 

A different approach is to ascribe time dependence to the 'truth objects' 
in the theory: this corresponds to a type of Schrodinger picture. The concept 
of a truth object is discussed in detail in Section 6. 

3.2.5 The Representation of VC{S) in Classical Physics 

Let us now look at the representation of VC{S) that corresponds to classical 
physics. In this case, the topos involved is just the category, Sets, of sets 
and functions between sets. 

We will denote by vTci the representation of VC{S) that describes the 
classical, Hamiltonian mechanics of a system, whose state-space is a sym- 
plectic (or Poisson) manifold S. We denote by A : iS — M the real-valued 
function^^ on S that represents the physical quantity A. 

Then the representation tTci maps the primitive proposition "yleA" to 
the subset of S given by 

7rd(AeA) := {s G 5 | G A} 

= A~\A). (3.11) 

This representation can be extended to all the sentences in VC{S) with the 
aid of (3.5-3.8). Note that, since A is a Borel subset of M, ^-^(A) is a Borel 
subset of the state-space S. Hence, in this case, S} is equal to the Boolean 
algebra of all Borel subsets of S. 

We note that, for all (Borel) subsets Ai, A2 of M we have 

i-i(Ai)ni-i(A2) = i-i(AinA2) (3.12) 
A-\Ai) U A-\A2) = A'\AiUA2) (3.13) 
^A~\Ai) = A^\R\Ai) (3.14) 

and hence, in classical physics, all three conditions (3.1-3.3) that we discussed 
earlier can be added consistently to the language VC{S). 

Consider now the assignment of truth values to the propositions in this 
theory. This involves the idea of a 'microstate' which, in classical physics, is 

Perhaps we should also consider the possibility that the Hcyting algebra is time de- 
pendent, in which case nt{Ae A) is a member of Sjt- 

■^^In practice, A is required to be measurable, or smooth, depending on the type of 
physical quantity that A is. However, for the most part, these details of classical mechanics 
are not relevant to our discussions, and usually we will not characterise ^ : 5 — s- R beyond 
just saying that it is a function/map from S to M. 
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simply an element s of the state space S. Each microstate s assigns to each 
primitive proposition "AeA", a truth value, //(AeA;^), which lies in the 
set {false, true} (which we identify with {0, 1}) and is defined as 

for all s G iS. 

3.2.6 The Failure to Represent VC{S) in Standard Quantum The- 
ory. 

The procedure above that works so easily for classical physics fails completely 
if one tries to apply it to standard quantum theory. 

In quantum physics, a physical quantity A is represented by a self-adjoint 
operator A on a Hilbert space 7i, and the proposition "Ae A" is represented 
by the projection operator £'[^4 G A] which projects onto the subset A of the 
spectrum of A; i.e., 

'K{AeA):=E[AeA]. (3.16) 

Of course, the set of all projection operators, V(H), in H has a 'logic' of its 
own — the 'quantum logic'^^ of the Hilbert space Ti — but this is incompatible 
with the intuitionistic logic of the language VC{S), and the representation 
(3.16). 

Indeed, since the 'logic' ViTi) is non-distributive, there will exist non- 
commuting operators A, B, C, and Borel subsets A^, A^, Ac of M such that'^^ 

E[A G A^] A (jj][B G Ab] V E[C G A^) ^ 

(^E[A G A^] A E[B G Ab]) V (^E[A G A^] A E[C G Ac])(3.17) 

while, on the other hand, the logical bi-implication 

a A (/3 V7) (a A/3) V (a A7) (3.18) 

can be deduced from the axioms of the language VC{S). 

■^^For an excellent survey of quantum logic see [18]. This includes a discussion of a 
first-order axiomatisation of quantum logic, and with an associated sequent calculus. It is 
interesting to compare our work with what the authors of this paper have done. We hope 
to return to this at some time in the future. 

There is a well-known example that uses three rays in M^, so this phenomenon is not 
particularly exotic. 
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This failure of distributivity bars any naive realist interpretation of quan- 
tum logic. If an instrumentalist interpretation is used instead, the spectral 
projectors E[A E A] now represent propositions about what would happen if 
a measurement is made, not propositions about what is 'actually the case'. 
And, of course, when a state is specified, this does not yield actual truth 
values but only the Born-rule probabilities of getting certain results. 

4 A Higher- Order, Typed Language for Physics 

4.1 The Basics of the Language jC{S) 

We want now to consider the possibility of representing the physical quanti- 
ties of a system by arrows in a topos other than Sets. 

The physical meaning of such an arrow is not clear, a priori. Nor is it 
even clear what it is that is being represented in this way. However, what is 
clear is that in such a situation it is not correct to assume that the quantity- 
value object is necessarily the real-number object in the topos (assuming that 
there is one). Rather, the target-object, TZs, has to be determined for each 
topos, and is therefore an important part of the 'representation'. 

A powerful technique for allowing the quantity-value object to be system- 
dependent is to add a symbol '7^' to the system language. Developing this 
line of thinking suggests that 'S', too, should be added to the language, as 
should a set of symbols of the form 'A : S — * 7^', to be construed as 'what it 
is' (hopefully a physical quantity) that is represented by arrows in a topos. 
Similarly, there should be a symbol 'fi', to act as the linguistic precursor to 
the sub-object classifier in the topos; in the topos Sets, this is just the set 
{0,1}. 

The clean way of doing all this is to construct a 'local language' [8]. Our 
basic assumption is that such a language, C{S), can be associated with each 
system S. A physical theory of S then corresponds to a representation of 
C{S) in an appropriate topos. 

The symbols of C{S). We first consider the minimal set of symbols needed 
to handle elementary physics. For more sophisticated theories in physics it 
will be necessary to change, or enlarge, this set of 'ground-type' symbols. 

The symbols for the local language, C{S), are defined recursively as fol- 
lows: 
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1. (a) The basic type symbols are 1, Q, S, TZ. The last two, S and TZ, are 

known as ground-type symbols. They are the hnguistic precursors 
of the state object, and quantity- value object, respectively. 
If Ti, T2, . . . , T„, n > 1, are type symbols, then so is''^ Ti x T2 x 
■ ■ ■ X T„. 

(b) If T is a type symbol, then so is PT. 

2. (a) For each type symbol, T, there is associated a countable set of 

variables of type T. 

(b) There is a special symbol *. 

3. (a) To each pair (Ti,T2) of type symbols there is associated a set, 

F'c{s){Ti,T2), of function symbols. Such a symbol. A, is said to 
have signature Ti T2; this is indicated by writing A : Ti ^ T2. 

(b) Some of these sets of function symbols may be empty. However, in 
our case, particular importance is attached to the set, F^s•J(T,, 71), 
of function symbols A : —> TZ, and we assume this set is non- 
empty. 

The function symbols A : TZ represent the 'physical quantities' of 

the system, and hence Fc(5')(S, 7^) will depend on the system S. In fact, 
the only parts of the language that are system-dependent are these function 
symbols. The set Fc{s)(J^,'JZ) is the analogue of the set, Q{S), of physical 
quantities associated with the propositional language VC{S). 

For example, if Si is a point particle moving in one dimension, the 
set of physical quantities could be chosen to be Fc(5^)(E, 7?.) = if} 
which represent the position, momentum, and energy of the system. On 
the other hand, if S2 is a particle moving in three dimensions, we could 
have F£(52)(S,7^) = {x,y, z,px,Py,Pz, H} to allow for three-dimensional po- 
sition and momentum (with respect to some given Euclidean coordinate 
system). Or, we could decide to add angular momentum too, to give the 
set Fc(5'2)(S, 7?.) = {x,y, z,px,py,pz, Jx, Jy, Jz, H}. A still further extension 
would be to add the quantities x ■ n and p ■ m for all unit vectors n and m; 
and so on. 

Note that, as with the propositional language VC{S), the fact that a given 
system has a specific Hamiltonian^^ — expressed as a particular function of 
position and momentum coordinates — is not something that is to be coded 

"^"By definition, if n = then Ti x Ts x • • • x T„ := 1. 

^^It must be emphasised once more that the use of a loeal language is not restricted to 
standard, canonical systems in which the concept of a 'Hamiltonian' is meaningful. The 



37 



into the language: instead, such system dependence arises in the choice of 
representation of the language. This means that many different systems can 
have the same local language. 

Finally, it should be emphasised that this list of symbols is minimal and 
one will certainly want to add more. One obvious, general, example is a type 
symbol N that is to be interpreted as the linguistic analogue of the natural 
numbers. The language could then be augmented with the axioms of Peano 
arithmetic. 

The terms of C{S). The next step is to enumerate the 'terms' in the 
language, together with their associated types [8, 52]: 

1. (a) For each type symbol T, the variables of type T are terms of type 

T. 

(b) The symbol * is a term of type 1. 

(c) A term of type Q is called a formula; a formula with no free 
variables is called a sentence. 

2. If A is function symbol with signature Ti ^ T2, and t is a term of type 
Ti, then A(t) is term of type T2. 

In particular, if A : S ^ 7^ is a physical quantity, and t is a term of 
type E, then A(t) is a term of type 71. 

3. (a) If ti, t2,...,tn are terms of type Ti, T2, . . . , T„, then (ti, ^2, • • • , tn) 

is a term of type Ti x T2 x ■ ■ ■ x T„,. 

(b) If t is a term of type Ti x r2 x ■ ■ ■ x T„, and if 1 < i < n, then 
is a term of type Tj. 

4. (a) If a; is a term of type and x is a variable of type T, then {x \ u} 

is a term of type PT. 

(b) If ti,t2 are terms of the same type, then 'ti = ^2' is a term of type 

n. 

(c) If ti, t2 are terms of type T, PT respectively, then ti G ^2 is a term 
of type Q. 

scope of the linguistic ideas is much wider than that and the canonical systems are only 
an example. Indeed, our long-term interest is in the application of these ideas to quantum 
gravity where the local language is likely to be very different from that used here. However, 
we anticipate that the basic ideas will be the same. 
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Note that the logical operations are not included in the set of symbols. 
Instead, they can all be defined using what is already given. For example, 
(i) true := (* = *); and (ii) if a and /5 are terms of type fl, then^^ a A (3 := 
((a, P) = (true, true)) . Thus, in terms of the original set of symbols, we have 

a A p := {{a,p) = {* = *,* = *)) (4.1) 

and so on. 

Terms of particular interest to us. Let A be a physical quantity in the 
set F£(5) (S, 7?.) , and therefore a function symbol of signature S — > 7^. In 
addition, let A be a variable (and therefore a term) of type PTZ; and let s be 
a variable (and therefore a term) of type S. Then some terms of particular 
interest to us are the following: 

1. A{s) is a term of type TZ with a free variable, s, of type S. 

2. 'A(s) G A' is a term of type Q with free variables (i) s of type S; and 
(ii) A of type PTZ. 

3. {s I A{s) G A} is a term of type PS with a free variable A of type 
PTZ. 

As we shall see, ^A{s) G A' is an analogue of the primitive propositions 
"AeA" in the propositional language VC{S). However, there is a crucial 
difference. In VjC{S), the 'A' in "Ae A" is a specific subset of the external 
(to the language) real line M. On the other hand, in the local language C{S), 
the 'A' in 'A(s) G A' is an internal variable within the language. 

Adding axioms to the language. To make the language C{S) into a 
deductive system we need to add a set of appropriate axioms and rules of 
inference. The former are expressed using sequents: defined as expressions 
of the form F : a where a is a formula (a term of type Vt) and F is a set of 
such formula. The intention is that T : a' is to be read intuitively as "the 
collection of formula in F 'imply' a". If F is empty we just write : a. 

The basic axioms include things like 'a : a' (tautology), and ': t G {t | 

^^The parentheses ( ) are not symbols in the language, they are just a way of grouping 
letters and sentences. The same remark applies to the inverted commas ". 
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a} -v^ a' (comprehension) where t is a variable of type T. These axioms^^ 
and the rules of inference (sophisticated analogues of modus ponens) give rise 
to a deductive system using intuitionistic logic. For the details see [8, 52]. 

For applications in physics we could, and presumably should, add extra 
axioms (in the form of sequents). For example, perhaps the quantity- value 
object should always be an abelian-group object, or at least a semi-group^^? 
This can be coded into the language by adding the axioms for an abelian 
group structure for TZ. This involves the following steps: 

1. Add the following symbols: 

(a) A 'unit' function symbol 0:1^7^; this will be the linguistic 
analogue of the unit element in an abelian group. 

(b) An 'addition' function symbol + : TZ x TZ ^ TZ. 

(c) An 'inverse' function symbol — : TZ ^ TZ 

2. Then add axioms like ': Vf( + (f, 0(*)) = f)' where f is a variable of 
type 7Z, and so on. 

For another example, consider a point particle moving in three dimen- 
sions, with the function symbols Fc(s)(X', TZ) = {x, y, z,p^,py,pz, Jx, Jy, Jz, H} 
As C{S) stands, there is no way to specify, for example, that ' = ypz — zpy. 
Such relations can only be implemented in a representation of the language. 
However, if this relation is felt to be 'universal' (i.e., if it is expected to 
hold in all physically-relevant representations) then it could be added to the 
language with the use of extra axioms. 

^3 The complete set is [8]: 

Tautology: a = a 

Unity : .ti = * where ii is a variable of type 1. 
Equality: x ~ y,a{z/x) : a{z/y). Here, a{z/x) is the term a with z replaced 
by the term x for each free occurrence of the variable z. The terms 
X and y must be of the same type as z. 
Products: : {{xi, . . . , Xn))i = Xi 

■ X = {{x)l,. . . , {x)n) 

Comprehension: : t (z {t \ a} <^ a 

^^Onc could go even further and add the axioms for real numbers. However, the example 
of quantum theory suggests that this is inappropriate: in general, the quantity-value object 
will not be the real- number object [23]. 
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One of the delicate decisions that has to be made about C{S) is what 
extra axioms to add to the base language. Too few, and the language lacks 
content; too many, and representations of potential physical significance are 
excluded. This is one of the places in the formalism where a degree of physical 
insight is necessary! 

4.2 Representing jC{S) in a Topos 

The construction of a theory of the system S involves choosing a represen- 
tation^^ /model, (p, of the language JC{S) in a topos^^ t^. The choice of both 
topos and representation depend on the theory-type being used. 

For example, consider a system, S, that can be treated using both clas- 
sical physics and quantum physics, such as a point particle moving in three 
dimensions. Then, for the application of the theory-type 'classical physics', 
in a representation denoted a, the topos is Sets, and S is represented 
by the symplectic manifold := T*R'^; TZ is represented by the usual real 
numbers M. 

On the other hand, as we shall see in Section 5, for the application of 
the theory-type 'quantum physics', r<^ is the topos, Sets^^^^ , of presheaves 
over the category V{T-C), where Ti ^ //^(M"^, d^x) is the Hilbert space of the 
system S. In this case, S is represented by := S, where S is the spectral 
presheaf; this representation is discussed at length in Sections 5. For both 
theory types, the details of, for example, the Hamiltonian, are coded in the 
representation. 

We now list the r^-representation of the most significant symbols and 
terms in our language, C{S) (we have picked out only the parts that are 
immediately relevant to our programme: for full details see [8, 52]). 

1. (a) The ground type symbols S and 71 are represented by objects T,^ 
and 71^ in r^. These are identified physically as the state object 

^^The word 'interpretation' is often used in the mathematical hterature, but we want 
to reserve that for use in discussions of interpretations of quantum theory, and the hke. 

^^A more comprehensive notation is Tcj,{S), which draws attention to the system S under 
discussion; similarly, the state object could be written as S^,^, and so on. This extended 
notation is used in Section 11 where we are concerned with the relations between different 
systems, and then it is essential to indicate which system is meant. However, in the present 
article, only one system at a time is being considered, and so the truncated notation is 
fine. 

47\Ye recall that the objects in V(7i) are the unital, commutative von Neumann sub- 
algebras of the algebra, B{'H), of all bounded operators on Ti.. We will explain, and 
motivate, this later. 
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and quantity- value object, respectively. 

(b) The symbol fl, is represented by := flr^, the sub-object classi- 
fier of the topos r0. 

(c) The symbol 1, is represented by := 1^-^, the terminal object in 

2. For each type symbol PT, we have (PT)^ := PT^, the power object of 
the object in t^. 

In particular, (-PS)<^ = -PS^ and (PTZ)^ = PIZ^. 

3. Each function symbol A : ^ IZ m. Fc(s){^,'Ji) (i-e., each physical 
quantity) is represented by an arrow : ^ TZip in r^. 

We will generally require the representation to be faithful: i.e., the map 
A is one-to-one. 

4. A term of type Q of the form 'A(s) G A' (which has free variables s, A 
of type S and PTZ respectively) is represented by an arrow lA{s) G 
A]0 : S<^ X PTZij) Qr^. In detail, this arrow is 

lA{~s)eAh = en,o{lA{:s)UlAU (4.2) 

where e-jz^ : 7^^ x PTZip is the usual evaluation map; [yl(S)]0 : 

— > 7?.(^ is the arrow A^; and | A],^ : PTZ^f) — > P7^</, is the identity. 

Thus [A(s) G A]^ is the chain of arrows: 

E^x pn^^n^x pn^^n^,. (4.3) 

We see that the analogue of the 'A' used in the 'P£(S')-proposition 
"Ae A" is played by sub-objects of 71^ (i.e., global elements of PTZ^) 
in the domain of the arrow in (4.3). These objects are, of course, 
representation-dependent (i.e., they depend on 0). 

5. A term of type PE of the form {s \ A{s) G A} (which has a free 
variable A of type PTZ) is represented by an arrow [ {s \ A{s) G A} : 
PTZ(j, — > PS^. This arrow is the power transpose'^^of \A{s) G A]^: 

[{S|A(5)gA}]<^ = 1A(5)gA]^^ (4.4) 

''^^One of the basic properties of a topos is that there is a one-to-one correspondence 
between arrows f : A x B and arrows '"/"' : B PA := In general, '"/"' is 

called the power transpose of /. If _B ~ 1 then ^/~' is known as the name of the arrow 
f:A^n. 
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6. A term, cj, of type Q with no free variables is represented by a global 
element [cjj^ : 1^-^ Q^-^. These will typically act as 'truth values' for 
propositions about the system. 

7. Any axioms that have been added to the language are required to be 
represented by the arrow true : 1^-^ Qr^. 

4.2.1 The Local Set Theory of a Topos. 

We should emphasise that the decision to focus on the particular type of 
language that we have, is not an arbitrary one. Indeed, there is a deep 
connection between such languages and topos theory. 

In this context, we first note that to any local language, C, there is 
associated a 'local set theory'. This involves defining an '£-set' to be a term 
X of power type (so that expressions of the form x & X are meaningful) 
and with no free variables. Analogues of all the usual set operations can be 
defined on £-sets. For example, if X, Y are £-sets of type PT, one can define 
Xr\Y:={x\x&XAxE Y} where 5; is a variable of type T. 

Furthermore, each local language, £, gives rise to an associated topos, 
C{C), whose objects are equivalence classes of £-sets, where X = Y is defined 
to mean that the equation X = Y (i.e., a term of type Q with no free 
variables) can be proved using the sequent calculus of the language with its 
axioms. From this perspective, a representation of the system-language C{S) 
in a topos r is equivalent to a functor from the topos C{C{S)) to r. 

4.2.2 Theory Construction as a Translation of Languages 

Conversely, for each topos r there is a local language, C{t), whose ground- 
type symbols are the objects of r, and whose function symbols are the arrows 
in T. It then follows that a representation of a local language, C, in r is 
equivalent to a 'translation' of C in C{t). 



Thus constructing a theory of physics is equivalent to 
finding a suitable translation of the system language, 
jC{S), to the language, C{t), of an appropriate topos r. 



As we will see later, the idea of translating one local language into another 
plays a central role in the discussion of composite systems and sub-systems. 
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In the case of spoken languages, one can translate from, say, (i) English 
to German; or (ii) from English to Greek, and then from Greek to German. 
However, no matter how good the translators, these two ways of going from 
English to German will generally not agree. This is partly because the trans- 
lation process is not unique, but also because each language possesses certain 
intrinsic features that simply do not admit of translation. 

There is an interesting analogous question for the representation of the 
local languages C{S). Namely, suppose : C{S) i^{T~<j)i) and 02 : C{S) 
Ci^T^^) are two different topos theories of the same system S (these could 
be, say, classical physics and quantum physics). The question is if/when will 
there be a translation : 'C(r^J — > ^^{^^2) such that 

02 = 012 O 01 (4.5) 

In terms of the representation functors from the topos C{C{S)) to the topoi 
Tj^j and r(^2, the question is if there exists an interpolating functor from r^^ 
to r<^2. 

In Section 12.2, we will introduce a certain category, 7W(Sys), whose 
objects are topoi and whose arrows are geometric morphisms between topoi. 
It would be natural to require the arrow from r^^ to r(^2 (if exists) to be 
an arrow in this category. 

It is at this point that 'geometric logic' enters the scene (cf. Section 3.2.3). 
A formula in C{S) is said to be positive if it does not contain the symbols^^ 
^ or V. These conditions imply that -> is also absent. In fact, a positive 
formula uses only 3, A and V. A disjunction can have an arbitrary index 
set, but a conjunction can have only a finite index set. A sentence of the 
form Vx(a ^ (3) is said to be a geometric implication if both a and (5 are 
positive. Then a geometric logic is one in which only geometric implications 
are present in the language. 



The advantage of using just the geometric part of logic is that 
geometric implications are preserved under geometric morphisms. 
This makes it appropriate to ask for the existence of 'geometric 
translations' 0i2 : C{t^^) C{t^^), as in (4.5), since these will 
preserve the logical structure of the language C{S). 



The notion of 'toinvariance' introduced recently by Landsmann [53] can 
be interpreted within our structures as asserting that the translations 0i2 : 

"^^Here, the formula a /3 is defined as a =>/?:= (a A /3)=: a; V is defined as 
Vxa := {{x \ a\ = {x\ true}); where true := * = * 
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^(r^J C{t^^) should always exist; or, at least, they should under appro- 
priate conditions. Of course, the significance of this depends on how much 
information about the system is reflected in the language C{S) and how much 
in the individual representations. 

For example, in the case of classical and quantum physics, one might go 
so far as to include information about the dynamics of the system within the 
local language C{S). If the topoi 0i and 02 are those for the classical and 
quantum physics of S respectively (so that (pi is Sets and (j)2 is Sets^^''^^ ), 
then an interpolating translation : £(Sets) /^(Sets^*-^-* ) would be a 
nice realisation of Landsmann's long-term goal of regarding quantisation as 
some type of functorial operation. 

Of course, introducing dynamics raises interesting questions about the 
status of the concept of 'time' (cf the discussion in Section 3.2.4). In par- 
ticular, is time to be identified as an object in representing topos, or is it 
an external parameter, like the 'A' quantities in the propositional languages 

4.3 Classical Physics in the Local Language C{S) 

The quantum theory representation of C{S) is studied in Section 5. Here we 
will look at the concrete form of the expressions above for the example of 
classical physics. In this case, for all systems S*, and all classical representa- 
tions, 0", the topos is Sets. This representation of C{S) has the following 
ingredients: 

1. (a) The ground-type symbol S is represented by a symplectic mani- 

fold. Eg-, that is the state-space for the system S. 

(b) The ground- type symbol TZ is represented by the real line, i.e., 
n„ := M. 

(c) The type symbol PE is represented by the set, PSq., of all^° sub- 
sets of the state space Eg.. 

The type symbol PTZ is represented by the set, PM, of all subsets 
of M. 

2. (a) The type symbol VL, is represented by fisets := {0, 1}: the sub- 

object classifier in Sets. 

^"To be super precise, we really need to use the collection PeorScr of all Borel subsets 
of E,. 
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(b) The type symbol 1, is represented by the singleton set: i.e., Isets = 
{*}, the terminal object in Sets. 

3. Each function symbol A : H TZ, and hence each physical quantity, is 
represented by a real- valued function, Ag- : So- ^ M, on the state space 
So. 

4. The term 'A(s) G A' of type Q (where s and A are free variables of 
tj^e S and PTZ respectively) is represented by the function [v4(5) G 
A]^ : S^ X PM ^ {0, 1} that is defined by (c.f. (4.3)) 

M(i)eAU..A) = {j l^:^^^^ (4.6) 

for all (s. A) e S^ X PR. 

5. The term {5 | A{s) G A} of type PS (where A is a free variable of type 
P7^) is represented by the function |{s | A{s) G A}]^ : PM ^ PS^ 
that is defined by 

l{~s\A{~s)eA}UA) := {s G S^ I A^(s) G A} 

= A;\A) (4.7) 

for all A G PR. 



4.4 Adapting the Language jC{S) to Other Types of 
Physical System 

Our central contention in this work is that (i) each physical system, S, can be 
equipped with a local language, C{S)] and (ii) constructing an explicit theory 
of S* in a particular theory-type is equivalent to finding a representation of 
C{S) in a topos which may well be other than the topos of sets. 

There are many situations in which the language is independent of the 
theory-type, and then, for a given system 5", the different topos representa- 
tions of C{S) correspond to the application of the different theory-types to the 
same system 5*. We gave an example earlier of a point particle moving in three 
dimensions: the classical physics representation is in the topos Sets, but the 
quantum-theory representation is in the presheaf topos Sets^*^^ iM.^,d^x)) ^ 

However, there are other situations where the relationship between the 
language and its representations is more complicated than this. In particular, 
there is the critical question about what features of the theory should go into 
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the language, and what into the representation. The first step in adding new 
features is to augment the set of ground-type symbols. This is because these 
represent the entities that are going to be of generic interest (such as a state 
object or quantity- value object). In doing this, extra axioms may also be 
introduced to encode the properties that the new objects are expected to 
possess in all representations of physical interest. 

For example, suppose we want to use our formalism to discuss space- 
time physics: where does the information about the space-time go? If the 
subject is classical field theory in a curved space-time, then the topos r is 
Sets, and the space-time manifold is part of the background structure. This 
makes it natural to have the manifold assumed in the representation; i.e., the 
information about the space-time is in the representation. 

Alternatively, one can add a new ground type symbol, 'M', to the lan- 
guage, to serve as the linguistic progenitor of 'space-time'; thus M would have 
the same theoretical status as the symbols S and TZ. In this context, we re- 
call the brief discussion in Section 2.2.1 about the use of the real numbers 
in modelling space and/or time, and the motivation this provides for repre- 
senting space-time as an object in a topos, and whose sub-objects represent 
the fundamental 'regions'. 

If 'M' is added to the language, a function symbol ip : M TZis then the 
progenitor of a physical field. In a representation, 0, the object plays the 
role of 'space-time' in the topos r^, and ip(i> '■ — ^ 71^ is the representation 
of the field. 

Of course, the language C{S) says nothing about what sort of entity is, 
except in so far as such information is encoded in extra axioms. For example, 
if the subject is classical field theory, then r,^ = Sets, and would be a 
standard differentiable manifold. On the other hand, if the topos r,^ admits 
'infinitesimals', then could be a manifold according to the language of 
synthetic differential geometry [51]. 

The same type of argument applies to the status of 'time' in a canonical 
theory. In particular, it would be possible to add a ground-type symbol, 
T, so that, in any representation, 0, the object 7^ in the topos is the 
analogue of the 'time-line' for that theory. For standard physics in Sets we 
have 7^ = M, but the form of 7^ in a more general topos, t^, would be a rich 
subject for speculation. 

The addition of a 'time-type' symbol, T, to the language C{S) is a prime 
example of a situation where one might want to add extra axioms. These 
could involve ordering properties, or algebraic properties like those of an 
abelian group, and so on. In any topos representation, these properties would 
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then be realised as the corresponding type of object in r^. Thus abehan group 
axioms mean that 7^ is an abehan-group object in the topos t^; total-ordering 
axioms for the time-type T mean that 7^ is a totally-ordered object in r^, 
and so on. 

As an interesting extension of this idea, one could have a space-time 
ground type symbol M , but then add the axioms for a partial ordering. In 
that case, would be a poset-object in r^, which could be interpreted 
physically as the r^-analogue of a causal set [27]. 

5 Quantum Propositions as Sub-Objects of 
the Spectral Presheaf 

5.1 Some Background Remarks 
5.1.1 The Kochen-Specker Theorem 

The idea of representing quantum theory in a topos of presheaves stemmed 
originally [44] from a desire to acquire a new perspective on the Kochen- 
Specker theorem [50]. It will be helpful at this stage to review some of this 
older material. 

A commonsense belief, and one apparently shared by Heidegger, is that 
at any given time any physical quantity must have a value even if we do not 
know what it is. In classical physics, this is not problematic since the under- 
lying mathematical structure is geared precisely to realise it. Specifically, if 
S is the state space of some classical system, and if the physical quantity A 
is represented by a real- valued function A : 5 ^ M, then the value Vs{A) of 
A in any state s G iS is simply 

V^{A)=Ais). (5.1) 

Thus all physical quantities possess a value in any state. Furthermore, if 
/i : R — >■ M is a real-valued function, a new physical quantity h{A) can be 
defined by requiring the associated function h{A) to be 

h(A){s) := h{A{s)) (5.2) 

for all s E S] i.e., h{A) := h o A : S ^ M.. Thus the physical quantity h{A) 
is defined by saying that its value in any state s is the result of applying the 
function h to the value of A; hence, by definition, the values of the physical 
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quantities h{A) and A satisfy the 'functional composition principle' 

V'{h{A)) = h{V'{A)) (5.3) 

for all states s E S. 

However, standard quantum theory precludes any such naive realist in- 
terpretation of the relation between formalism and physical world. And this 
obstruction comes from the mathematical formalism itself, in the guise of 
the famous Kochen-Specker theorem which asserts the impossibility of as- 
signing values to all physical quantities whilst, at the same time, preserving 
the functional relations between them [50]. 

In a quantum theory, a physical quantity A is represented by a self-adjoint 
operator A on the Hilbert space of the system, and the first thing one has to 
decide is whether to regard a valuation as a function of the physical quantities 
themselves, or on the operators that represent them. From a mathematical 
perspective, the latter strategy is preferable, and we shall therefore define 
a valuation to be a real-valued function V on the set of all bounded, self- 
adjoint operators, with the properties that : (i) the value ^(^4) of the physical 
quantity A represented by the operator A belongs to the spectrum of A (the 
so-called 'value rule'); and (ii) the functional composition principle (or FUNC 
for short) holds: 

V{B) = h{V{A)) (5.4) 

for any pair of self-adjoint operators A, B such that B = h{A) for some real- 
valued function h. If they existed, such valuations could be used to embed the 
set of self-adjoint operators in the commutative ring of real-valued functions 
on an underlying space of microstates, thereby laying the foundations for a 
hidden-variable interpretation of quantum theory. 

Several important results follow from the definition of a valuation. For 
example, if Ai and A2 commute, it follows from the spectral theorem that 
there exists an operator C and functions hi and /i2 such that Ai = hi[C) 
and A2 = h2{C). It then follows from FUNC that 

V{Ai + A2) = V{Ai) + V{A2) (5.5) 

and 

v{AiA2) = v{Ai)v{A2). (5.6) 

The defining equation (5.4)) for a valuation makes sense whatever the 
nature of the spectrum sp(A) of the operator A. However, if sp(A) contains 
a continuous part, one might doubt the physical meaning of assigning one 
of its elements as a value. To handle the more general case, we shall view 
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a valuation as primarily giving truth-values to propositions about the values 
of a physical quantity, rather than assigning a specific value to the quantity 
itself. 

As in Section 3, the propositions concerned are of the type "A e A" , which 
(in a realist reading) asserts that the value of the physical quantity A lies 
in the (Borel) subset A of the spectrum sp(74) of the associated operator A. 
This proposition is represented by the spectral projector E[A G A], which 
motivates studying the general mathematical problem of assigning truth- 
values to projection operators. 

If P is a projection operator, the identity P = implies that V{P) = 
V{P^) = (l^(P))^ (from (5.6)); and hence, necessarily, V{P) = or 1. Thus 

V defines a homomorphism from the Boolean algebra {0, 1, P, -iP = (1 — P)} 
to the 'false(0)-true(l)' Boolean algebra {0,1}. More generally, a valuation 

V induces a homomorphism '■ ^ ~^ {0; 1} where W is any Boolean 
sub-algebra of the lattice V{T-C) of projectors on Ti. In particular, 

&<i3 implies < 0) (5-7) 

where 'd ^ /3' refers to the partial ordering in the lattice V{li,), and 
X^(/3)' is the ordering in the Boolean algebra {0, 1}. 

The Kochen-Specker theorem asserts that no global valuations exist if the 
dimension of the Hilbert space 7i is greater than two. The obstructions to 
the existence of such valuations typically arise when trying to assign a single 
value to an operator C that can be written as C = g{A) and as C = h{B) 
with [A, B] ^ 0. 

The various interpretations of quantum theory that aspire to use 'be- 
ables', rather than 'observables', are all concerned in one way or another 
with addressing this issue. Inherent in such schemes is a type of 'contextual- 
ity' in which a value given to a physical quantity C cannot be part of a global 
assignment of values but must, instead, depend on some context in which C 
is to be considered. In practice, contextuality is endemic in any attempt to 
ascribe properties to quantities in a quantum theory. For example, as em- 
phasized by Bell [9], in the situation where C = g{A) = h{B), if the value 
of C is construed counterfactually as referring to what would be obtained if 
a measurement of A or of P is made — and with the value of C then being 
defined by applying to the result of the measurement the relation C = g{A), 
or C = h{B) — then one can claim that the actual value obtained depends on 
whether the value of C is determined by measuring A, or by measuring B. 

In the programme to be discussed here, the idea of a contextual valuation 
will be developed in a different direction from that of the existing modal 
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interpretations in which 'reahty' is ascribed to only some commutative subset 
of physical quantities. In particular, rather than accepting such a limited 
domain of beables we shall propose a theory of 'generalised' valuations that 
are defined globally on all propositions about values of physical quantities. 
However, the price of global existence is that any given proposition may 
have only a ^generalised^ truth-value. More precisely, (i) the truth-value of a 
proposition "Ae A" belongs to a logical structure that is larger than {0, 1}; 
and (ii) these target-logics, and truth values, are context-dependent. 

It is clear that the main task is to formulate mathematically the idea of a 
contextual, truth-value in such a way that the assignment of generalised 
truth-values is consistent with an appropriate analogue of the functional 
composition principle FUNC. 

5.1.2 The Introduction of Coarse-Graining 

In the original paper [44], this task is tackled using a type of 'coarse-graining' 
operation. The key idea is that, although in a given situation in quantum 
theory it may not be possible to declare a particular proposition "A e A" to 
be true (or false), nevertheless there may be (Borel) functions / such that the 
associated propositions "/(A) 5 /(A)" can be said to be true. This possibility 
arises for the following reason. 

Let Wa denote the spectral algebra of the operator A that represents a 
physical quantity A. Thus Wa is the Boolean algebra of projectors E[A E 
A] that project onto the eigenspaces associated with the Borel subsets A 
of the spectrum sp(A) of A; physically speaking, i?[y4£:A] represents the 
proposition "Ae A". It follows from the spectral theorem that, for all Borel 
subsets J of the spectrum of f{A), the spectral projector E[f{A)eJj for 
the operator f{A) is equal to the spectral projector E[Ae (J)] for A. In 
particular, if /(A) is a Borel subset of sp(/(A)) then, since A C /~^(/(A)), 
we have E[Ae A] ^ E[A6 f~^{f{A))]; and hence 

E[AeA]^ E[f{A)ef{A)]. (5.8) 

Physically, the inequality in (5.8) reflects the fact that the proposition 
"/(A) e f{A)" is generally weaker than the proposition "Ae A" in the sense 
that the latter implies the former, but not necessarily vice versa. For example, 
the proposition "/(^) = /(a)" is weaker than the original proposition "A = 
a" if the function / is many-to-one and such that more than one eigenvalue 
of A is mapped to the same eigenvalue of f{A). In general, we shall say that 
"/(A) e /(A)" is a coarse-graining of "AeA". 
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Now, if the proposition "Ae A" is evaluated as 'true' then, from (5.7) and 
(5.8), it follows that the weaker proposition "/(A) e /(A)" is also evaluated 
as 'true'. 

This remark provokes the following observation. There may be situations 
in which, although the proposition "A e A" cannot be said to be either true 
or false, the weaker proposition "/(A) e /(A)" can. In particular, if the lat- 
ter can be given the value 'true', then — by virtue of the remark above — it 
is natural to suppose that any further coarse-graining to give an operator 
g{f{A)) will yield a proposition "(^(/(A)) G g{f{A))" that will also be eval- 
uated as 'true'. Note that there may be more than one possible choice for 
the 'initial' function /, each of which can then be further coarse-grained in 
this way. This multi-branched picture of coarse-graining is one of the main 
justifications for our invocation of the topos-theoretic idea of a presheaf. 

It transpires that the key remark above is the statement: 



If "/(A)e/(A)" is true, then so is ''g{f{A)eg{f{Ay 
for any function (7 : R ^ M. 



This is key because the property thus asserted can be restated by saying 
that the collection of all functions / such that "/(A)e/(A)" is 'true' is a 
sieve; and sieves are closely associated with global elements of the sub-object 
classifier in a category of presheaves. 

To clarify this we start by defining a category O whose objects are the 
bounded, self-adjoint operators on Ti. For the sake of simplicity, we will 
assume for the moment that O consists only of the operators whose spectrum 
is discrete. Then we say that there is a 'morphism' from i? to A if there exists 
a Borel function (more precisely, an equivalence class of Borel functions) 
/ : sp(A) — > M such that 13 = /(A), where sp(A) is the spectrum of A. Any 
such function on sp(74) is unique (up to the equivalence relation), and hence 
there is at most one morphism between any two operators, li B = f{A), the 
corresponding morphism in the category O will be denoted fo : B A. It 
then becomes clear that the statement in the box above is equivalent to the 
statement that the collection of all functions / such that "/(y4)e/(A)" is 
'true', is a sieve^^ on the object A in the category O. 

This motivates very strongly looking at the topos category, Sets^°'' of 
contravariant^^, set- valued functors on O. Then, bearing in mind our dis- 

^"'^It is a matter of convention whether this is called a sieve or a co-sieve. 
^^Ab initio, we could just as well have looked at covariant functors, but with our defi- 
nitions the contravariant ones are more natural. 
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cussion of values of physical quantities, it is rather natural to construct the 
following object in this topos: 

Definition 5.1 The spectral presheaf on O is the contravariant functor : 
O —>■ Sets defined as follows: 

1. On objects: E(y4) := sp(y4). 

2. On morphisms: If fo '■ B ^ A, so that B = f{A), then S(/c)) : 
a{A) a{B) IS defined by S(/o)(A) := /(A) for all X G a{A). 

Note that is well-defined since, if A G cr{A), then /(A) is indeed an 

element of the spectrum of B; indeed, for these discrete-spectrum operators 
we have = 

The key remark now is the following. If C is any category, a global element, 
of a contravariant functor X : C — Sets is defined to be a function 7 that 
assigns to each object A in the category C an element 7^ G 2£.{^) iii such 
a way that if / : 5 — > A then 2£.{f){lA) = 1b (see Appendix 2 for more 
details). 

In the case of the spectral functor S, a global element is therefore a 
function 7 that assigns to each (bounded, discrete spectrum) self-adjoint 
operator A, a real number 7^1 G sp(A) such that if i? = f{A) then f{lA) = 
iB- But this is precisely the condition FUNC in Eq. (5.4) for a valuation! 



Thus, the Kochen-Specker theorem is equivalent to the 
statement that, if dim 7^ > 2, the spectral presheaf S 
has no global elements. 



It was this observation that motivated the original suggestion by one of 
us (CJI) and his collaborators that quantum theory should be studied from 
the perspective of topos theory. However, as it stands, the discussion above 
works only for operators with a discrete spectrum. This is fine for finite- 
dimensional Hilbert spaces, but in an infinite-dimensional space operators 
can have continuous parts in their spectra, and then things get more com- 
plicated. 

One powerful way of tackling this problem is to replace the category 
of operators with a category, V(7i), whose objects are commutative von 
Neumann sub-algebras of the algebra B{H) of all bounded operators on H. 
There is a close link with the category C since each self-adjoint operator 
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generates a commutative von Neumann algebra, but using V(7i) rather than 
C solves all the problems associated with continuous spectra [35]. 

Of course, this particular motivation for introducing V(?i) is purely math- 
ematical, but there are also very good physics reasons for this step. As we 
have mentioned earlier, one approach to handling the implications of the 
Kochen-Specker theorem is to 'reify' only a subset of physical variables, as is 
done in the various 'modal interpretations'. The topos-theoretic extension of 
this idea of 'partial reification', first proposed in [44, 45, 35, 13], is to build a 
structure in which all possible reifiable sets of physical variables are included 
on an equal footing. This involves constructing a category, C, whose objects 
are collections of quantum observables that can be simultaneously reified be- 
cause the corresponding self-adjoint operators commute. The application of 
this type of topos scheme to an actual modal interpretation is discussed in 
the recent paper by Nakayama [62] 

From a physical perspective, the objects in the category C can be viewed 
as contexts (or 'world- views', or 'windows on reality', or 'classical snapshots') 
from whose perspectives the quantum theory can be displayed. This is the 
physical motivation for using commutative von Neumann algebras. 

In the normal, instrumentalist interpretation of quantum theory, a con- 
text is therefore a collection of physical variables that can be measured si- 
multaneously. The physical significance of this contextual logic is discussed 
at length in [44, 45, 35, 13, 46] and [22, 23]. 

5.1.3 Alternatives to von Neumann Algebras 

It should be remarked that V(7Y) is not the only possible choice for the cate- 
gory of concepts. Another possibility is to construct a category whose objects 
are the Boolean sub-algebras of the non-distributive lattice of projection op- 
erators on the Hilbert space; more generally we could consider the Boolean 
sub-algebras of any non-distributive lattice. This option was discussed in 
[44]. 

Yet another possibility is to consider the abelian C*-sub-algebras of the 
algebra B{H) of all bounded operators on H. More generally, one could con- 
sider the abelian sub-algebras of any C*-algebra; this is the option adopted by 
Heunen and Spitters [38] in their very interesting recent development of our 
scheme. One disadvantage of a C*-algebra is that does not contain projectors, 
and if one wants to include them it is necessary to move to y4W^*-algebras, 
which are the abstract analogue of the concrete von Neumann algebras that 
we employ. For each of these choices there is a corresponding spectral object. 
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and these different spectral objects are closely related. 

It is clear that a similar procedure could be followed for any algebraic 
quantity 21 that has an 'interesting' collection of commutative sub-algebras. 
We will return to this remark in Section 14.1.4. 

5.2 From Projections to Global Elements of the Outer 
Presheaf 

5.2.1 The Definition of 6{P)v 

The fundamental thesis of our work is that in constructing theories of physics 
one should seek representations of a formal language in a topos that may be 
other than Sets. We want now to study this idea closely in the context of 
the 'toposification' of standard quantum theory, with particular emphasis on 
a topos representation of propositions. Most 'standard' quantum systems 
(for example, one-dimensional motion with a Hamiltonian H = ^ + V{x)) 
are obtained by 'quantising' a classical system, and consequently the formal 
language is the same as it is for the classical system. Our immediate goal is 
to represent physical propositions with sub-objects of the spectral presheaf 

In this Section we concentrate on the propositional language VC[S) in- 
troduced in Section 3.2. Thus a key task is to find the map vTqt : VC{S)o — * 
Sub(S), where the primitive propositions in VC{S)o are of the form "Ae A". 
As we shall see, this is where the critical concept of daseinisation arises: the 
procedure whereby a projector P is transformed to a sub-object, 5{P), of the 

spectral presheaf, S, in the topos Sets^*^^^ ^ (the precise definition of S is 
given in Section 5.3.1). 

In standard quantum theory, a physical quantity is represented by a self- 
adjoint operator A in the algebra, BiTi), of all bounded operators on Ti. 
If A C M is a Borel subset, we know from the spectral theorem that the 
proposition "Ae A" is represented by^^ the projection operator E[A G A] in 
B(TC). For typographical simplicity, for the rest of this Section, E[A G A] 
will be denoted by P. 

We are going to consider the projection operator P from the perspective 
of the 'category of contexts' — a keystone of the topos approach to quantum 
theory. As we have remarked earlier, there are several possible choices for 

^^Note, however, that the map from propositions to projections is not injective: two 
propositions "Ae Ai" and "_BeA2" concerning two distinct physical quantities, A and B, 
can be represented by the same projector: i.e., E[A e Ai] = E[B e A2]. 
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this category most of which are considered in detail in the original papers [44, 
45, 35, 13]. Here we have elected to use the category V(7i) of unital, abelian 
sub-algebras of B(TC). This partially-ordered set has a category structure in 
which (i) the objects are the abelian sub-algebras of -B(7i); and (ii) there is 
an arrow iyv : V ^ V , where V\ V E Ob(V(H)),5^ if and only if V C V. 
By definition, the trivial sub-algebra Vq = (Dl is not included in the objects of 
V(7Y). A context could also be called a 'world- view', a 'classical snap-shot', a 
'window on reality', or even a Weltanschauung^^; mathematicians often refer 
to it 'stage of truth'. 

The critical question is what can be said about the projector P 'from the 
perspective' of a particular context V G Ob(V(7Y))? If P belongs to V then 
a 'full' image of P is obtained from this view-point, and there is nothing 
more to say. However, suppose the abelian sub-algebra V does not contain 
P: what then? 

We need to 'approximate' P from the perspective of V, and an important 
ingredient in our work is to define this as meaning the 'smallest' projection 
operator, 6{P)v, in V that is greater than, or equal to, P: 

KP)v ■■= l\{aeV{V)\ahP]. (5.9) 

where '^' is the usual ordering of projection operators, and where ViV) 
denotes the set of all projection operators in V. 

To see what this means, let P and Q represent the propositions "A e A" 
and "AeA"' respectively with A C A', so that P ^ Q. Since we learn 
less about the value of A from the proposition "A e A'" than from "A e A" , 
the former proposition is said to be weaker. Clearly, the weaker proposition 
"A e A'" is implied by the stronger proposition "A e A" . The construction of 
S{P)v as the smallest projection in V greater than or equal to P thus gives 
the strongest proposition expressible in V that is implied by P (although, if 
A ^ V, the projection S{P)v cannot usually be interpreted as a proposition 
about A).^^ Note that if P belongs to V, then S{P)v = P- The mapping 
P I— >• 6{P)v was originally introduced by de Groote in [32], who called it the 
'V^-support' of P. 

^'^We denote by Ob(C) the collection of all objects in the category C. 

^^'Weltanschauung' is a splendid German word. 'Welt' means world; 'schauen' is a verb 
and means to look, to view; 'anschauen' is to look at; and '-ung' at the end of a word can 
make a noun from a verb. So it's Welt-an-schau-ung. 

^^Note that the definition in (5.9) exploits the fact that the lattice 'P{V) of projec- 
tion operators in V is complete. This is the main reason why we chose von Neumann 
sub-algebras rather than C*-algebras: the former contain enough projections, and their 
projection lattices are complete. 
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The key idea in this part of our scheme is that rather than thinking of a 
quantum proposition, "Ae A", as being represented by the single projection 
operator E[A G A], instead we consider the entire collection {6(^E[A G A])^ | 
V G Ob(V(7i))} of projection operators, one for each context V. As we will 
see, the link with topos theory is that this collection of projectors is a global 
element of a certain presheaf. 

This 'certain' presheaf is in fact the 'outer' presheaf, which is defined as 
follows: 

Definition 5.2 The outer^^ presheaf O is defined over the category V(7Y) 
as follows [44, 35]: 

(i) On objects V G OhiViU)): We have Oy := ViV) 

(a) On morphisms iy'v : V <^ V : The mapping 0{iv'v) '■ Qy ~^ Q-V '^^ 
given by 0{iv'v){ci) '■= ^(a)y' for all a G ViV). 

With this definition, it is clear that, for each projection operator P, the 
assignment V i— > 5{P)v defines a global element of the presheaf O- Indeed, 
for each context V, we have the projector 5{P)v G ViV) = Oy, and if 
iv'v -V CV, then 

5{6{P)v)y, = /\{Q^ ViV') I Q y 6{P)v} = 6{P)v' (5.10) 

and so the elements 6{P)v, V G Ob(V(7i)), are compatible with the structure 
of the outer presheaf. Thus we have a mapping 

S:V{n) TO 

P ^ {s{P)v I V G oh{v{n))} (5.11) 

from the projectors in V{Ti.) to the global elements, TO, of the outer presheaf.^ 

^^In the original papers by CJI and collaborators, this was called the 'coarse-graining' 
presheaf, and was denoted G. The reason for the change of nomenclature will become 
apparent later. 

^^Vis-a-vis our use of the language C{S) a little further on, we should emphasise that 
the outer presheaf has no linguistic precursor, and in this sense, it has no fundamental 
status in the theory. In fact, we could avoid the outer presheaf altogether and always work 
directly with the spectral presheaf, S, which, of course, does have a linguistic precursor. 
However, it is technically convenient to introduce the outer presheaf as an intermediate 
tool. 
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5.2.2 Properties of the Mapping 6 : V{n) TO. 

Let us now note some properties of the map 6 : P(7Y) TCI that are relevant 
to our overall scheme. 

1. For all contexts V, we have S{0)v = 0. 

The null projector represents all propositions of the form "Ae A" with 
the property that sp(A) fl A = 0. These propositions are trivially false. 

2. For all contexts V, we have S{l)v = 1- 

The unit operator 1 represents all propositions of the form "A e A" with 
the property that sp{A) fl A = sp(y4). These propositions are trivially 
true. 

3. There exist global elements of 0_ that are not of the form 6{P) for any 
projector P. This phenomenon will be discussed later. However, if 
7 G rO is of the form S{P) for some P, then 

P= /\ 6{P)v, (5.12) 
yGOb(vcH)) 

because S{P)v^h P for all V E Oh{V{n)), and 6{P)v = P for any V 
that contains P. 

The next result is important as it means that 'nothing is lost' in mapping 
a projection operator P to its associated global element, S{P), of the presheaf 
O. 



Theorem 5.1 The map 6 : V{'H) FO is injective. 



This simply follows from (5.12): if S{P) = S{Q) for two projections P, Q, 
then 

P= /\ 6{P)v= A ^iQ)v = Q- (5.13) 

FGOb(V(H)) VeOh[V{H)) 
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5.2.3 A Logical Structure for TO? 

We have seen that the quantities 6{P) := {6{P)v \ V G Ob(V(7^))}, P G 
V{H), are elements of TO, and if they are to represent quantum propositions, 
one might expect/hope that (i) these global elements of O form a Heyting 
algebra; and (ii) this algebra is related in some way to the Heyting algebra 
of sub-objects of S. Let us see how far we can go in this direction. 

Our first remark is that any two global elements 71, 72 of O can be com- 
pared at each stage V in the sense of logical implication. More precisely, let 
7iy e V(y) denote the V^th 'component' of 71, and ditto for 72^. Then we 
have the following result: 

Definition 5.3 A partial ordering on TO can be constructed in a 'local' way 
(i.e., 'local' with respect to the objects in the category ViTi)) by defining 

71 t 72 if, and only if, W E Ob(V(7^)), 71^ t I2V (5.14) 

where the ordering on the right hand side of (5.14) is the usual ordering in 
the lattice of projectors V{V). 

It is trivial to check that (5.14) defines a partial ordering on FO. Thus FO 
is a partially ordered set. 

Note that if P,Q are projection operators, then it follows from (5.14) 
that 

6{P) y 6{Q) if and only if P ^ Q (5.15) 

since P Q implies S{P)v S{Q)v for all contexts V.^^ Thus the mapping 
6 : V((H) — > TO respects the partial order. 

The next thing is to see if a logical 'V '-operation can be defined on FO- 
Once again, we try a 'local' definition: 

Theorem 5.2 A V '-structure on FO can be defined locally by 

(71 V 72)y := 7i\/ V 72y (5.16) 
for all 71,72 G FO, and for all V G Oh{V{n)). 

Proof. It is not instantly clear that (5.16) defines a global element of O- 
However, a key result in this direction is the following: 

^^On the other hand, in general, P > Q does not hiiply 5{P)v >- 5{Q)v but only 
5{P)v h 5{Q)v- 
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Lemma 5.3 For each context V, and for all a,l3 & ViV), we have 

0{iv'v){oiy p) = 0{iv'v){a)y O{iv'v)0) (5-17) 
for all contexts V such that V' (^V . 

The proof is a straightforward consequence of the definition of the presheaf 

o. 

One immediate consequence is that (5.16) defines a global element^" of 
O- Hence the theorem is proved. ■ 

It is also straightforward to show that, for any pair of projectors P,Q E 
V{n), we have 5{PyQ)v = 5(P)v^ V 5(Q)y, for all contexts V G Oh{V{n)). 
This means that, as elements of TO, 

6{PWQ) = 6{P)W6{Q). (5.18) 

Thus the mapping 6 : V{T-i) TO preserves the logical 'V' operation. 

However, there is no analogous equation for the logical 'A'-operation. The 
obvious local definition would be, for each context V , 

(71 A 72)y := 7i\/ A 72y (5.19) 

but this does not define a global element of O since, unlike (5.17), for the 
A-operation we have only 

0(zy'y)(d A/3) ^ 0{iv'v){a) ^O{lv'v)0) (5.20) 

for all V C v. As a consequence, for all V , we have only the inequality 

6{PhQ)v ^ 6{P)vAS{Q)v (5.21) 

and hence 

S{PaQ) ^ 6{P)A6{Q). (5.22) 

It is easy to find examples where the inequality is strict. For example, 
let P ^ 0, i and g = i - P. Then P A Q = and hence 5y (P A Q) = 0, 
while (5(P)y A S{Q)v can be strictly larger than 0, since S{P)v h. P and 
SiQ)vhQ- 

^"The existence of the V-operation on TO can be extended to O itself. More precisely, 
there is an arrow V : Ox O where OxO denotes the product presheaf over V{H), 
whose objects are (O x 0)v ■= Qy x Oy. Then the arrow V : O x O O is defined at 
any context V by Vy (d, /3) := d V /3 for all a,(3 & Oy. 
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5.2.4 Hyper-Elements of TO. 



We have seen that the global elements of O, i.e., the elements of TO, can be 
equipped with a partial-ordering and a 'V '-operation, but attempts to define 
a 'A'-operation in the same way fail because of the inequality in (5.21). 

However, the form of (5.20-5.21) suggests the following procedure. Let 
us define a hyper- element of O to be an association, for each stage V G 
Ob(V(7i)), of an element ■jy ^ Q.v with the property that 

7v' h 0{tv'v){lv) (5.23) 

for all V C V. Clearly every element of TO is a hyper-element, but not 
conversely. 

Now, if 7i and 72 are hyper-elements, we can define the operations 'V' 
and 'A' locally as: 

(71V 72)1/ := 7iyV72y (5.24) 
(71^72)^ := liv^l2V (5.25) 



Because of (5.20) we have, for all V C V, 

O(iv'v) ((71 A 72)1/) = Q{iv'v){liv ^l2v) (5.26) 

^ 0iiv'v)iliv)^0iiv'v)h2v) (5.27) 

^ 7iy' A 72y' (5.28) 

= (7iA72)y' (5.29) 

so that the hyper-element condition (5.23) is preserved. 

The occurrence of a logical 'V' and A' structure is encouraging, but it 
is not yet what we want. For one thing, there is no mention of a negation 
operation; and, anyway, this is not the expected algebra of sub-objects of a 
'state space' object. To proceed further we must study more carefully the 
sub-objects of the spectral presheaf. 



5.3 Daseinisation: Heidegger Encounters Physics 

5.3.1 From Global Elements of O to Sub-Objects of S. 

The spectral presheaf, S, played a central role in the earlier discussions of 
quantum theory from a topos perspective [44, 45, 35, 13]. Here is the formal 
definition. 
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Definition 5.4 The spectral presheaf, S, is defined as the following functor 
from V(H)°P to Sets; 

1. On objects V : is the GeVfand spectrum of the unital, abelian sub- 
algebra V of B(TC); i.e., the set of all multiplicative linear functional 
\:V ^€ such that (A, i) = 1. 

2. On morphisms iyv '■ V ^ V ■' ^{ivv) ■ ~^ defined by 
S(iy/y)(A) := A|y/; i.e., the restriction of the functional \:V^Gto 
the sub-algebra V' C V. 

One central result of spectral theory is that Sy has a topology that is compact 
and Hausdorff, and with respect to which the Gel'fand transforms^^ of the 
elements of V are continuous functions from toC This will be important 
in what follows [49]. 

The spectral presheaf plays a fundamental role in our research programme 
as applied to quantum theory. For example, it was shown in the earlier work 
that the Kochen-Specker theorem [50] is equivalent to the statement that E 
has no global elements. However, E does have sub-objects, and these are 
central to our scheme: 

Definition 5.5 A sub-object S_ of the spectral presheaf 'E is a functor S_ : 
V{nyP Sets such that 

1. S_y is a subset ofLy for all V . 

2. If V C V , then S_{iv'v) '■ S_y S_y, is just the restriction A i-^ X\yi 
(i.e., the same as for'E), applied to the elements A G S_y C Try. 

This definition of a sub-object is standard. However, for our purposes we 
need something slightly different, namely concept of a 'clopen' sub-object. 
This is defined to be a sub-object iS of S such that, for all V, the set S_y is a 
clopen^"^ subset of the compact, Hausdorff space Try. We denote by Subci(S) 
the set of all clopen sub-objects of T. We will show later (in the Appendix) 
that, like Sub(S), the set Subci(E) is a Heyting algebra. In Section 6.5 we 
show that there is an object Pc\El whose global elements are precisely the 
clopen sub-objects of T. 

This interest in clopen sets is easy to explain. For, according to the 
Gel'fand spectral theory, a projection operator a G ViV) corresponds to a 

^^li ley, the Gel'fand transform, A : ^ C, of i is defined by A(A) -.^ (A, i) for 

all A e Try. 

^^A 'clopen' subset of a topological space is one that is both open and closed. 
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unique clopen subset, Sa of the Gel'fand spectrum, Ey. Furthermore, the 
Gel'fand transform a : Sy ^ (D of d takes the values 0, 1 only, since the 
spectrum of a projection operator is just {0, 1}. 

It follows that a is the characteristic function of the subset, Sa, of Ey, 
defined by 

S&:= {\e^y\ {\,a) = 1}. (5.30) 

The clopen nature of Sa follows from the fact that, by the spectral theory, 
the function a : — > {0, 1} is continuous. 

In fact, there is a lattice isomorphism between the lattice ViV) of pro- 
jectors in V and the lattice CL(Sy) of clopen subsets of S^,^^ given by 

Sa:= {Xe^vl a) = !}• (5-31) 

Conversely, given a clopen subset S G CL(Sy), we get the corresponding 
projection a as the (inverse Gel'fand transform of the) characteristic function 
of 5*. Hence, each S G CL(Sy) is of the form S = Sa for some a G ViV). 

Our claim is the following: 
Theorem 5.4 For each projection operator P G V{'H), the collection 

m ■■= { ^ Sy I y G OhiVinm (5.32) 
forms a (clopen) sub-object of the spectral presheaf 'E. 

Proof. To see this, let A G S^^^p-^^. Then if V is some abelian sub-algebra 
of V, we have 6{P)v' = /\{& e ViV') \ a h 6{P)v} h S{P)v. Now let 
a ■= 6{P)v' - S{P)v. Then {X,6{P)v') = (A,5(P)v) + (A, a) = 1, since 
(A, S{P)v) = 1 and (A, a) G {0, 1}. This shows that 

{A|v'|Ag5,(p)JC5,(p)^,. (5.33) 

However, the left hand side of (5.33) is the subset 0{iv'v){Ssi^p)^) ^ Sy/ of 
the outer-presheaf restriction of elements in 'S'^(p)^ to Sy,, and the restricted 
elements all lie in S^^p^^^ . It follows that the collection of sets 

m := { ^^v\Ve Ob(V(7^))} (5.34) 

^^The lattice structure on CL(Sy) is defined as follows: if {Ui)iei is an arbitrary family 
of clopen subsets of Sy , then the closure IJ^gj Ui is the maximum. The closure is necessary 
since the union of infinitely many closed sets need not be closed. The interior int Hig/ Ui 
is the minimum of the family. One must take the interior since Plie/ closed, but not 
necessarily open. 
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forms a (clopen) sub-object of the spectral presheaf S. ■ 
By these means we have constructed a mapping 



6:V{n) — > Subci(S) 

p ^ S{P) := {S,,p,^, I V e OHViH))} (5.35) 

which sends projection operators on Ti to clopen sub-objects of S. As a 
matter of notation, we will denote the clopen subset Sg^^p^^ C Sy as 6{P)^. 

The notation S{P)v refers to the element (i.e., projection operator) of Oy 
defined earlier. 

5.3.2 The Definition of Daseinisation 

As usual, the projection P is regarded as representing a proposition about 
the quantum system. Thus 6 maps propositions about a quantum system to 
(clopen) sub-objects of the spectral presheaf. This is strikingly analogous to 
the situation in classical physics, in which propositions are represented by 
subsets of the classical state space. 



Definition 5.6 The map 6 in (5.35) is a fundamental part of our 
constructions. We call it the daseinisation of P. We shall use the 
same word to refer to the operation in (5.9) that relates to the outer 
presheaf. 



The expression 'daseinisation' comes from the German word Dasein, which 
plays a central role in Heidegger's existential philosophy. Dasein translates 
to 'existence' or, in the very literal sense often stressed by Heidegger, to 
being-there-in-the-world®^. Thus daseinisation ' brings- a-quantum-property- 
into-existence'®^ by hurling it into the collection of all possible classical snap- 
shots of the world provided by the category of contexts. 

We will summarise here some useful properties of daseinisation. 
1. The null projection is mapped to the empty sub-object of S: 

S(fi^ = {0y \ V e Oh{V{H))} (5.36) 

^^The hyphens are very important. 
^^The hyphens are very important. 
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2. The identity projection 1 is mapped to the unit sub-object of S: 

6{1) = {Sy I y G Oh{V{H))} = S (5.37) 



3. Since the daseinisation map 6 : V(Ti.) TO is injective (see Section 
5.2.2), and the mapping TO r(PciS) is injective (because there is a 
monic arrow O — > PciS in Sets^*-''^^ see Section 6.5.2), it follows that 
the daseinisation map 6 : V{H) — r(PciS) ^ Subci(S) is also injective. 
Thus no information about the projector P is lost when it is daseinised 
to become S{P). 



5.4 The Heyting Algebra Structure on Subci(S). 

The reason for daseinising projections is that the set, Sub(S), of sub-objects 
of the spectral presheaf forms a Heyting algebra. Thus the idea is to find a 
map TTqt : VC{S)q — * Sub(S) and then extend it to all of VC{S) using the 
simple recursion ideas discussed in Section 3.2.2. 

In our case, the act of daseinisation gives a map from the projection 
operators to the clopen sub-objects of Sub(S), and therefore a map VTqt : 
VC{S)q Subci(S) can be defined by 

TT^tiAeA) ■.= 6{E[Ae A]) (5.38) 

However, to extend this definition to VC{S), it is necessary to show that 
the set of clopen sub-objects, Subci(S), is a Heyting algebra. This is not 
completely obvious from the definition alone. However, it is true, and the 
proof is given in Theorem 16.1 in the Appendix. 

In conclusion: daseinisation can be used to give a representation/model 
of the language VC{S) in the Heyting algebra Subci(S).^^ 

5.5 Daseinisation and the Operations of Quantum Logic. 

It is interesting to ask to what extent the map 5 : ViTi) —>■ Subci(S) respects 
the lattice structure on V{7i). Of course, we know that it cannot be com- 
pletely preserved since the quantum logic V{T-C) is non-distributive, whereas 
Subci(S) is a Heyting algebra, and hence distributive. 

^^Since the clopen subobjects of S correspond bijectively to the global sections of the 
outer presheaf O, it is clear that TO too is a Heyting algebra. 



65 



We saw in Section 5.2.3 that, for the mapping 6 : V{T-C) TO, we have 

S{PyQ)v = 6{P)vySiQ)v, (5.39) 
6{PaQ)v ^ 6{P)vAS{Q)v (5.40) 

for all contexts V in Ob(V(H)). 

The clopen subset of S^^ that corresponds to S{P)v V S{Q)v is >S'^(p)^ U 
S^^Q^^^. This imphes that the daseinisation map 6 : V(H) Subci(E) is a 
morphism of V-semi-lattices. 

On the other hand, S{P)v/\6{Q)y corresponds to the subset S^^^ps^^nS^f^Qs^^ 
of Sy. Therefore, since S^^p^gs^^ C S^f^p-^^ fl ^^(q)^, daseinisation is not a 

morphism of A-semi-lattices. In summary, for all projectors P, Q we have 

6{PyQ) = 5(P^V5(Q) (5.41) 
6{PaQ) ^ 5(P^A5(Q) (5.42) 

where the logical connectives on the left hand side lie in the quantum logic 
V{7i), and those on the right hand side lie in the Heyting algebra Subci(S), 
as do the symbols '=' and 

As remarked above, it is not surprising that (5.42) is not an equality. 
Indeed, the quantum logic V{H) is non-distributive, whereas the Heyting 
algebra Subci(S) is distributive, and so it would be impossible for both (5.41) 
and (5.42) to be equalities. The inequality in (5.42) is the price that must 
be paid for liberating the projection operators from the shackles of quantum 
logic and transporting them to the existential world of Heyting algebras. 

5.5.1 The Status of the Possible Axiom 'A £ Ai A A £ A £ Ai n 

As' 

We have the representation in (5.38), 7rqt{AeA) := 6[E[A e A]) , of the 
primitive propositions AeA, and, as explained in Section 3.2.2, this can be 
extended to compound sentences by making the obvious definitions: 

(a) 7rqt(a V p) := 7i^t{a) V Ti^tiP) (5.43) 

(b) 7rqt(a A p) := n^tia) A n^tP) (5.44) 

(c) 7rqt(^a) := ^7rqt(a) (5.45) 

(d) 7rqt(« p) := 7rqt(a) ir^tiP) (5.46) 

As a result, we necessarily get a representation of the full language VC{S) 
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in the Heyting algebra Subci(S). However, we then find that: 

7rqt(AeAi AAeAs) := 7rqt(Ae Ai) A 7rqt(Ae A2) (5.47) 

= 6{E[A e Ai]) A ^(^[A G A2]) (5.48) 
t 6{E[A G Ai] A E[A e A2]) (5.49) 

= 6{E[A G Ai n A2)]) (5.50) 
= 7rqt(v4eAi n A2) (5.51) 

where, (5.49) comes from (5.42), and in (5.50) we have used the property of 
spectral projectors that E[A G Ai] A E[A G A2] = E[A G Ai n A2)]. Thus, 
although by definition, ir^tiAe Ai A Ae A2) = iTqtiAe Ai) A 7rqt(A£: A2), we 
only have the inequality 

7rqt(AeAi n A2) ^ 7rqt(A£Ai A A£A2) (5.52) 

On the other hand, the same line of argument shows that 

7rqt(A5Ai V A£A2) = 7rqt(A£Ai U A2) (5.53) 

Thus it would be consistent to add the axiom 

Ai V A2 Ai U A2 (5.54) 

to the language VC{S), but not 

Ae Ai A Ae A2 Ae Ai n A2 (5.55) 

Of, course, both axioms are consistent with the representation of VC{S) in 
classical physics. 

It should be emphasised that there is nothing wrong with this result: 
indeed, as stated above, it is the necessary price to be paid for forcing a 
non-distributive algebra to have a 'representation' in a Heyting algebra. 



5.5.2 Inner Daseinisation and 5(-iP). 

In the same spirit, one might ask about "-i(Ae A)". By definition, as in (3.8), 
we have 7rqt(-i(Ae A)) := -i7rqt(Ae A) = -^6[E[A G A]). However, the ques- 
tion then is how, if at all, this is related to 6{E[A G M/A]) = 6{^E[A G A]), 
bearing in mind the axiom 

^(AeA)^AeM\A (5.56) 
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that can be added to the classical representation of VC{S). Thus something 
needs to be said about 6{^P), where -iP = 1 — P is the negation operation 
in the quantum logic V{T-C). 

To proceed further, we need to introduce another operation: 

Definition 5.7 The inner daseinisation, 5*(P), of P is defined for each con- 
text V as 

S\P)v:=\/ {PeV{V)\P^P}. (5.57) 

This should be contrasted with the definition of outer daseinisation in (5.9). 

Thus 6^{P)v is the best approximation that can be made to P by taking 
the 'largest' projector in V that implies P. 

As with the other daseinisation construction, this operation was first in- 
troduced by de Groote in [32] where he called it the core of the projection 
operator P. We prefer to use the phrase 'inner daseinisation', and then to 
refer to (5.9) as the 'outer daseinisation' operation on P. The existing nota- 
tion S{P)v will be replaced with 6°{P)v if there is any danger of confusing 
the two daseinisation operations. 

With the aid of inner daseinisation, a new presheaf, /, can be constructed 
as an exact analogue of the outer presheaf, O, defined in Section 5.2.1. Specif- 
ically: 

Definition 5.8 The inner presheaf / is defined over the category V(7i) as 
follows: 

(i) On objects V G OhiViH)): We have ly := V{V) 

(a) On morphisms iyv '■ V ^ V- The mapping I_{iv'v) '■ Lv ~^ Lv ^■^ 
given by Iiiv'v){&) '■= S'^{a)v for all a E 'P{V). 

It is easy to see that the collection {5*(P)y | V G Ob(V(7-^))} of projection 
operators given by (5.57) is a global element of /. 

It is also straightforward to show that 

0{iv'v)ha) = ^l{iv'v)ia) (5.58) 
for all projectors a in V, and for all V C V. It follows from (5.58) that 

5°(-P)y = i - 6\P)v (5.59) 
for all projectors P and all contexts V. 
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It is clear from (5.58) that the negation operation on projectors defines 
a map -i : TO FJ, 7 -17; i.e., for all contexts V, we map '~f{V) t-^ 
-17(1^) := 1 —'-fiy). Actually, one can go further than this and show that the 
presheaves O and / are isomorphic in the category Sets^(^)°^ This means 
that, in principle, we can always work with one presheaf only. However, for 
reasons of symmetry it is sometime useful to invoke both presheaves. 

As with outer daseinisation, inner daseinisation can also be used to define 
a mapping from projection operators to sub-objects of the spectral presheaf. 
Specifically, if P is a projection, for each V G Ob(V(7Y)) define 

Ts.^p), ■■= {A e I (A, 5\P)v) = 0}. (5.60) 

It is easy to see that these subsets form a clopen subobject, S\P), of S. It 
follows from (5.59) that Tgi,p. = S^or^p^- 



5.5.3 Using Boolean Algebras as the Base Category 

As we have mentioned several times already, the collection, V(7Y), of all 
commutative von Neumann sub- algebras of BiTi) is not the only possible 
choice for the base category over which to construct presheaves. In fact, 
if we are only interested in the propositional language VC{S), a somewhat 
simpler choice is the collection, Bl{T-C) of all Boolean sub- algebras of the non- 
distributive lattice, V(H), of projection operators on H. More abstractly, 
for any non-distributive lattice *B, one could use the category of Boolean 
sub- algebras of This possibility was raised in the original paper [44] but 
has not been used much thereafter. However, it does have some interesting 
features. 

The analogue of the (von Neumann algebra) spectral presheaf, S, is the 
so-called dual presheaf, D: 

Definition 5.9 The dual presheaf on Bl{T-C) is the contravariant functor 
D_ : Bl{T-C) Sets defined as follows: 

1. On objects inBl{T-C): D_{B) is t/ie dual of B; i.e., the seiHom(i?, {0, 1}) 
of all homomorphisms from the Boolean algebra B to the Boolean alge- 
bra {0, 1}. 

2. On morphisms in BliTi): If ib-zBi '■ B2 ^ Bi then D{iB2Bi) '■ H{Bi) 
D{B2) is defined by D_{iB2Bi){x) '■= x\b2, where x\b2 denotes the re- 
striction of X ^ ;D(i?i) to the sub-algebra B2 Bi. 
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A global element of the functor D. '■ Bl{T-Cy^ —>■ Set is then a function 7 
that associates to each B G Ob(i31(7i)) an element 7^ of the dual of B such 
that if iB2Bi : B2 ^ Bi then 7_Bi|_b2 = 7-B2! thus, for all a G B2, 

7B2(a) = 7Bi((«B2Bi(a))- (5-61) 

Since each projection operator, a belongs to at least one Boolean algebra 
(for example, the algebra {0, 1, d, it follows that a global element of the 
presheaf D associates to each projection operator a a number V{a) which is 
either or 1, and is such that, if d A /3 = 0, then V{a V /3) = V{a) + V0). 
These types of valuation are often used in the proofs of the Kochen-Specker 
theorem that focus on the construction of specific counter-examples. In fact, 
it is easy to see the following: 



The Kochen-Specker theorem is equivalent to the statement 
that, if diraH > 2, the dual presheaf D : Bl{nf^ Sets has 
no global elements. 



It is easy to apply the concept of 'daseinisation' to the topos Sets ^ ' . 
In the case of von Neumann algebras, the outer daseinisation of a projection 
operator P was defined as (see (5.9)) 

5{P)v ■■= /\{aeV{y)\a'^P] (5.62) 

where V{V) denotes the collection of all projection operators in the com- 
mutative von Neumann algebra V. In this form, S{P) appears as a global 
element of the outer presheaf O. 

When using the base category, Bl{H), of Boolean sub-algebras of V{H), 
we define 

6{P)b:= /\{ae B l&yP} (5.63) 

for each Boolean sub-algebra B of projection operators on Ti. Clearly, the 
(outer) daseinisation, S{P), is now a global element of the obvious BiTi)- 
analogue of the outer presheaf O- There are parallel remarks for the inner 
daseinisation and inner presheaf. The existence of these daseinisation oper- 
ations means that the propositional language VC{S) can be represented in 
the topos Sets^'^''^^ in a way that is closely analogous to that used above 
for the topos Sets^(^)°^ 

Note that (i) each Boolean algebra of projection operators B generates a 
commutative von Neumann algebra, 5", (the double commutant); and, con- 
versely, (ii) to each von Neumann algebra V there is associated the Boolean 
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algebra V{V) of the projection operators in V. This imphes that the opera- 
tion 

(j) : Bl{H) V{H) (5.64) 
B ^ B" (5.65) 

defines a full and faithful functor between the categories Bl{T-C) and V{Ti,). 
This functor can be used to pull-back the spectral presheaf, S, in Sets^*-^-* 
to the object 0*E := S o in Sets'^''-^''"''. This pull-back is closely related to 
the dual presheaf D. 



5.6 The Special Nature of Daseinised Projections 

5.6.1 Daseinised Projections as Optimal Sub-Objects 

We have shown how daseinisation leads to an interpretation/model of the 
language VC{S) in the Heyting algebra Subci(S). In particular, any primitive 
proposition "Ae A" is represented by the clopen sub-object 5{E[A G A]). 

We have seen that, in general, the 'and', 5{P) A6{Q), of the daseinisation 

of two projection operators P and Q, is not itself of the form S{R) for any 

projector R. The same applies to the negation -i6{P). 

This raises the question of whether the sub-objects of E that are of the 
form d{P) can be characterised in a simple way. Rather interestingly, the 
answer is 'yes', as we will now see. 

Let V',V e Oh{V{n)) be such that V C V. As would be expected, 
there is a close connection between the restriction 0(iv'v) '■ Q.v ~^ Q-v^ 
5{P)v ^ S{P)v', of the outer presheaf, and the restriction ^{iv'v) '■ ~^ 
Sy/, X X\v' , of the spectral presheaf. Indeed, if P G V{T-C) is a projection 
operator, and Sg^^p^^ C is defined as in (5.30), we have the following 
result: 

^o(i^>vmP)v) = ^(^^'^^(^s(P)y)- (5-66) 

The proof is given in Theorem 16.2 in the Appendix 

This result shows that the sub-objects 6{P) = {^^(p)^ | V G Oh{V{n))} 
of E are of a very special kind. Namely, they are such that the restrictions 

Uiv'v) ■■ Ss^p)^ ^^(p)^, (5.67) 
are surjective mapping of sets. 
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For an arbitrary sub-object of S, this will not be the case and TJ^iyv) 
only maps Ky into Ky, . Indeed, this is essentially the definition of a sub- 
object of a presheaf. Thus we see that the daseinised projections 5{P) = 
{^5{p)v I ^ ^ C)t)(V(7i))} are optimal in the following sense. As we go 'down 
the line' to smaller and smaller sub-algebras of a context V — for example, 
from VtoV'C V, then to V" C V' etc. — then the subsets ^'^(p)^, , '^^(p)^,,,--- 
are as small as they can be; i.e., 5'^(p)^, is the smallest subset of Sy/ such 
that S(iy/y)(S'^(.p^^) C S'_5(p)^^, likewise S^^^p^^^^ is the smallest subset of Sy// 
such that S(zy"y')('S'5(p)^, ) ^ ^5{p)v"' 

It is also clear from this result that there are lots of sub-objects of S that 
are not of the form 6{P) for any projector P G ViTi). 

These more general sub-objects of S show up explicitly in the represen- 
tation of the more sophisticated language C{S). This will be discussed thor- 
oughly in Section 8 when we analyse the representation, </>, of the language 
C{S) in the topos Sets^*-^-* . This involves constructing the quantity-value 
object TZ^ (to be denoted TZ), and then finding the representation of a func- 
tion symbol A : S — > 7^ in C{S), in the form of a specific arrow A : 'E^ TZ 
in the topos. The generic sub-objects of S are then of the form A~^['E) for 
sub-objects S of TZ. This is an illuminating way of studying the sub-objects 
of S that do not come from the propositional language VC{S). 



6 Truth Values in Topos Physics 

6.1 The Mathematical Proposition "x G iC" 

So far we have concentrated on finding a Heyting-algebra representation of 
the propositions in quantum theory, but of course there is more to physics 
than that. We also want to know if/when a certain proposition is true: a 
question which, in physical theories, is normally answered by specifying a 
(micro) state of the system, or something that can play an analogous role. 

In classical physics, the situation is straightforward (see Section 3.2.5). 
There, a proposition "AeA" is represented by the subset Tic\{Ae ^) := 
A-i(A) C 5 of the state space S] and then, the proposition is true in a 
state s if and only if s G A~^(A); i.e., if and only if the (micro-) state s 
belongs to the subset, 7rci(A5 A), of S that represents the proposition. 

Thus, each state s assigns to any primitive proposition "A e A" , a truth 
value, i^(y4£: A; s), which lies in the set {false, true} (which we identify with 
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{0, 1}) and is defined as 



V 



^ ' ' \ otherwise. ^ ' 



However, the situation in quantum theory is very different. There, the 
spectral presheaf S — which is the analogue of the classical state space S — 
has no global elements at all. Our expectation is that this will be true in any 
topos-based theory that goes 'beyond quantum theory': i.e., FE,^ is empty; 
or, if does have global elements, there are not enough of them to determine 

as an object in the topos. In this circumstance, a new concept is required 
to replace the familiar idea of a 'state of the system'. As we shall see, this 
involves the concept of a 'truth object', or 'pseudo-state'. 

In physics, the propositions of interest are of the form "A e A" , which 
refers to the value of a physical quantity. However, in constructing a theory of 
physics, such physical propositions must first be translated into mathematical 
propositions. The concept of 'truth' is then studied in the context of the 
latter. 

Let us start with set-theory based mathematics, where the most basic 
proposition is of the form "x G K" , where K is a subset of a set X, and 
X is an element of X. Then the truth value, denoted z/(x G K), of the 
proposition "x G K" is 

u(xeK) = ll if ^belongs to i^; 
^ ^ U otherwise. 

Thus the proposition "x G K" is true if, and only if, x belongs to K. In 
other words, xi— >-i/(xG/'^)is the characteristic function of the subset K 
oi X; cf. (17.1) in the Appendix. 

This remark is the foundation of the assignment of truth values in classical 
physics. Specifically, if the state is s G 5, the truth value, z/(y4eA;s), 
of the physical proposition "AeA" is defined to be the truth value of the 
mathematical proposition "A(s) G A"; or, equivalently, of the mathematical 
proposition "s G A~^(A)". Thus, using (6.2), we get, for all s E S, 

u(AeA;s) := | ^ f belongs to A-\A)- 
^ 1^ otherwise. 

which reproduces (6.1). 

We now consider the analogue of the above in a general topos r. Let X 
be an object in r, and let K he a. sub-object of X. Then K is determined 
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by a characteristic arrow xk '■ X — > ^t-, where fi^ is the sub-object classifier; 
equivalently, we have an arrow '~K~^ : 1^ PX. 

Now suppose that x : It ^ X is a global element of X; i.e., x G TX := 
HomT-(lT, -^)- Then the truth value of the mathematical proposition "x G 
K" is defined to be 

v^x E K ) := Xk ° X (6.4) 

where xk o x : Ir —>■ fir- Thus ^(^x E is an element of TQt-; i.e., it is a 
global element of the sub-object classifier Qr- 

The connection with the result (6.2) (in the topos Sets) can be seen by 
noting that, in (6.2), the characteristic function of the subset K (1 X is the 
function xk '■ X — > {0, 1} such that Xk{,x) = 1 ii x E K, and Xk{,x) = 
otherwise. It follows that (6.2) can be rewritten as 

i^{xeK) = xk{x) (6.5) 
= Xk°x (6.6) 

where in (6.6), x denotes the function x : {*} X that is defined by 
x{*) := X. The link with (6.4) is clear when one remembers that, in the 
topos Sets, the terminal object, Isets, is just the singleton set {*}. 

In quantum theory, the topos is Sets^*-^-* and so the objects are all 
presheaves. In particular, at each stage V, the sub-object classifier Q := 
r2gg^gV(H)°p is the set of sieves on V. In this case, if ^ is a sub-object of X, 
and X E TX, the explicit form for (6.6) is the sieve 

iy{x E K)^ := {V CV \xv' E Ky,} (6.7) 

at each stage V E Ob(V(7i)). In other words, at each stage/context V, the 
truth value of the mathematical proposition "x G is defined to be all 
those stages V' O V 'down the line' such that the 'component', xy' of x at 
that stage is an element of the component, Ky, C X_y,, of at that stage. 

The definitions (6.4) and (6.7) play a central role in constructing truth 
values in out quantum topos scheme. However, as S has no global elements, 
these truth values cannot be derived from some expression G I^) with 
s : lsets^('^)°'' ~^ Therefore, we must proceed differently, as will become 
clear by the end of the following Section. 

However, before we do so, let us make one final remark concerning (6.2). 
Namely, in normal set theory the proposition "x G K" is true if, and only if, 

{x} C K (6.8) 
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i.e., if an only if the set {x} is a subset of K. The transition from the 
proposition "x G K" to the proposition "{x} C K" is seemingly trivial, but 
in a topos other than sets it takes on a new significance. In particular, as we 
shall see shortly, although the spectral presheaf, S, has no global elements, 
it does have certain 'minimal' sub-objects that are as 'close' as one can get 
to a global element, and then the topos analogue of (6.8) is very important. 

6.2 Truth Objects 

6.2.1 Linguistic Aspects of Truth Objects. 

To understand how 'truth values' of physical propositions arise we return 
again to our earlier discussion of local languages. In this Section we will em- 
ploy the local language C{S) rather than the propositional language, VC{S), 
that was used earlier in this article. 

Thus, let C{S) be the local language for a system S. This is a typed 
language whose minimal set of ground-type symbols is S and TZ. In addition, 
there is a non-empty set, Fc{s){^,'JZ) , of function symbols A : T, ^ 71 that 
correspond to the physical quantities of S. 

Now consider a representation, </>, of C{S) in a topos r^. As discussed 
earlier, the propositional aspects of the language C{S) are captured in the 
term 'A(s) G A' of type Q, where s and A are variables of type S and PTZ 
respectively [21]. In a topos representation, 0, the representation, [A(s) G 
A]^, of the term 'A(s) G A' is given by the chain of arrows^'^[8] (cf (4.3)) 

X pn^^n^ X PTz^^nr, (6.9) 

in the topos r^. Then, if '"H"' : 1^^ PTi^j, is the name of a sub-object, H, of 
the quantity- value object TZ^, we get the chain 

^ s,^ X ir,"'-^^ X pn/-^n^ X PK^^n,^. (6.10) 

which is the characteristic arrow of the sub-object of that represents the 
physical proposition "A e S" . 

Equivalently, we can use the term, {s \ A{s) G A}, which has a free 
variable A of type PTZ and is of type PS. This term is represented by the 
arrow \{s \ A{s) G A}]^ : PIZ^ — > PS^, which is the power transpose of 
1^(5) gA]^ (cf (4.4)): 

I{5M(S)GA}l^ = qA(S)G Al^^ (6.11) 

®^In (6.9), e-ji^ '■ Ti-cji x is the evaluation arrow associated with the power 

object PTZ^. 
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The proposition "Ae H" is then represented by the arrow | {s \ A{s) G A} J^o 
'"S"' : It-^ P^<i>] this is the name of the sub-object of T,^ that represents 
"AeS". 

We note an important difference from the analogous situation for the 
language VC{S). In propositions of the type "AeA", the symbol 'A' is a 
specific subset of M and is hence external to the language. In particular, 
it is independent of the representation of VC{S). However, in the case of 
C{S), the variable A is internal to the language, and the quantity H in the 
proposition "AeS" is a sub-object of 71,^ in a specific topos representation, 
0, of £(5). 

So, this is how physical propositions are represented mathematically. But 
how are truth values to be assigned to these propositions? In the topos 
a truth value is an element of the Heyting algebra rfi^-^. Thus the challenge 
is to assign a global element of to each proposition associated with the 
representation of the term {s \ A{s) G A} of type PS; (or, equivalently, the 
representation of the term 'v4(s) G A'). 

Let us first pose this question at a linguistic level. In a representation 0, 
an element of TQr^ is associated with a representation of a term of type Q 
with no free variables. Hence the question can be rephrased as asking how a 
term, t, in C{S) of type PS can be 'converted' into a term of type fi? At this 
stage, we are happy to have free variables, in which case the desired term will 
be represented by an arrow in whose co-domain is Qr^, but whose domain 
is other than 1^-^. This would be an intermediate stage to obtaining a global 
element of fi,-,. 

In the context of the language C{S) there are three obvious ways of 'con- 
verting' the term t of type PS to a term of type Q: 

1. Choose a term, s, of type S; then the term 's G t' is of type Q. We will 
call this the 'micro-state' option. 

2. Choose a term, T, of type PPT,; then the term 't G T' is of type Q. 
We shall refer to this as the 'truth-object' option. 

3. Choose a term, tt), of type PS; then the term 'tt) C t' is of type Q.^^ 
For reasons that will become clear later we shall refer to this as the 
'pseudo-state' option. 

^^In general, if t and s are set-like terms (i.e., terms of power type, PX, say), then 
'< C s' is defined as the term 'Vx S t(x G s)'; here, i: is a variable of type X. 



76 



6.2.2 The Micro-State Option 



In regard to the first option, the simplest example of a term of type S is a 
variable si of type E. Then, the term 'si G {§ \ A{s) G A}' is of type fl 
with the free variables ii and A of type S and PTZ respectively. However, 
the axiom of comprehension in C{S) says that 

si G {S I A{5) G A} ^ A{s~i) G A (6.12) 

and so we are back with the term 'A(s) G A', which is of type Q and with 
the free variable s of type S. 

As stated above, the ^-representation, [v4(s) G A]^, of '^4(5) G A' is the 
chain of arrows in (6.9). Now, suppose the representation, 0, is such that 
there exist global elements, s : Ir^ S^, of E^. Then each such element can 
be regarded as a '(micro)-state' of the system in that topos representation. 
Furthermore, let : 1^-^ PTZ^ be the name of a sub-object, S, of 
the quantity- value object IZ^. Then, by the basic property of the product 

X PIZ^, there is an arrow (s, '"H"') : 1^-^ — S,^ x PTZ^. This can be 
combined with the arrow \A{s) G A]^ : x PTZ^ — >• Vtr^ to give the arrow 

[A(S)GA]^o(s,rH^):l.^-^fi.^ (6.13) 

This is the desired global element of VL^-^. 

In other words, when the 'state of the system' is s G TE^, the 'truth 
value' of the proposition "AeS" is the global element of Vt^-^ given by the 
arrow [ A(S) G A]^ o (s, ^EP) : 1,^ ^ n^,. 

This is the procedure that is adopted in classical physics when a truth 
value is assigned to propositions by specifying a micro-state, s G So-, where 
Eg- is the classical state space in the representation a of C{S). Specifically, 
for all s G S^, the truth value of the proposition "A 5 A" as given by (6.13) 
is (c.f. (6.1)) 

H^.A;.) = IMS) . AW,.A) = { I ^' (6.14) 

where [ A(§) G Ajo- : S^. x PM — > ~ {0, 1}. Thus we recover the earlier 
result (6.3). 

6.2.3 The Truth Object Option. 

By hindsight, we know that the option to use global elements of is not 
available in the quantum case. For there the state object, E, is the spectral 



77 



presheaf, and this has no global elements by virtue of the Kochen-Specker 
theorem. The absence of global elements of the state object could well 
be true in many other topos models of physics (particularly those that go 
'beyond quantum theory'), and therefore an alternative general strategy is 
needed to that employing micro-states '"s"' : 1^-^ — > S^. 

This takes us to the second possibility: namely, to introduce a term, T, 
of type PPE, and then work with the term '{5 | A{s) G A} G T', which is of 
type Q, and has whatever free variables are contained in T, plus the variable 
A of type Pn. 

The simplest choice is to let the term of type PPH be a variable, T, of 
type PPT,, in which case the term '{s | A{s) G A} G T' has variables A and 
T of type PTZ and PPT respectively. Therefore, in a topos representation it 
is represented by an arrow {{§ \ A{s) G A} G T]^ : PT^^ x P(PE^) fi^-^. 
In detail (see [8]) we have that 

l{§ I Airs) G A} G f 1^ = eps, o |{§ I Ai~s) G A}]^ X |f ]^ (6.15) 

where eps^ : PS^ x P[PT^) Vt^-^ is the usual evaluation arrow. In using 
this expression we need the (/)-representatives: 

[{5 I v4(S) G A}]^ : P7^^ ^ PS^ (6.16) 
|f]^ :P(PS^) ^ P(PS^) (6.17) 

Finally, let ('"S"', '"T"') be a pair of global elements in PTZ^ and P{PT^) 
respectively, so that : 1^^ PTZ^ and ^T^ : P{PT^). Thus, ^T^ 

is the name of a 'truth object', T, in t^. Then, for the physical proposition 
"A e S" , we have the truth value 

u{AeE;i:) = |{S | A{~s) G A} G f ]^ o (r^^, ri^) : ^ (6.18) 

where (^H^, ^r) : 1,^ ^ P7^^ x P(PS^). 

A small generalisation: Slightly more generally, if J and T are variables 
of type PS and P(PS) respectively, the term of interest is 'J G T'. In 
the representation, 0, of jC{S), this term maps to an arrow |J G T]^ : 
PS^ X P(PS^) ^ n^^. Here, {J e f]^ = eps, o |J]^ x |f ]^ where 

I Jl^ : PT^ ^ PS^ and |f : P(PS<^) ^ P(PS<^). Let ^J^, be 
global elements of PS^ and P{PT^) respectively, so that '~J^ : 1^-^ ^ PS,^ 
and '"T"' : 1^-^ ^ P{PT^). Then the truth of the (mathematical) proposition 
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V e T" is 



= eps, o (r jn^ rjn) : ^ ^ (6.19) 
6.2.4 The Example of Classical Physics. 

If classical physics is studied this way, the general formalism simplifies, and 
the term '{5 | ^(5) G A} G T' is represented by the function u^^Ae A; T) : = 
I {5 I A{5) G A} G f : PM X P(PS,) Qsets ^ {0, 1} defined by 

u{AeA;T) := |{S | G A} G f ].(A,T) 



for all T G P{PT,„). We can clearly see the sense in which the truth object T 
is playing the role of a state. Note that the result (6.20) of classical physics 
is a special case of (6.18). 

To recover the usual truth values given in (6.14), an appropriate truth 
object, T*, must be associated with each micro-state s G So-. The correct 
choice is 

:= {J C So I s G J} (6.21) 

for each s G S^-. It is clear that s G A~^{A) (or, equivalently, A„{s) G A) if, 
and only if, A'^^{A) G T^. Hence (6.20) can be rewritten as 

which reproduces (6.14) once u {AeA;s) is identified with u{AeA]T'). 

6.3 Truth Objects in Quantum Theory 
6.3.1 Preliminary Remarks 

We can now start to discuss the application of these ideas to quantum theory. 
In order to use (6.18) (or (6.19)) we need to construct concrete truth objects, 
T, in the topos := Sets^*^^^ . Thus the presheaf T is a sub-object of PS; 
equivalently : ^ P(PS). 



1 if {s G So I Ao(s) G A} G T; 

otherwise 

1 ifV(A)GT; 
otherwise 
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However, we have to keep in mind the need to restrict to clopen sub- 
objects of S. In particular, we must show that there is a well-defined presheaf 
PciS such that 

Subci(S) ~ r(PciS) (6.23) 

We will prove this in Section 6.5. Given (6.23) and J G Subci(S), it is then 
clear that a truth object, T, actually has to be a sub-object of PciS in order 
that the valuation z/( J G T) in (6.19) is meaningful. 

This truth value, i/(jGT),isa global element of Q, and in the topos of 
presheaves, Sets^*-^^ ^ , we have (see (6.7)) 

^{J^T)y-={V'CV\Jy,eTv'} (6-24) 

for each context V. 

There are various examples of the presheaf J that are of interest to us. In 
particular, let J = 6{P) for some projector P. Then, using the propositional 
language VC{S) introduced earlier, the 'truth' of the proposition represented 
by P (for example, "A e A" ) is 

y{me T)^ = {V'^V I 5{P)_^, G T^,} (6.25) 

for all stages V . 

When using the local language C{S), an important class of examples of 
the sub-object J of S are of the form A^^(S), for some sub-object S of TZ. 
This will yield the truth value, iy[AeE;T^, in (6.18). However, to discuss 
this further requires the representation of function symbols A : ^ TZ in 
the topos Sets^*-^^ and this is deferred until Section 7. 

6.3.2 The Truth Objects TI'^^. 

The definition of truth objects in quantum theory was studied in the original 
papers [44, 45, 35, 13]. It was shown there that to each quantum state 
G H, there corresponds a truth object, t''''^ which was defined as the 
following sub-object of the outer presheaf, O: 

tJ.^^ := {aeOy\ Prob(d; |V^)) = 1} 

= {aeOy\{^lj\a\i;) = l} (6.26) 

for all stages V G Ob(V(7Y)). Here, Prob(d; is the usual expression for 
the probability that the proposition represented by the projector a is true, 
given that the quantum state is the (normalised) vector \ip). 
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It is easy to see that (6.26) defines a genuine sub-object T''^' = {Ty | 
V e Ob(V(H))} of O. Indeed, if /3 ^ d, then (3 > {^lj\a\ij), and 
therefore, if V (1 V and a G Oy, then {i^\0{iv'v){a) > {i^\c(\ip). In 
particular, if {tp\ a \ ip) = 1 then (V^l 0(zv'v)(a) = 1- 

The next step is to define the presheaf PciS, and show that there is a 
monic arrow O — PdS, so that O is a sub-object of PciS. Then, since T''^^ 
is a sub-object of O, and O is a sub-object of Pci^, it follows that T''^^ is a 
sub-object of PciS, as required. The discussion of the construction of Pci^ is 
deferred to Section 6.5 so as not to break the flow of the presentation. 

With this definition of t''^^ the truth value, (6.25), for the propositional 
language VC{S) becomes 

u{6{P)_et^^)^ = {V'CV I (V'l S{P)v' l^P) = 1} (6.27) 

It is easy to see that the definition of a truth object in (6.26) can be 
extended to a mixed state with a density-matrix operator p: simply replace 
the definition in (6.26) with 

Tv ■= {" e Oy I Prob(d; p) = 1} 

= {aeOyl tr(pd) = 1} (6.28) 

However there is an important difference between the truth object associ- 
ated with a vector state, and the one associated with a density matrix, 
p. In the vector case, it is easy to see that the mapping {ip) T''^^ is one- 
to-one (up to a phase factor on \ip)) so that, in principle, the state \ip) can 
be recovered from T''^^ (up to a phase-factor). On the other hand, there are 
simple counterexamples which show that, in general, the density matrix, p 
cannot be recovered from T''. 

In a sense, this should not surprise us. The analogue of a density matrix 
in classical physics is a probability measure p defined on the classical state 
space S. Individual microstates s G 5 are in one-to-one correspondence with 
probability measures of the form p^ defined by ps(J) = 1 if s G J, ps(J) = 
if s ^ J. 

However, one of the main claims of our programme is that any theory 
can be made to 'look like' classical physics in the appropriate topos. This 
suggests that, in the topos version of quantum theory, a density matrix should 
be represented by some sort of measure on the state object E in the topos r^; 
and this should relate in some way to an 'integral' of 'vector truth objects'. 
The recent work by Heunen and Spitters provides the mathematical basis for 
such a construction [38]. We shall return to some of their ideas later. 
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6.4 The Pseudo-state Option 



6.4.1 Some Background Remarks 

We turn now to the third way mentioned above whereby a term, t, of type 
PS in C{S) can be 'converted' to a term of type Q. Namely, choose a term, 
ro, of type PS and then use 'ro C t\ As we shall see, this idea is easy to 
implement in the case of quantum theory and leads to an alternative way of 
thinking about truth objects. 

Let us start by considering once more the case of classical physics. There, 
for each microstate s in the symplectic state manifold Eg-, there is an asso- 
ciated truth object, T'^, defined by T'^ := {J C So- | s G J}, as in (6.21). It 
is clear that the state s can be uniquely recovered from the collection of sets 

as 

s = p|{ J C I s G J} (6.29) 

Note that (6.29) implies that is an ultrafilter of subsets of T,^^^. As we 
shall shortly see, there is an intriguing analogue of this property for the 
quantum truth objects. 

The analogue of (6.29) in the case of quantum theory is rather interesting. 
Now, of course, there are no microstates, but we do have the truth objects 
defined in (6.26), one for each vector state {tp) G 7i. To proceed further we 
note that {tpl a {tp) = 1 if and only if ^ a. Thus T''^^ can be rewritten 

as 

:={dGO^| \^P){ij\ ^a} (6.30) 

for each stage V. Note that, as defined in (6.30), T''''^ is a sub-object of O; 
i.e., it is defined in terms of projection operators. However, as will be shown 
in Section 6.5.2, there is a monic arrow O ~^ Pci^, and by using this arrow, 
X''^^ can be regarded as a sub-object of PdS; hence FX '''''' is a collection of 
clopen sub-objects of S. In this form, the definition of X''^^ involves clopen 
subsets of the spectral sets Sy, V G Ob(V(7i)). 

It is clear from (6.30) that, for each V, Xy'^ is a filter of projection 
operators in Oy ~ VlV); equivalently, it is a filter of clopen sub-sets of Ey. 

These ordering properties are associated with the following observation. 

^'^Let L be a lattice with zero element 0. A subset C L is a 'filter base' if (i) ^ F 
and (ii) for all a,b G F, there is some c G F such that c < a A 6. A subset D C L is called a 
'(proper) dual ideal' or a 'filter' if (i) ^ D, (ii) for all a, b € D , a /\ b E D and (iii) a G D 
and b > a implies b £ D. A maximal dual ideal/filter _F in a complemented, distributive 
lattice L is called an 'ultrafilter'. It has the property that for all a G L, either a G or 
a' G F, where a' is the complement of a. 
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If is any vector state, we can collect together all the projection operators 
that are 'larger' or equal to and define: 

rl^> := {a G Vin) I |^)(^| ^ a} (6.31) 

It is clear that, for all stages/contexts V G Ob(V(7^)), we have 

Thus the presheaf T''''^ is obtained by 'localising' T''^^ at each context V. 

The significance of this localisation property is that T'*^^ is a maximal 
(proper) filter in the non-distributive lattice, V(TC), of all projection opera- 
tors on Ti. Such maximal filters in the projection lattices of von Neumann 
algebras were extensively discussed by de Groote [33] who called them 'quasi- 
points'. In particular, T^'^'^ is a, so-called, 'atomic' quasi-point in V{H). Ev- 
ery pure state \ip) gives rise to an atomic quasi-point, T^'^\ and vice versa. 
We will return to these entities in Section 8.4. 

6.4.2 Using Pseudo-States in Lieu of Truth Objects 

The equation (6.29) from classical physics suggests that, in the quantum 
case, we look at the set- valued function on Ob(V(7i)) defined by 

V^/\{ae if} = /\{a G Oy I ^ a} (6.33) 

where we have used (6.30) as the definition of t''^^ It is easy to check that 
this is a global element of O; in fact, the right hand side of (6.33) is nothing 
but the outer daseinisation 6{\ip){ip\) of the projection operator \ip){ip\\ 
Evidently, the quantity 

tt, I'/') := 6{ {tp\) = V^ /\{a G Oy I ^ a} (6.34) 

is of considerable interest. We shall refer to it as a 'pseudo-state' for reasons 
that appear below. 

Note that rv is defined by (6.34) as an element of TO. However, because 
of the monic O ~^ -PciS we can also regard xv ''^^ as an element of T(PciE) ^ 
Subci(E). The corresponding (clopen) sub-object of E will be denoted ra : = 

We know that the map ^T^^^ is injective. What can be said about 
the map i— > ''^'*? In this context, we note that T'^^ is readily recoverable 
from rv G TO as 

Tv^ = {aeOy\ay W^^} (6.35) 
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for all contexts V. From these relations it follows that is \tp) ^-^ ro''^^ is 
injective. 

Note that, (6.35) essentially follows from the fact that, for each V, the 
collection, T_y'^ of projectors in Oy is an upper set (in fact, as remarked 
earlier, it is a filter). In this respect, the projectors/clopen subsets Ty'^ 
behave like the filter of clopen neighbourhoods of a subset in a topological 
space. This remark translates globally to the relation of the collection, FT''^^ 
of sub-objects of E to the specific sub-object tv^'^K 

It follows that there is a one-to-one correspondence between truth objects, 
T''^^ and pseudo-states, ro''^^ However, the former is (a representation of) 
a term of type P(PS), whereas the latter is of type PS. So how is this 
reflected in the assignment of generalised truth values? 

Note first that, from the definition of it follows that if d G T_y^ 

then a >z n)y\ On the other hand, from (6.35) we have that if d ^ Wy'^ 
then a G T_y'\ Thus we have the simple, but important, result: 

a G t[^^ if, and only if a ^ wlf^ (6.36) 

In particular, for any projector P we have S{P)y G T_y'^ if, and only if S{P)y >z 



Wy 



In terms of sub-objects of S, we have 6{P)y ^ ttiy'^ if and only if 6{P) ^ 



Vo}y \ Hence, (6.36) can be rewritten as 



V 



KP)v ^ ^ and only if 5(P)^ D tOy (6.37) 
and so (6.25) can be written as 

^{5{Pler)^ = {V'<ZV I 5(P)^ D «f } (6.38) 

However, the right hand side of (6.38) is just the topos truth value, 
i/(m l'^^ C 5{P) ). It follows that 

" (5(P) G TI'^^" is equivalent to "m''^^ ^ 5(P)" (6.39) 

and hence we can use the generalised truth values u(^6{P) G T'^'^ ) or z/( ro l'^^ C 

5{P) ) interchangeably. 

Thus, if desired, a truth object in quantum theory can be regarded as 
a sub-object of S, rather than a sub-object of PS. In a sense, these sub- 
objects, Vo^'^\ of S are the 'closest' we can get to global elements of S. This 
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is why we call them 'pseudo-states'. However, note that a pseudo-state is not 
a minimal element of the Heyting algebra Subci(E) since these will include 
stalks that are empty sets, something that is not possible for a pseudo-state. 

70 

6.4.3 Linguistic Implications 

The result (6.39) is very suggestive for a more general development. In our 
existing treatment, in the formal language C{S) we have concentrated on 
propositions of the form "J G T" which, in a representation (j), maps to the 
arrow | J G T]^ : PS^ x P{PJ]^) Q^^. Here J and T are variables of type 
PS and P(PS) respectively. 



What is suggested by the discussion above is that we could 
equally focus on terms of the form "tt) C J", where both to 
and J are variables of type PE. 



Note that, in general, the 0-representation of such a term is of the form 

|tt)C J]^:PS^xPS<^^l],, (6.40) 

where the 'first slot' on the right hand side of the pairing in (6.40) is a truth- 
object (in pseudo-state form), and the second correspond to a proposition 
represented by a sub-object of T,^. 

However, this raises the rather obvious question "What is a pseudo- 
state?" . More precisely, we would like to know a generic set of characteristic 
properties of those sub-objects of that can be regarded as 'pseudo-states'. 
A first step would be to answer this question in the case of quantum theory. 
In particular, are there any quantum pseudo-states that are not of the form 
W for some vector {ip) ^ 7Y? 

In this context the localisation property expressed by (6.31) is rather 
suggestive. In the case that 7i has infinite dimension, de Groote has shown 
that there exist quasi-points in V{7i) that are not of the form T''^^ for some 
\ip) G Ti [33].^^ If T is any such quasi-point, (6.31) suggests strongly that we 

^''Note that the sub-objects Xo}'^^ do not have any global elements since any such would 
give a global element of S and, of course, there are none. Thus if one is seeking examples 
of prcshcavcs with no global elements, the collection Xo}'^\ \ip) <E H, afford many such. 

^-'^Howcvcr, he has also shown that, in an appropriate topology, the set of all atomic 
quasi-points is dense in the set of all quasi-points. Of course, none of these intriguing 
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define an associated preslieaf, T 



by 



Tnv 



(6.41) 



for all V G Ob(V(7i)). This construction seems natural enough from a math- 
ematical perspective, but we are not yet clear of the physical significance of 
the existence of such 'quasi truth-objects'. The same applies to the associated 
'quasi pseudo-state', ra^, defined by 



6.4.4 Time-Dependence and the Truth Object. 

As emphasised at the end of Section 3.2, the question of time dependence 
depends on the theory-type being considered. The structure of the language 
C{S) that has been used so far is such that the time variable lies outside 
the language. In this situation, the time dependence of the system can be 
implemented in several ways. 

For example, we can make the truth object time dependent, giving a fam- 
ily of truth objects, t^T\t eR. In the case of classical physics, with the 
truth objects T*, s G S^-, the time evolution comes from the time depen- 
dence, t St, of the microstate in accordance with the classical equations of 
motion. This gives the family t T'^* of truth objects. 

Something very similar happens in quantum theory, and we acquire a fam- 
ily, t T of truth objects, where the states |V^)t satisfy the usual time- 
dependent Schrodinger equation. Thus both classical and quantum truth 
objects belong to a 'Schrodinger picture' of time evolution. Of course, there 
is a pseudo-state analogue of this in which we get a one-parameter family, 
t I— > ra l'''^*, of clopen sub-objects of S. 

It is also possible to construct a 'Heisenberg picture' where the truth 
object is constant but the physical quantities and associated propositions 
are time dependent. We will return to this in Section 10 when we discuss the 
use of unitary operators. 

structures arise in a finite-dimensional Hilbert space in anything other than a trivial way. 
So, in that sense, it is unlikely that they will play any fundamental role in explicating the 
topos representation of quantum theory. 




(6.42) 
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6.5 The Presheaf Pel©. 



6.5.1 The Definition of Pci(S). 

We must now show that there reaUy is a presheaf Pci^. 

The easiest way of defining Pci^ is to start with the concrete expression 
for the normal power object PS [29]. First, if F_ is any presheaf over V(7i), 
define the restriction of P to ^ to be the functor F^IV from the category^^ 
IV to Sets that assigns to each Vi C V, the set F_y^, and with the obvious 
induced presheaf maps. 

Then, at each stage V, PSy is the set of natural transformations from 
S|V"tor2|V". These are in one-to-one correspondence with families of maps 
cr := {avi '■ ~^ ^Ivi I — with the following commutative diagram 
for all V2 C Vi'c V: 




The presheaf maps are defined by 



PS 



a 



(6.43) 
(6.44) 



and the evaluation arrow ev : PS x S — > £2, has the form, at each stage V: 



eVy ■ PSy X Sy 

(a. A) 



^y(A) 



(6.45) 
(6.46) 



Moreover, in general, given a map x '■ ~^ ^ly? the subset of Sy 
associated with the corresponding sub-object is x~^(l); where 1 is the unit 
('truth') in the Heyting algebra Qy. 

This suggests strongly that an object, PdS, in Sets^^^^ can be defined 
using the same definition of PS as above, except that the family of maps 

^^Thc notation IV means the partially-ordered set of all sub- algebras V C V. 

^^Note that any sub-object, J of S, gives rise to such a natural transformation from 
E|y to r2|y for all stages V. Namely, for all Vi C V, uy^ : Sly^ is defined to be 

the characteristic arrow xjy : "Elvi ~^ ^^^^ sub-object J of S. 
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a := {avi : Qy_^ \ V\ C \/} must be such that, for all V\ C V ^ Cy/ll) 

is a clopen subset of the (extremely disconnected) Hausdorff space Sy^. It 
is straightforward to check that such a restriction is consistent, and that 
Subci(S) ~ r(PciS) as required. 

6.5.2 The Monic Arrow From O to Pci(S). 

We define i : O x S ^ fi, with the power transpose '"i"' : O -PciS, as 
follows. First recall that in any topos, r there is a bijection HomT-(A, C^) ^ 
HomT-(/l X B,C), and hence, in particular, (using PS = fi— ) 

Homs^t^v(H)op (O, PS) ~ HomsetsV(H)°p (O x S, Q). (6.47) 

Now let a G 'P(V), and let Sa '■= {A G Sy | (A, a) = 1} be the clopen 
subset of Sy that corresponds to the projector a via the spectral theorem; 
see (5.30). Then we define t : O ^ ^ ^ £2 at stage V by 

.y(«,A) := {V'CV\ S(zy,y)(A) G 5o(v'v){-)} (6-48) 

for all {a, A) G Oy x Sy. 

On the other hand, the basic result relating coarse-graining to subsets of 
S is 

^Oiiy,y^{5{&)v) = Miv'v){Ss{a)y) (6.49) 
for all V V and for all a G Oy. It follows that 

Lv{a, A) := {V CV\ S(^y,y)(A) G U^v'v){S&)} (6.50) 

for all (d. A) G Ov^ x Elv this form is is clear that tv(d. A) is indeed a 
szewe on V; i.e., an element of i7y. 

The next step is to show that the collection of maps lv '■ Q_y x Sy VL_y 
defined in (6.48) constitutes a natural transformation from the object 0_xT^ 
to the object VL in the topos Sets^^^-* . This involves chasing around a 
few commutative squares, and we will spare the reader the ordeal. There is 
some subtlety, since we really want to deal with Homgg^gV{H)°p (O; -PciS), not 
Homgg^gVCK)°p (O; -P^); but all works in the end. 

To prove that : 0_ PdS is monic, it suffices to show that the map 
^Py '■ Qv ~^ -PciSy is injective at all stages V. This is a straightforward 
exercise and the details will not be given here. 

The conclusion of this exercise is that, since : O PdS is monic, the 
truth sub-objects T''^^ of O can also be regarded as sub-objects of PdS, and 
hence the truth value assignment in (6.25) is well-defined. 
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Finally then, for any given quantum state the basic proposition 
"Ae A" can be assigned a generalised truth value v(^Ae ^] \ip)^ in r£2, where 
T := Sets^^^^ ^ is the topos of presheaves over V{7i). This is defined at each 
stage/context V as 

v{AeA-\i^))y := z/( ^(^[A€ A]) gTl^)),, 

= {V <ZV\5{E\Ae^^,etl')} (6.51) 

6.6 Yet Another Perspective on the K-S Theorem 

In classical physics, the pseudo-state tti^ C 5 associated with the microstate 
s G 5 is just tt)^ := {s}. This gives the diagram 

ra" -5 

TT 



{*} 



P5 



(6.52) 



where '~tT3'^~'(*) := {s} and tt is the canonical map 

Tx:S — > PS 

s ^ {s} (6.53) 

The singleton {*} is the terminal object in the category. Sets, of sets, and 
the subset embedding ro* — > 5 in (6.52) is the categorical pull-back by tt of 
the monic ^Vo^^ : {*} — > PS. 

In the quantum case, the analogue of the diagram (6.52) is 

tt) l'^^ E 



TT 



1 



PE 



(6.54) 



where the arrow tt : S ^ PS has yet to be defined. To proceed further, let 
us first return to the set-theory map 

X PX (6.55) 
X I— > {x} 
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where X is any set. 

We can think of (6.55) as the power transpose, ^ (3~^ : X PX, of the 
map (3 : X X X ^ {0,1} defined by 

In our topos case, the obvious definition for the arrow tt : E — >• PS is the 
power transpose '"/?"' : E PS, of the arrow : S x S — ^ fi, defined by 

Pv{\i, A2) := {V CV\ Xi\v' = A2IV-} (6.57) 

for all stages V. Note that, in linguistic terms, the arrow defined in (6.57) is 
just the representation in the quantum topos Sets^*-^^ of the term'ai = (T2', 
where 5"i and a2 are terms of type S; i.e.,[cri =0^2] : S x S ^ fi. 

With this definition of vr, the diagram in (6.54) becomes meaningful: in 
particular the monic ro ''^^ ^ S is the categorical pull-back by vr of the monic 
r^l^>n : 1 ^ PS. 

There is, however, a significant difference between (6.54) and its classical 
analogue (6.52). In the latter case, the function '"ro'^"' : {*} PS can be 
'lifted' to a function ^to''^^ : {*} ^ S to give a commutative diagram: i.e., 
such that 

Indeed, simply define 



■= s (6.59) 

However, in the quantum case there can be no 'lift' : 1 — > S, as 

this would correspond to a global element of the spectral presheaf E, and 
of course there are none. Thus, from this perspective, the Kochen-Specker 
theorem can be understood as asserting the existence of an obstruction to 
lifting the arrow ''tr l'^^^ : 1 ^ PE. 

Lifting problems of the type 



TT 



C ^ B (6-60) 
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occur in many places in mathematics. A special, but very well-known, ex- 
ample of (6.60) arises when trying to construct cross-sections of a non-trivial 
principle fiber bundle vr : P — > M. In diagrammatic terms we have 

P 

n 

M (6-61) 

id 

A cross-section of this bundle corresponds to a lifting of the map id : M — > M. 

The obstructions to lifting id : M ^ M through vr can be studied in 
various ways. One technique is to decompose the bundle tt : P ^ M into a 
series of interpolating fibrations P ^ Pi ^ P2 ^ ■ ■ ■ M where each fibration 
Pi — ^ Pj_|_i has the special property that the fiber is a particular Eilenberg- 
McLane space (this is known as a 'Postnikov tower'). One then studies the 
sequential lifting of the function id : M — > M, i.e., first try to lift it through 
the fibration Pi — > M; if that is successful try to lift it through P2 ^ Pu and 
so on. Potential obstructions to performing these liftings appear as elements 
of the cohomology groups H^[M] -7r'^~^(F)), = 1, 2, . . ., where F is the fiber 
of the bundle. 

We have long felt that it should possible to describe the non-existence 
of global elements of S (i.e., the Kochen-Specker theorem) in some cohomo- 
logical way, and the remark above suggests one possibility. Namely, per- 
haps there is some analogue of a 'Postnikov factorisation' for the arrow 
TT : S — >■ PE that could give a cohomological description of the obstructions 
to a global element of S, i.e., to the lifting of a pseudo-state '"ro : 1 — > PS 
through the arrow vr : S — PS to give an arrow 1 — ^ S. 

Related to this is the question of if there is a 'pseudo-state object', W, 
with the defining property that FW is equal to the set of all pseudo-states. 
Of course, to do this properly requires a definition of a pseudo-state that goes 
beyond the specific constructions of the objects Vo}'^\ E 7i. In particular, 
are there pseudo-states that are not of the form ro '^^^7 

If such an object, W can be found then W will be a sub-object of PS, 
and in the diagram in (6.54) one could then look to replace PS with W. 
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7 The de Groote Presheaves of Physical Quan- 
tities 



7.1 Background Remarks 

Our task now is to consider the representation of the local language, C{S), in 
the case of quantum theory. We assume that the relevant topos is the same 
as that used for the propositional language VC{S), i.e., Sets^^^-* , but the 
emphasis is very different. 

From a physics perspective, the key symbols in C{S) are (i) the ground- 
type symbols, S and TZ — the linguistic precursors of the state object and the 
quantity-value object respectively — and (ii) the function symbols A : S — > 
71, which are the precursors of physical quantities. In the quantum-theory 
representation, 0, of jC{S), the representation, E^, of E is defined to be the 
spectral presheaf S in the topos Sets^*^^^ . 

The critical question is to find the object, 71^ (provisionally denoted as a 
presheaf TZ), in Sets^*^^^ ^ that represents 71, and is hence the quantity- value 
object. One might anticipate that 7Z is just the real-number object in the 
topos Sets^^"^^ , but that turns out to be quite wrong, and the right answer 
cannot just be guessed. In fact, the correct choice for 7Z is found indirectly 
by considering a related question: namely, how to represent each function 
symbol A : T, ^ 7Z, with a concrete arrow : — > 7Z^ in Sets^*-^-* , i.e., 
with a natural transformation A : 'E^ 7Z between the presheaves S and 7Z. 

Critical to this task are the daseinisation operations on projection oper- 
ators that were defined earlier as (5.9) and (5.57), and which are repeated 
here for convenience: 

Definition 7.1 If P is a projection operator, and V G Ob(V(7i)) is any 

context/stage, we define: 

1. The 'outer daseinisation' operation is 

5\P)v := l\{aeV{y)\P ^a]. (7.1) 

where ' denotes the usual ordering of projection operators, and where 
7^(y) is the set of all projection operators in V . 

2. Similarly, the 'inner daseinisation' operation is defined in the context 
V as (c.f. (5.57)) 

5\P)v:=\l VPeV{V)\^P^P]. (7.2) 
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Thus 6°{P)v is the best approximation to P in V from 'above', being the 
smallest projection in V that is larger than or equal to P. Similarly, 5*(P)y 
is the best approximation to P from 'below', being the largest projection in 
V that is smaller than or equal to P. 

In Section 6.5, we showed that the outer presheaf is a sub-object of the 
power object Pci^ (in the category Sets^*-^^ ""), and hence that the global 
element S"{P) of O determines a (clopen) sub-object, S°{P), of the spectral 
presheaf S. By these means, the quantum logic of the lattice V{7i) is mapped 
into the Heyting algebra of the set, Subci(S), of clopen sub-objects of S. 

Our task now is to perform the second stage of the programme: namely 
(i) identify the quantity-value presheaf, and (ii) show that any physical 
quantity can be represented by an arrow from S to TZ. 

7.2 The Daseinisation of an Arbitrary Self- Adjoint Op- 
erator 

7.2.1 Spectral Families and Spectral Order 

We now want to extend the daseinisation operations from projections to arbi- 
trary (bounded) self-adjoint operators. To this end, consider first a bounded, 
self-adjoint operator, A, whose spectrum is purely discrete. Then the spec- 
tral theorem can be used to write A = Ylili ^i-^i where ai, 02, . . . are the 
eigenvalues of A, and Pi,P2, . . . are the spectral projection operators onto 
the corresponding eigenspaces. 

A construction that comes immediately to mind is to use the daseinisation 
operation on projections to define 

00 

6°{A)v:=Y,<'^^°iP^)v (7.3) 

i=l 

for each stage V. However, this procedure is rather unnatural. For one thing, 
the projections, Pj, i = 1, 2, . . . form a complete orthonormal set: 

00 

1=1 

Ap, = S.jPi, (7.5) 

whereas, in general, the collection of daseinised projections, 6°{Pi)v, 1 = 
1,2,... will not satisfy either of these conditions. In addition, it is hard 
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to see how the expression 6°{A)v '■= Yl'ili0.iS"{Pi)v can be generahsed to 
operators, A, with a continuous spectrum. 

The answer to this conundrum hes in the work of de Groote. He reahsed 
that although it is not useful to daseinise the spectral projections of an 
operator A, it is possible to daseinise the spectral family of A [32]. 



Spectral families. We first recall that a spectral family is a family of 
projection operators Ex, A G M, with the following properties: 

1. If A2 < Ai then ^ ^Ai- 

2. The net X Ex oi projection operators in the lattice P(7Y) is bounded 
above by 1, and below by 0. In fact, 

lim Ex = i, (7.6) 

A— »oo 

lim Ex = 0. (7.7) 

A— 00 



3. The map X ^ Ex is right-continuous:''^ 



/\Ex+e = Ex (7.1 

40 



for all A e 



The spectral theorem asserts that for any self-adjoint operator A, there exists 
a spectral family, A 1—^ E^, such that 

A= I XdE^ (7.9) 

We are only concerned with bounded operators, and so the (weak Stieljes) 
integral in (7.9) is really over the bounded spectrum of A which, of course, is a 
compact subset of M. Conversely, given a bounded spectral family {-EaIagr/^ 
there is a bounded self-adjoint operator A such that A = J^XdEx- 

^^It is a matter of convention whether one chooses right-continuous or left-continuous. 
"^^I.e., there are a,b €R such that Ex = 6 for all A < a and Ex — ^ for aU A > 6. 
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The spectral order. A key element for our work is the so-called spectral 
order that was introduced in [63] 7^ It is defined as follows. Let A and 
B be (bounded) self-adjoint operators with spectral families {E^}x£r and 
{E^}x£M., respectively. Then define: 

A^sB ii and only if ^ for all A G M. (7.10) 

It is easy to see that (7.10) defines a genuine partial ordering on BiTi)^^ (the 
self-adjoint operators in B(H)). In fact, BiTi)^^ is a 'boundedly complete' 
lattice with respect to the spectral order, i.e., each bounded set S of self- 
adjoint operators has a minimum /\S & B{T-C)^^ and a maximum \/ S* G 
B{7i)^^ with respect to this order. 

If P, Q are projections, then 

P Q if and only if P ^ Q, (7.11) 

so the spectral order coincides with the usual partial order on ViTi). To 
ensure this, the 'reverse' relation in (7.10) is necessary, since the spectral 
family of a projection P is given by 

r ifA<0 
Et=l i-P ifO<A<l (7.12) 
\ I if A > 1. 

If A, B are self-adjoint operators such that (i) either A or P is a projection, 
or (ii) [A, B] = 0, then A P if and only if A ^ P. Here '^' denotes the 
usual ordering on B(T[)^^P 

Moreover, if A, B are arbitrary self-adjoint operators, then A B im- 
plies A ^ B, but not vice versa in general. Thus the spectral order is a 
partial order on B{T-C)^^ that is coarser than the usual one. 



7.2.2 Daseinisation of Self- Adjoint Operators. 

De Groote's crucial observation was the following. Let A i-^ P^ be a spectral 
family in P(7i) (or, equivalently, a self-adjoint operator A). Then, for each 
stage V, the following maps: 

A ^ f\6°{E,)v (7.13) 

At>A 

A ^ 6\Ex)v (7.14) 

''^The spectral order was later reinvented by de Groote, see [31]. 

"^^The 'usual' ordering is i ^ B if A < (ipl B for all vectors \^) e TL. 
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also define spectral families. These spectral families lie in V{V) and hence, 
by the spectral theorem, define self-adjoint operators in V. This leads to the 
definition of the two daseinisations of an arbitrary self-adjoint operator: 



Definition 7.2 Let A be an arbitrary self-adjoint operator. Then the outer 
and inner daseinisations of A are defined at each stage V as: 



S"{A)y := [ Xd{SUEt)), (7.15) 




respectively. 



Note that for all A G M, and for all stages V, we have 



V 



(7.17) 



and hence, for all V, 



(7.18) 



This explains why the 'z' and 'o' superscripts in (7.15-7.16) are defined the 
way round that they are. 

Both outer daseinisation (7.15) and inner daseinisation (7.16) can be used 
to 'adapt' a self-adjoint operator A to contexts V G Ob(V(7^)) that do not 
contain A. (On the other hand, if A eV, then 6"{A)v = S\A)v = A.) 

7.2.3 Properties of Daseinisation. 

We will now list some useful properties of daseinisation. 

1. It is clear that the outer, and inner, daseinisation operations can be 
extended to situations where the self-adjoint operator A does not belong 
to B{7i)^^, or where V is not an abelian sub-algebra of B{7{). Specifically, 
let M be an arbitrary von Neumann algebra, and let 5 C A/" be a proper 
von Neumann sub- algebra such that l^r = I5 = 1. Then outer and inner 

''^The reason (7.13) and (7.14) have a different form is that A ^ 5'^{E\)v is right 
continuous whereas A ^ 5°{E\)v is not. On the other hand, the family A ^ Afj,>\ S°{Efj_)v 
is right continuous. 
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daseinisation can be defined as the mappings 

■ A/la ~^ 'Ssa. 



A ^ I Xd{6UEt)), (7.19) 



A ^ [ \d{/\5"^{E^)). (7.20) 

A particular case is N" = V and S = V for two contexts V, V such that 
V C V. Hence, a self-adjoint operator can be restricted from one context to 
a sub-context. 

For the moment, we will let A/" be an arbitrary von Neumann algebra, 
with S C Af. 

2. By construction, 

6"{A)s = /\{B G 5sa I B hs A}, (7.21) 

where the minimum is taken with respect to the spectral order; i.e., S°{A)s 
is the smallest self-adjoint operator in S that is spectrally larger than (or 
equal to) A. This implies 6°{A)s ^ A in the usual order. Likewise, 

6\A)s = \/{B e I A}, (7.22) 

so S^{A)s is the largest self-adjoint operator in S spectrally smaller than (or 
equal to) A, which implies S\A)s ^ A. 

3. In general, neither 6°{A)s nor 6'^{A)s can be written as Borel functions 
of the operator A, since daseinisation changes the elements of the spectral 
family, while a function merely 'shuffles them around'. 

4. Let A G A/" be self-adjoint. The spectrum, sp(A), consists of all A G M 
such that the spectral family {E^}x£m. is non-constant on any neighbourhood 
of A. By definition, outer daseinisation of A acts on the spectral family of 

A by sending to E^ ^^^"^ = 6''{E^)s- If {E^}xm is constant on some 

neighbourhood of A, then the spectral family {E^^ ^"^^"^Iasm of ^°iA)s is also 
constant on this neighbourhood. This shows that 

sv{S"iA)s) C sp(i) (7.23) 

for all self-adjoint operators A G A^a and all von Neumann sub-algebras S. 
Analogous arguments apply to inner daseinisation. 
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Heuristically, this result implies that the spectrum of the operator 6°{A)s 
is more degenerate than that of A; i.e., the effect of daseinisation is to 'col- 
lapse' eigenvalues. 

5. Outer and inner daseinisation are both non-linear mappings. We 
will show this for projections explicitly. For example, let Q := 1 — P . Then 
6°{Q+P)s = 6"{i)s = i, while 6°{i-P)s >- l-P and 6°{P)s yPin general, 
so 6"{l — P)s + S°{P)s is the sum of two non-orthogonal projections in general 
(and hence not equal to 1). For inner daseinisation, we have 6^{1—P)s ^ 1—P 
and 5'{P)s ^ Pin general, so 6'{i - P)s + 6'{P)s -< 1 = 6'{i - P + P)s in 
general. 

6. If a > 0, then S°{aA)s = a5°{A)s and S'{aA)s = ad'{A)s. If a < 0, 
then 5"{aA)s = a6\A)s and S''{aA)s = a6°{A)s. This is due the behaviour 
of spectral families under the mapping A i-^ —A. 

7. Let A be a self-adjoint operator, and let E[A < X] = be an element 
of the spectral family of A. From (7.15) we get 



E[6UA)<X] = 6^^{E[A<\]) (7.24) 



and then 



E[5°(i)5>A] = l-E[6°iA)s<X] (7.25) 
= i - 6's{E[A < X]) (7.26) 

= 6°s{i-E[A<X]) (7.27) 

where we have used the general result that, for any projection P, we have 
i - 5'{P)s = 6^{i - P). Then, (7.27) gives 

E[5°(i)5 > A] = 6"{E[A > X])^. (7.28) 



7.2.4 The de Groote Presheaves 

We know that V ^ 6°{P)v and V ^ 6^{P)v are global elements of the 
outer presheaf, O, and inner presheaf, /, respectively. Using the daseinisa- 
tion operation for self-adjoint operators, it is straightforward to construct 
analogous presheaves for which V i— > S°{A)v and V i— > 6^{A)v are global ele- 
ments. One of these presheaves was briefly considered in [32]. We call these 
the 'de Groote presheaves' in recognition of the importance of de Groote's 
work. 



Definition 7.3 The outer de Groote presheaf, O, is defined as follows: 
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(i) On objects V G Ob(V('H)); We define &y := Vsa., the collection of 
self-adjoint members ofV. 

(a) On morphisms iyv : V <^ V : The mapping &{iv' v) '■ Q.v ~^ ^■^ 
given by 

(D{iv'v){A) := 5''iA)v' (7.29) 

= / Xd{5\Et)v') (7.30) 

= f Xd{L{tv'v){Et)) (7.31) 
Jr 

for all Ae&y. 

Here we used the fact that the restriction mapping /(iy'y) of the inner 

presheaf / is the inner daseinisation of projections 5* : V{V) ViV'). 

Definition 7.4 The inner de Groote presheaf, I, is defined as follows: 

(i) On objects V G OhiViTi)): We define Ey := V^a; the collection of 
self-adjoint members ofV. 

(a) On morphisms iy'v : V V : The mapping E{iv'v) '■ is 
given by 

l{iv'v){A) := 6'{A)v' (7.32) 

= f Xd{ /\{nE^)y,) (7.33) 

= I \d{^mv'v){Et)) (7.34) 

JR 



IJ,>X 

for all Ae&v (where 0{iv'v) = 5° : ViV) ViV') ). 

It is now clear that, by construction, 5°{A) := V ^ 5°{A)v is a global 
element ofO, and 5'(A) :=V ^ 5'^{A)y is a global element of E. 

De Groote found an example of an element of rO that is not of the form 
5°{A) (as mentioned in [32]). The same example can be used to show that 
there are global elements of the outer presheaf 0_ that are not of the form 
5°{P) for any projection P G ViTi). 

On the other hand, we have: 
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Theorem 7.1 The mapping 

S':Bin\^ ^ n (7.35) 

A ^ 6\A) (7.36) 

from self-adjoint operators in -B(7i) to global sections of the outer de Groote 
presheaf is injective. Likewise, 

6°:Bini^ ^ rO (7.37) 

A ^ 6%A) (7.38) 

is injective. 

Proof. By construction, A >, 6'{A)v for all V G Oh{V{n)). Since A is 
contained in at least one context, so 

A= V S\A)v, (7.39) 

VeOh{V(H)) 

where the maximum is taken with respect to the spectral order. If 5* (A) = 
S^{B), then we have 

A= V 6\A)y= V 6\B)y = B. (7.40) 

VeOh{V{H)) VeOb{V(H)) 

Analogously, A <, 6"{A)v for all V E Ob(V(H)), so 

A= /\ 6"iA)y. (7.41) 

VeOh{V(H)) 

If S°{A) = S"{B), then we have 

A= /\ 5°(i)v^= /\ 5°(5)v = 5. (7.42) 

yGOb(V(W)) \/GOb(V(W)) 

■ 

The same argument also holds more generally for arbitrary von Neumann 
algebras, not just BiTi). 
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8 The Presheaves sp(i)^, and 

8.1 Background to the Quantity- Value Presheaf ]Z. 

Our goal now is to construct a 'quantity- value' presheaf^ with the property 
that inner and/or outer daseinisation of an self-adjoint operator A can be 
used to define an arrow, i.e., a natural transformation, from S to TZJ^ 

The arrow corresponding to a self-adjoint operator A G BiTi) is denoted 
for now by A : S — > At each stage V , we need a mapping 

Av-.^v ^ n-v (8-1) 
A ^ iy(A), (8.2) 

and we make the basic assumption that this mapping is given by evaluation. 
More precisely, A G Sy is a spectral element^" of V and hence can be evalu- 
ated on operators lying in V . And, while A will generally not lie in V , both 
the inner daseinisation 5^{A)y and the outer daseinisation 5°{A)y do. 

Let us start by considering the operators 5°{A)y, V G Ob(V(?i)). Each 
of these is a self-adjoint operator in the commutative von Neumann algebra 
V , and hence, by the spectral theorem, can be represented by a function, 

(the Gel'fand transform®^) 5°{A)y : Sy sp(5°(A)y), with values in the 
spectrum sp((5°(A)y) of the self-adjoint operator 5°{A)y. Since the spectrum 

of a self-adjoint operator is a subset of M, we can also write 5°{A)y : Sy M. 

The question now is whether the collection of maps 6°{A)y : Ey M, 
V G Ob(V(7i)), can be regarded as an arrow from S to some presheaf TZ. 

To answer this we need to see how these operators behave as we go 'down 
a chain' of sub-algebras V C V. The first remark is that if V' <^ V then 
S°{A)yi >z 6°{A)y. When applied to the Gel'fand transforms, this leads to 
the equation 

5o{A)yi\\y,)>6o{A)yiX) (8.3) 

for all A G Sy, where \\y' denotes the restriction of the spectral element 
A G Sy to the sub-algebra V C V. However, the definition of the spectral 

^^In fact, we will define several closely related presheaves that can serve as a quantity- 
value object. 

'spectral element', A G Sy of V, is a multiplicative, linear functional X : V ^ G 
with (A, 1) = 1, see also Def. 5.4. 

®^This use of the 'overline' symbol for the Gel'fand transform should not be confused 
with our later use of the same symbol to indicate a co-presheaf. 
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presheaf is such that A|y/ = ^{iv'v)W, and hence (8.3) can be rewritten as 

6o{A)v'{U^v'v)W) > nA)vW (8.4) 

for all A G Ey. 

It is a standard result that the Dedekind real number object, M, in a 
presheaf topos Sets''"'' is the constant functor from to M [56]. It follows 

that the family of Gel'fand transforms, S"{A)v, V e Ob(V(7Y)), of the da- 
seinised operators 6°{A)y, V G Ob(V(7i)), does not define an arrow from S 
to M, as this would require an equality in (8.4), which is not true. Thus the 
quantity-value presheaf, TZ, in the topos Sets^*^^^ is not the real-number 
object ffi, although clearly TZ has something to do with the real numbers. We 
must take into account the growth of these real numbers as we go from V to 
smaller sub-algebras V. Similarly, if we consider inner daseinisation, we get 
a series of falling real numbers. 

The presheaf, ]Z, that we will choose, and which will be denoted by R^ , 
incorporates both aspects (growing and falling real numbers). 

8.2 Definition of the Presheaves sp(^)-, and R^ . 

The inapplicability of the real-number object M may seem strange at first, ®^ 
but actually it is not that surprising. Because of the Kochen-Specker theo- 
rem, we do not expect to be able to assign (constant) real numbers as values 
of physical quantities, at least not globally. Instead, we draw on some recent 
results of M. Jackson [47], obtained as part of his extensive study of mea- 
sure theory on a topos of presheaves. Here, we use a single construction in 
Jackson's thesis: the presheaf of 'order-preserving functions' over a partially 
ordered set — in our case, V(7i). In fact, we will need both order-reversing 
and order-preserving functions. 

Definition 8.1 Let (Q, ^) and {V, :<) be partially ordered sets. A function 

fi-.Q^V (8.5) 

is order-preserving if qi ^ q2 implies /i(gi) ^ At(92) for all qi,q2 G Q- It is 
order-reversing if qi ^ q2 implies /i(gi) >i /i(q'2)- We denote by OV{Q,V) 
the set of order-preserving functions : Q ^ V, and by OTZ{Q,V) the set 
of order-reversing functions. 

®^ Indeed, it puzzled us for a while! 
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We note that if n is order-preserving, then — is order-reversing, and vice 
versa. 

Adapting Jackson's definitions shghtly, if V is any partially-ordered set, 
we have the following. 

Definition 8.2 The P- valued presheaf, of order-reversing functions 
over V(7i) is defined as follows: 

(i) On objects V G OhiViU)): 

■.= {^:iV ^V\iie On{[V,V)} (8.6) 

where [V C Ob(V(7-^)) is the set of all von Neumann sub-algebras of 
V. 

(a) On morphisms iy'v : V C V : The mapping V}-{iv'v) '■ 2v ~^ is 
given by 

P^(zy,y)(/i):=/i|^, (8.7) 

where fi\^_, denotes the restriction of the function fi to ^iV . 

Jackson uses order-preserving functions with V := [0, oo) (the non-negative 
reals), with the usual order <. 

Clearly, there is an analogous definition of the "P- valued presheaf, of 
order-preserving functions from IV to V. It can be shown that P- and P- 
are isomorphic objects in Sets^'-^'' . 

Let us first consider For us, the key examples for the partially ordered 
set V are (i) M, the real numbers with the usual order <, and (ii) sp(A) C M, 
the spectrum of some bounded self-adjoint operator A, with the order < 
inherited from M. Clearly, the associated presheaf sp(A)- is a sub-object of 
the presheaf M- . 

Now let A e B{n)^^, and let V G Oh{V{n)). Then to each A G Sy there 
is associated the function 

5°(i)y(A):iy-.sp(i), (8.8) 

given by 

{6"iA)v{X)) (V) := 6o{A)v'm^v'v)W) (8.9) 

= (5°(i)y,(A|vO (8.10) 
= {\\v',S'^{A)v') (8.11) 
= (A,5°(i)y') (8.12) 
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for all V C V. We note that as V becomes smaller, 6°{A)v' becomes larger 
(or stays the same) in the spectral order, and hence in the usual order on 
operators. Therefore, 6°{A)y{X) -.IV — > sp(74) is an order-reversing function, 
for each A G Ey. 

It is worth noting that daseinisation of A, i.e., the approximation of 
the self-adjoint operator A in the spectral order, allows to define a func- 
tion (5°(A)y(A) (for each A G Sy^) with values in the spectrum of A, since 
we have sp{6"{A)v) ^ sp(yl), see (7.23). If we had chosen an approximation 
in the usual linear order on BiTi)^^, then the approximated operators would 
not have a spectrum that is contained in sp(74) in general. 

Let 

5\A)y:T,y ^ sp(i)^^ (8.13) 
A ^ 5\A)v{\) (8.14) 

denote the set of order- reversing functions from \y to sp(y4) obtained in this 
way. We then have the following, fundamental, result which can be regarded 
as a type of 'non-commutative' spectral theorem in which each bounded, 
self-adjoint operator A is mapped to an arrow from S to R- : 

Theorem 8.1 The mappings 5°{A)y, V G Ob(V(7Y)), are the components 
of a natural transformation/ arrow 5°{A) : E sp(A)-. 

Proof. We only have to prove that, whenever V C V, the diagram 



commutes. Here, the vertical arrows are the restrictions of the relevant 
presheaves from the stage V to V V . 

In fact, the commutativity of the diagram follows directly from the defi- 
nitions. For each A G Sy, the composition of the upper arrow and the right 
vertical arrow gives 



{6°{A)v{X))\v' = S°{A)v'{X\v'), 



.15) 
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which is the same function that we get by first restricting A from Sy to Sy, 
and then applying S"{A)v'- ■ 

In this way, to each physical quantity A in quantum theory there is as- 
signed a natural transformation S°{A) from the state object S to the presheaf 
sp(yl)-. Since sp(y4)- is a sub-object of for each A, S°{A) can also be 
seen as a natural transformation/arrow from S to R- . Hence the presheaf 
K- m the topos Sets^(^)°'' is one candidate for the quantity-value object of 
quantum theory. Note that it follows from Theorem 7.1 that the mapping 

6: Bin),, ^ Homs,,,v,H)op(S,l^) (8.16) 
A ^ 6°{A) (8.17) 

is injective. 

If S denotes our quantum system, then, on the level of the formal language 
C{S), we expect the mapping A A to he injective, where A is a function 
symbol of signature E — > 7^. It follows that we have obtained a a faithful 
representation of these function symbols by arrows 6° (A) : S — > R- in the 
topos Sets^(^)°'. 

Similarly, there is an order-preserving function 

6\A)viX):iV-^spiA), (8.18) 
that is defined for all V' V hy 

{6\AMX))iV') = 6^iA)y,{my>y){X)) (8.19) 

= {\,6\A)v'). (8.20) 

Since 5*(A)y/ becomes smaller (or stays the same) as V' gets smaller, 6^{A)v{X) 
indeed is an order-preserving function from |V to sp(A) for each A G Ey. 
Again, approximation in the spectral order (in this case from below) allows 
us to define a function with values in sp(y4), which would not be possible 
when using the linear order. 

Clearly, we can use the functions 5*(A)y(A), A G Sy, to define a natural 
transformation S^{A) : S — ^ R- from the spectral presheaf, E, to the presheaf 

^^Interestingly, these results all carry over to an arbitrary von Neumann algebra J\f C 
BiTL). In this way, the formalism is flexible enough to adapt to situations where we have 
symmetries (which can described mathematically by a von Neumann algebra M that has 
a non-trivial commutant) and super-selection rules (which corresponds to M having a 
non-trivial centre). 
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R- of real-valued, order-preserving functions on | V. The components of 
5' (A) are 

6\A)y:Ey ^ sp(A)£^ (8.21) 

A 5*(i)y(A). (8.22) 

It follows from Theorem 7.1 that the mapping from self-adjoint operators to 
natural transformations 6^ (A) is injective. 

The functions obtained from inner and outer daseinisation can be com- 
bined to give yet another presheaf, and one that will be particularly useful 
for the physical interpretation of these constructions. The general definition 
is the following. 

Definition 8.3 Let V be a partially- ordered set. The P-valued presheaf, 
V^, of order-preserving and order-reversing functions on V(7i) is defined as 
follows: 

(i) On objects V G ObiViU)): 

VZv ■■= {{f^,'^) I /i e OVaV,V),ue OnaV,V),fi< u} (8.23) 

where iV C Ob(V(7i)) is the set of all sub-algebras V of V . Note that we 
introduce the condition ^ < v, i.e., for all V E[V we demand ^liV') < viV'). 

(a) On morphisms iy'v '■ V V : 

'E2iiv'v)--'Elv 'EZv (8.24) 

(/i, I/) I > (/i|y/,Z/|v//), (8.25) 

where fi\v' denotes the restriction of fi to IV' ^[V, and analogously for v\yi . 

Note that since we have the condition yU < z/ in (i), the presheaf is not 
simply the product of the presheaves P- and 

As we will discuss shortly, the presheaf, W~* , of order-preserving and 
order- reversing, real- valued functions is closely related to the '/c-extension' of 
the presheaf (see the Appendix for details of the fc-extension procedure). 

Now let 

5{A)y := {5\A)y{-), 5\A)y{-)) : ^ M^y (8.26) 

denote the set of all pairs of order-preserving and order-reversing functions 
from \y to M that can be obtained from inner and outer daseinisation. It is 
easy to see that we have the following result: 
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Theorem 8.2 The mappings S{A)v, V E Ob(V(7i)), are the components of 
a natural transformation 6 (A) : S —)■ R^ . 

Again from Theorem 7.1, the mapping from self-adjoint operators to natural 
transformations, A — s> S{A), is injective. 

Since 5*(A)y(A) < S"{A)v{X) for all A G T^y, we can interpret each pair 
((5*(A)y(A), S°{A)v{X)) of values as an interval, which gives a first hint at the 
physical interpretation. 

8.3 Inner and Outer Daseinisation from Functions on 
Filters 

There is a close relationship between inner and outer daseinisation, and cer- 
tain functions on the filters in the projection lattice V(H) of B(H). We give 
a summary of these results here: details can be found in de Groote's work 
[32, 34], the article [20], and a forthcoming paper [26]. This subsection serves 
as a preparation for the physical interpretation of the arrows S{A) : S — > R^ . 

Filter bases, filters and ultrafilters. We first need some basic defini- 
tions. Let L be a lattice with zero element 0. A subset / of L is called a filter 
base if (i) 7^ / and (ii) for all a,b E f, there is a c G / such that c < a Ah. 

A subset F of a lattice L with zero element is a (proper) filter (or dual 
ideal) if (i) ^ F, (ii) a,b E F implies a Ab E F and (iii) a E F and b > a 
imply b E F. In other words, a filter is an upper set in the lattice L that is 
closed under finite minima. 

By Zorn's lemma, every filter is contained in a maximal filter. Obviously, 
such a maximal filter is also a maximal filter base. 

Let L' be a sub lattice of L (with common 0), and let F' be a filter in L'. 
Then F', seen as a subset of L, is a filter base in L. The smallest filter in L 
that contains F' is the cone over F' in L: 

Cl(F') := {6 G L I 3a G F' : a < 6}. (8.27) 

This is nothing but the upper set t-^' of F' in L. 

In our applications, L typically is the lattice V{7i) of projections in B{7i), 
and L' is the lattice V{V) of projections in an abelian sub-algebra V. 

If L is a Boolean lattice, i.e., if it is a distributive lattice with minimal 
element and maximal element 1, and a complement (negation) -1 : L ^ L 
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such that a V -la = 1 for all a G L, then we define an ultrafilter F to be 
a maximal filter in L. An ultrafilter F is characterised by the following 
property: for all a G L, either a G -F or -la G -F. This can easily be seen: 
we have a V -la = 1 by definition. Let us assume that F is an ultrafilter and 
a ^ F. This means that there is some b E F such that b A a = 0. Using 
distributivity of the lattice L, we get 

6 = 6 A (a V ^a) = (6 A a) V (6 A ^a) = 6 A -.a, (8.28) 

so b < -ifl. Since b E F and F is a filter, this implies -la G F. Conversely, if 
-la ^ F, we obtain a E F. 

The projection lattice ViV) of an abelian von Neumann algebra \^ is a 
Boolean lattice. The maximal element is the identity operator 1 and, as we 
saw earlier, the complement of a projection is given as -id = 1 — d. Each 
ultrafilter F in ViV) hence contains either d or 1 — d for all d G ViV). 

Spectral elements and ultrafilters. Let V G Ob(V(7-^)), and let A G Ey 
be a spectral element of the von Neumann algebra V . This means that A is 
a multiplicative state of V . For all projections d G V{y), we have 

(A,d) = (A,d2) = (A,d)(A,d), (8.29) 

and so (A, d) G {0,1}. Moreover, (A,0) = 0, (A, 1) = 1, and if (A, d) = 0, 
then (A, 1 — d) = 1 (since (A, d) + (A, 1 — d) = (A, 1)). Hence, for each 
d G V{y) we have either (A, d) = 1 or (A, 1 — d) = 1. This shows that the 
family 

Fa := {d G ViV) \ (A, d) = 1} (8.30) 

of projections is an ultrafilter in ViV). Conversely, each A G is uniquely 
determined by the set {(A, d) | d G V{y)} and hence by an ultrafilter in 
P(l^). This shows that there is a bijection between the set Q{y) of ultrafilters 
in Viy) and the Gel'fand spectrum Sy. 

Observable and antonymous functions. Let M he a. von Neumann 
algebra, and let J^{N') be the set of filters in the projection lattice V{M) of 
M . De Groote has shown [34] that to each self-adjoint operator A G A/", there 
corresponds a, so-called, 'observable function' : J-'{J\f) — * sp(A). If Af is 
abelian, = V, then f^\Q(v) is just the Gel'fand transform of A. However, 
it is striking that can be defined even if A/" is non-abelian; for us, the 
important example is Af = BiTi). 
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If {^^}^gK is the spectral family of A, then is defined as 

fA--H^) - sp(i) 

F ^ inf{/i eR\E^ eF}. (8.31) 

Conversely, given a bounded function / : M with certain properties, 

one can find a unique self-adjoint operator A G B{T-C) such that / = 

It can be shown that each observable function is completely determined 
by its restriction to the space of maximal filters [34]. Let Q{M) denote the 
space of maximal filters in V{N'). The sets 

Qp{M):={F eQ{M)\P eF}, PeV{M), (8.32) 

form the base of a totally disconnected topology on Q{M). Following de 
Groote, this space is called the Stone spectrum of M . If M is abelian, M =V , 
then, upon the identification of maximal filters (which are ultrafilters) in 
V{y) and spectral elements in Sy, the Stone spectrum QiV) is the Gel'fand 
spectrum Sy of V . 

This shows that for an arbitrary von Neumann algebra A/", the Stone 
spectrum Q{M) is a generalisation of the Gel'fand spectrum (the latter is only 
defined for abelian algebras). The observable function is a generalisation 
of the Gel'fand transform of A. 

We want to show that the observable function fso{y)j^ of the outer da- 

seinisation of A to V can be expressed by the observable function of A 
directly. Since this works for all V G Ob(V(7Y)), we obtain a nice encoding 
of all the functions fso{^A)v ^"^^ hence of the self-adjoint operators 5°{A)v- 
The result (already shown in [32]) is that, for all stages V G Ob(V(7i)) and 
all filters F in J^{V), 

fnA)AF) = fA{CBiH){F)). (8.33) 
We want to give an elementary proof of this. We need 

Lemma 8.3 Let M he a von Neumann algebra, S a von Neumann sub- 
algebra of M , and let 5g : V{M) — > 'P{S) be the inner daseinisation map 
on projections. Then, for all filters F G J^{S), 

&\F)=Cm{F). (8.34) 

Proof. If g G F C P(5), then (5^)"^(Q) = {P G V{M) \ 5\P)s = Q}. 
Let P G V{J\f) be such that there is a Q G F with Q < P, i.e., P G Cj^{F). 
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Then 6\P)s > Q, which imphes 6^{P)s G F, since F is a filter in V{S). 
This shows that C^^F) C {5's)~^{F). Now let P G V{U) be such that there 
is no Q G -F with Q < P. Since 6^{P)s < P, there also is no Q G -F with 
Q < S'{P)s, so P ^ This shows that {S's)-\F) C Cj^{F). m 

We now can prove 

Theorem 8.4 Let A G N'sa- For all von Neumann sub-algebras iS C TV and 
all filters F G we have 

fso^A)s(F) = fAiCAF)). (8.35) 

Proof. We have 

fsoiDsiF) = inf{A G R I if (^^^ G F} 
= inf{A G M I )5 G F} 

= inf{AGM|4''G(5^)"i(F)} 

= inf{A G M I Ff G C^(F)} 
= /i(C^r(F)). 

The second equality is the definition of outer daseinisation (on the level of 
spectral projections, see (7.14)). In the penultimate step, we used Lemma 
8.3. ■ 

This clearly implies (8.33). We saw above that to each A G there cor- 
responds a unique ultrafilter Fx G QiV). Since 6°{A)y G Vga., the observable 
function fso(^A)v Gel'fand transform of 6°{A)v, and so, upon identifying 

the ultrafilter Fx with the spectral element A, we have 

fso(^A)yiFx) = 6^{A)y{X) = {X,6"{A)y). (8.36) 

From (8.33) we have 

{X,6°{A)y) = U^Aw(Fx) = fAiCBiH)iFx)) (8.37) 

for all V G Ob(V(7i)) and for all A G Try. In this sense, the observable 
function encodes all the outer daseinisations 6°{A)y, V G Ob(V(7i)), of 
A. 
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There is also a function, g^, on the filters in V{7i) that encodes all the 
inner daseinisations V G Ob(V(7i)). This function is given for an 

arbitrary von Neumann algebra M by 

gA-.TW ^ sp(i) (8.38) 
F ^ sup{A G M I i - e F} (8.39) 

and is called the antonymous function of A [20]. If N is abelian, then 5'^|Q(y) 
is the Gel'fand transform of A and coincides with on the space QiV) of 
maximal filters, i.e., ultrafilters in ViV). As functions on J^iV), and (7^ 
are different also in the abelian case. For an arbitrary von Neumann algebra 
A/", the antonymous function is another generalisation of the Gel'fand 
transform of A. 

There is a close relationship between observable and antonymous func- 
tions [34, 20]: for all von Neumann algebras A/" and all self-adjoint operators 
A e A4a, it holds that 

-fA = 9-A- (8.40) 

There is a relation analogous to (8.33) for antonymous functions: for all 
V e Ob(V(7^)) and all filters F in J^{V), 

9s^iA)yin = 9AiCBin){F)). (8.41) 

This follows from 

Theorem 8.5 Let A e Afsa- For all von Neumann sub-algebras S C J\f and 
all filters F G we have 

9s^^A)s(F) = 9AiCAF)). (8.42) 

Proof. We have 

fi>\ 

i - 6"{E^)s e F} 
6\i-Et)seF} 
I - Ft e i6^,)-\F)} 
l-E^eC^iF)} 

=gAiCAF)). 



9s^iA)A^) =sup{AGM 
= sup{A e M 

= sup{A e M 
= sup{A e M 
= sup{A e M 
= sup{A e M 
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where in the penultimate step we used Lemma 8.3. ■ 



Let A G Ti_Y, and let Fx G Q{V) be the corresponding ultrafilter. Since 
S\A)v G V, the antonymous function gsi(^A)v Gel'fand transform of 

6\A)v, and we have 

gs.^AwiF'x) = m)y{X) = {X,6\A)y). (8.43) 

From (8.41), we get 

{KS\A)y) = gs,^Aw(^x) = gA{CBin){Fx)) (8.44) 

for all V G Ob(V(?i)) and all A G S^^. Thus the antonymous function g^ 
encodes all the inner daseinisations 5*(A)v, V G Ob(V(?i)), of A. 

8.4 A Physical Interpretation of the Arrow 6 [A) : S 

Let G 7i be a unit vector in the Hilbert space of the quantum system. 
The expectation value of a self-adjoint operator A G B{T-C) in the state {ip) 
is given by 

(^^1^1^^)= / Xd{^p\Et\^P). (8.45) 

In the discussion of truth objects in section 6, we introduced the maximal 
filter T I''') in V{n),^^ given by (cf. (6.31)) 

T\^^ := {a eV{n) \ah (8.46) 

where is the projection onto the one-dimensional subspace of Ti. gen- 

erated by As shown in [20], the expectation value (tplAltp) can be 

written as 

{i:\A\ij) = / \d{ij\E^\i^). (8.47) 

In an instrumentalist interpretation,^^ one would interpret (^^(TI^^), resp. 
/^(T'^^), as the smallest, resp. largest, possible result of a measurement of 

^^Since V{Ti.) is not distributive, T^^'^ is not an ultrafilter; i.e., there are projections 
P e Tin) such that neither P ^T^'l'^ nor i - P G T l'^^. 
®^ Which we avoid in general, of course! 
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the physical quantity A when the state is {ip). If {ip) is an eigenstate of 
A, then {ipl A {ip) is an eigenvalue of A, and in this case, {ipl A {ip) G sp(yl); 
moreover, 

{ij\A\^)=g^{T\^^) = f^iT\^^). (8.48) 
If \ip) is not an eigenstate of A, then 

^^(rl^>)<(V^|i|^)</^(Tl'^>). (8.49) 

For details, see [20]. 

Let V be an abelian sub-algebra of B{T-C) such that Sy contains the 
spectral element, A ''^^ associated with The corresponding ultrafilter 

in Viy) consists of those projections a G ViV) such that a ^ • This 

is just the evaluation, T}y \ at stage V of our truth object, TI^>; see (6.30). 

Hence the cone C(t|/'^) := CB(H)(Ty'^) consists of all projections R G 
ViTi) such that R >z and so, for all stages V such that G 

V(y) we have 

C(tI/'^) =tI'^\ (8.50) 
This allows us to write the expectation value as 

rfAiCilv'') 

{4j\A\ij) = / Xd{^P\E^\^p) (8.51) 

f - (T^'^'h 

\d{i^\E^\i^) (8.52) 

n - - CTi'^'h 

for these stages V . 

Equations (8.36) and (8.43) show that j^o(^X)y^v) = (^1 ^''(^)y 1^) 
and gsi(^A)v^—v'^^ ~ ("^1 ^*(^)v l"^)- In the language of instrumentahsm, for 
stages V for which A 1'^'' G Sy, the value {ip\6''{A)v {"ip) G sp(yi) is the 
smallest possible measurement result for A in the quantum state \4>)', and 
{■ip \ 6°{A)v \ip) G sp(74) is the largest possible result. 

These results depend on the fact that we use (inner and outer) daseini- 
sation, i.e., approximations in the spectral, not the linear order. 

If A G is not of the form A = A''^^ for some \ip) G H, then the cone 
C{Fx) over the ultrafilter Fa corresponding to A cannot be identified with a 



^•"This is the element defined by A 1'''^ (A) := {ipl A \ip) for all A eV. It is characterised by 
the fact that A ( l^/-) {ip\) = I and A l'^^ (Q) = for all Q eViV) such that Q {iP) (V^l = 6. 
We have AI'^> G if and only if e ViV). 
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vector in Ti. Nevertheless, the quantity C{F\) is well-defined, and (8.33) and 
(8.41) hold. If we go from V to & sub-algebra V C V, then 5\A)v> ^ 5\A)v 
and 5°{A)v' h 5°(i)y, hence 

{X,S\A)v') < {X,S\A)v), (8.53) 

{\,S'^{A)y,) > (A,5°(i)y) (8.54) 

for all A G Sy. 

We can interpret the function 

6{A)v : Klv (8-55) 

A ^ 5{A)viX)={6\A)viX),HA)vW) (8.56) 

as giving the 'spread' or 'range' of the physical quantity A at stages V C V. 
Each element A G gives its own 'spread' S{A)v{X) -IV sp(A) x sp(yl). 
The intuitive idea is that at stage V, given a point A G Sy, the physical 
quantity A 'spreads over' the subset of the spectrum, sp(/l), of A given by 
the closed interval of sp(A) C M defined by 

[5^(i)v(A)(V),5°(i)y(A)(V)] nsp(i) = [{X,6\A)v), (A,n^))y)] nsp(i), 

(8.57) 

For a proper sub-algebra V C V, the spreading is over the (potentially 
larger) subset 

[5^(i)y(A)(n, ^°(^)K(A)(n] n sp(i) = [(A, 5^(1)^0, (A, n^)y')] n sp(i). 

(8.58) 

All this is local in the sense that these expressions are defined at a stage V 
and for sub-algebras, V, of V, where A G Ey. No similar global construction 
or interpretation is possible, since the spectral presheaf S has no global 
elements, i.e., no points (while the set Try does have points). 

As we go down to smaller sub-algebras V C V, the spread gets larger. 
This comes from the fact that A has to be adapted more and more as we go 
to smaller sub-algebras V. More precisely, A is approximated from below 
by S^{A)yi G V and from above by S°{A)y/ G V. This approximation gets 
coarser as V gets smaller, which basically means that V contains less and 
less projections. 

It should be remarked that S{A) does not assign actual values to the 
physical quantity A, but rather the possible range of such values; and these 
are independent of any state This is analogous to the classical case 

where physical quantities are represented by real-valued functions on state 
space. The range of possible values is state-independent, but the actual value 
possessed by a physical quantity does depend on the state of the system. 
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The quantity-value presheaf as the interval domain. Spitters 
and Heunen observed [38] that the presheaf is the interval domain in 
out topos. This object has mainly been considered in theoretical computer 
science [28] and can be used to systematically encode situations where real 
numbers are only known — or can only be defined — up to a certain degree of 
accuracy. Approximation processes can be well described using the math- 
ematics of domain theory. Clearly, this has close relations to our physical 
situation, where the real numbers are spectral values of self-adjoint opera- 
tors and coarse-graining (or rather the inverse process of fine-graining) can 
be understood as a process of approximation. 



8.5 The value of a physical quantity in a quantum state 

We now want to discuss how physical quantities, represented by natural 
transformations S{A), acquire 'values' in a given quantum state. Of course, 
this is not as straightforward as in the classical case, since from the Kochen- 
Specker theorem, we know that physical quantities do not have real numbers 
as their values. As we saw, this is related to the fact that there are no 
microstates, i.e., the spectral presheaf has no global elements. 

In classical physics, a physical quantity A is represented by a function 
A : iS — s> R from the state space S to the real numbers. A point s G iS is a 
microstate, and the physical quantity A has the value A{s) in this state. 

We want to mimic this as closely as possible in the quantum case. In 
order to do so, we take a pseudo-state 

tt, I'/') := 6{ 1^) {tp\) = V^ /\{a G Oy I ^ a} (8.59) 

(see (6.34)) and consider it as a sub-object of S. This means that at each 
stage V G Ob(V(7Y)), we consider the set 

irf := {A G I (A, 5°( )v) = 1} C E^. (8.60) 

Of course, the sub-object of S that we get simply is S°{ \'4'){'^\ )• Sub-objects 
of this kind close to microstates as we can get, see the discussion in 

section 6.3 and [25]. We can then form the composition 




which is also denoted by 5{A)(to^'^^). One can think of this arrow as being 
the 'value' of the physical quantity A in the state described by to^'^K 
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The first question is if we actually obtain a sub-object of in this way. 
Let V, V e Ob(V(H)), V C V. We have to show that 

Kl{^v'v)mMrvf)) C 6{A)v'{rvl^))- (8.62) 

Let A e to]f\ then 

Kli^v'vmA)viX)) = imvimv = HAMMv)- (8.63) 
By definition, we have 

mj.t> = mv'v)iml^^) = {Mv I A e }, (8.64) 

that is, ewer?/ A' G rol^^ is given as the restriction of some A G tolf^ . This 
implies that we even obtain the equality 

ir(^y'y)(5(i)y(mf )) = mv'iml^h, (8-65) 
so 5(y4)(rD l'^^) is indeed a sub-object of R^ . 

Values as pairs of functions and eigenvalues. At each stage V G 
Ob(V(7i)), we have pairs of order-preserving and order-reversing functions 
6{A){X), one function for each A G UJy\ If {i/j) is an eigenstate of A and 
V is an abelian sub-algebra that contains A, then 5^{A)v = 6°{A)y = A. 
Moreover, wlf^ contains the single element Aj^)(^| G Sy, which is the pure 
state that assigns 1 to \'ip){4'\ and to all projections in V^V) orthogonal 
to 

Evaluating 5(A)(rD''^^) at V hence gives a pair, consisting of an order- 
preserving function 6\A)v{X\ip)(tp\) '-IV sp(A) and an order-reversing 
function S°{A)v{\\^){^\) --iV -> sp(i): 

kAMtvlf^) = (5^(i)y(A|^)(^|),5°(i)y(A|^)(^|)). (8.66) 

The value of both functions at stage V is A(A \-,p){^\ ) = (A |^)(^| , A), which is 
the eigenvalue of A in the state {i/j). In this sense, we get back the ordinary 
eigenvalue of A when the system is in the eigenstate ip. 

A simple example. We consider the value of the self-adjoint projection 
operator \'ip){4'\ , seen as (the representative of) a physical quantity, in the 
(pseudo-) state tv^^'^. We remark that sp( \'4'){''P\ ) = {0, 1}. By definition, 

k \^){^\ )y(A) = \^){^\ )y(A), 5°( |^)(^| )y(A)) (8.67) 



116 



for all V G Ob(V(7i)) and all A G Sy. In particular, the function 

H\^)mv{X):iV ^{0,1} (8.68) 

is given as (see (8.12), for all V C V, 

S^i \^){^\ Mm') = (A, 6% \^){^\ )y>). (8.69) 

If A G My \ then (A,5°( )y) = 1, see (8.60). Hence, for all A G My \ 
we obtain, for all V' C V, 

H MX){V') = (A, 6% )v') = 1. (8.70) 

If we denote the constant function on IV with value 1 as l|y, then we can 
write 

5{\^)mviX) = iS\\i^)mvWAlv) (8.71) 

for all V and all A G tOy\ The constant function l^y trivially is an order- 
reversing function from [V to sp( ). We now consider the function 

5^(|^)(^|)y(A):iV-.{0,l}. (8.72) 

It is given as (see (8.20), for all V C V, 

n\^)mv{x){v') = {x,5\\ij)my,). (8.73) 

If G V{V'), then, for all A G ra|^\ we have (A, 5^^( |^)(^| )y/) = 

(A, \^){^\ ) = 1. If ^ V{V'), then S\ |^)(^| )y, = 0, since S'{ ^il^l )y ^ 

IV') (^Al and \ip) {ipl is a projection onto a one-dimensional subspace, so 6\ \ip) {ipl )v' 
must project onto the zero- dimensional subspace. 

Thus we get, for all V, for all A G TOy ^ and all V C V: 

Summing up, we have completely described the 'value' 5( |^/')(^/'| )(Id ''^^) of 
the physical quantity described by \^){^\ in the pseudo-state given by ro '^^ 

There is an immediate generalisation of one part of this result: Consider 
an arbitrary non-zero projection P G V(?i),^'' the corresponding sub-object 
S°{P) of S obtained from outer daseinisaion, and the sub-object S{P){S°{P)) 

®^0f course, if P is not a projection onto a one-dimensional subspace, then it cannot be 
identified with a state. 
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of R^. For all V e Ob(V(7^)) and all A G 5°(P)^, a completely analogous 
argument to the one given above shows that for the order-reversing functions 
(5°(P)v(A) :IV {0, 1}, we always obtain the constant function l^y 

The behaviour of the order-preserving functions 5^{P)y{\) -.[V {0, 1} 
is more complicated than in the case that P projects onto a one-dimensional 
subspace. In general, P ^ V does not imply 6\P)v'{^)(y') = for A G 
S°{P) , so the analogue of (8.74) does not hold in general. 



8.6 Properties of R^ . 

From the perspective of our overall programme, Theorem 8.2 is a key result 
and shows that R""^ is a possible choice for the quantity-value object for 
quantum theory. To explore this further, we start by noting some elementary 
properties of the presheaf R^ . Analogous arguments apply to the presheaves 
R^ and 1^. 

1. The presheaf R^ has global elements: namely, pairs of order-preserving 
and order-reversing functions on the partially-ordered set Ob(V(7i)) of 
objects in the category V(7i); i.e., pairs of functions {n, v) : Ob(V(H)) — *• 
R such that: 

v\/i, V2 G ob(v(H)), v^'^v^: ^l{V2) < ^l{v^), uiv^) > u{v,). (8.75) 

2. (a) Elements of F R^ can be added: i.e., if (yUi, i^i), (/i2, ^'2) G FR^, 

define (/ii, z/i) + (/i2, 1^2) at each stage V by 

((/ii,z/i) + {fi2,iy2)W) := {fi,{V')+fi2{V'),Ui{V') + z/2(n) 

(8.76) 

for all V C V. Note that if V2 C Vi C V, then ^^(¥2) < fii{Vi) 
and /i2(^2) < fJ'2{Vi), and so fii{V2) + /i2(^2) < /ii(K) +Ai(^i)- 
Likewise, i^i(V2) + 1^2(^2) > i^i(Vi) -|- 1^2(^1)- Thus the definition 
of (/ii, z/i) -|- (/i2, 1^2) in (8.76) makes sense. Obviously, addition is 
commutative and associative. 

(b) However, it is not possible to define '(yUi,i/i) — (/i2,'^2)' in this 
way since the difference between two order-preserving functions 
may not be order-preserving, nor need the difference of two order- 
reversing functions be order-reversing. This problem is addressed 
in Section 9. 

(c) A zero/unit element can be defined for the additive structure on 
Fin as 0{V) := (0,0) for all V G Ob(V(7^)), where (0,0) de- 
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notes a pair of two copies of the function that is constantly on 
Ob(V(H)). 

It follows from (a) and (c) that F R^ is a commutative monoid 
(i.e., a semi-group with a unit). 

The commutative monoid structure for F R^ is a reflection of the stronger 
fact that R^ is a commutative-monoid object in the topos Sets^*-^-* ^ . 
Specifically, there is an arrow 

+ : in X r:: ^ (s.rr) 

i^i), {1^2, 1^2)) := (a^i + 1^2, + ^2) (8.78) 

for all (/ii, i^i), (/i2, z>'2) G R^ly, and for all stages V G Ob(V(7Y)). Here, 
(/ii + /i2 5 i^i + ^^2) denotes the real- valued function on [V defined by 

(/ii + /i2, 1^1 + i/2)(V^') := (/ii(V') + /i2(r'), i^i(V') + i^2(V')) (8.79) 
for all V C V. 

3. The real numbers, R, form a ring, and so it is natural to see if a 
multiplicative structure can be put on F R^ . The obvious 'definition' 
would be, for all V , 

(/ii, ^^i)(/i2, U2){y) := (/ii(y)/i2(v), u^{y)u2{y)) (8.80) 

for (yUi, z/i), (/i2, 2/2) ^ F R^ . However, this fails because the right hand 
side of (8.80) may not be a pair consisting of an order-preserving and 
an order-reversing function. This problem arises, for example, if ViiV) 
and i'2{y) become negative: then, as V gets smaller, the product 
i^i{y)T-'2{y) gets larger and thus defines an order-preserving function. 

8.7 The Representation of Propositions From Inverse 
Images 

In Section 3.2, we introduced a simple propositional language, VC{S), for 
each system S, and discussed its representations for the case of classical 
physics. Then, in Section 5 we analysed the, far more complicated, quantum- 
theoretical representation of this language in the set of clopen subsets of the 
spectral presheaf, S, in the topos Sets^*-^-* . This gives a representation of 
the primitive propositions "Ae A" as sub-objects of S: 

Ti^tiAeA) :=5°(^[Ag A]) (8.81) 
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where '5°' is the (outer) daseinisation operation, and -E[y4 G A] is the spectral 
projection corresponding to the subset A fl sp(yl) of the spectrum, sp(A), of 
the self-adjoint operator A. 

We now want to remark briefly on the nature, and representation, of 
propositions using the 'local' language C{S). 

In any classical representation, a, of C{S) in Sets, the representation, TZ^r, 
of the quantity-value symbol TZ is always just the real numbers M. There- 
fore, it is simple to take a subset A C R of M, and construct the propositions 
"Ae A". In fact, if : ^ M is the representation of the function symbol 
A with signature ^ TZ, then A~^{A) is a subset of the symplectic manifold 
Eg- (the representation of the ground type S). This subset, A~^{A) C Eg., 
represents the proposition "A e A" in the Boolean algebra of all (Borel) sub- 
sets of Eg-. 

We should consider the analogue of these steps in the representation, 0, 
of the same language, C{S), in the topos := Sets^*-^-* . In fact, the issues 
to be discussed apply to a representation in any topos. 

We first note that if S is a sub-object of 71^, and if A^ : T,^ TZ^, 
then there is an associated sub-object of S^, denoted y4^^(S). Specifically, if 
Xs • T^(t> ~^ is the characteristic arrow of the sub-object H, then A'^^{E) 
is defined to be the sub-object of whose characteristic arrow is Xe° A<j> '■ 
T,^ Qt-^. These sub-objects are analogues of the subsets, A~^{A), of 
the classical state space T,^: as such, they can represent propositions. In 
this spirit, we could denote by "AeH" the proposition which the sub-object 
A'^^iE) represents, although, of course, it would be a mistake to interpret 
"AeS" as asserting that the value of something lies in something else: in a 
general topos, there are no such values. 

In the case of quantum theory, the arrows A^ : J]^ ^ TZfp are of the form 
5 (A) : S M*^ where TZ^ := R^ . It follows that the propositions in our 
£(5')-theory are represented by the sub-objects 6{A)~^(E) of S, where S is 
a sub-object of R^ . 

To interpret such propositions, note first that in the 'P£(S')-propositions 
"Ae A", the range 'A' belongs to the world that is external to the language. 
Consequently, the meaning of A is given independently of VC{S). This 
'externally interpreted' A is then inserted into the quantum representation 
of VjO,{S) via the daseinisation of propositions discussed in Section 5. 

However, the situation is very different for the £(S')-propositions "AeS". 
Here, the quantity 'S' belongs to the particular topos t^, and hence it is 
representation dependent. The implication is that the 'meaning' of "AeS" 
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can only be discussed from 'within the topos' using the internal language 
that is associated with r^, which, we recall, carries the translation of C{S) 
given by the topos-representation (p. 

From a conceptual perspective, this situation is 'relational', with the 
meanings of the various propositions being determined by their relations 
to each other as formulated in the internal language of the topos. Concomi- 
tantly, the meaning of 'truth' cannot be understood using the correspondence 
theory (much favoured by instrumentalists) for there is nothing external to 
which a proposition can 'correspond'. Instead, what is needed is more like a 
coherence theory of truth in which a whole body of propositions is considered 
together [30]. This is a fascinating subject, but further discussion must be 
deferred to later work. 

8.8 The relation between the formal languages jC{S) 
and VC{S) 

In the propositional language VC{S), we have symbols "Ae A" representing 
primitive propositions. In the quantum case, such a primitive proposition is 
represented by the outer daseinisation S°{P) of the projection corresponding 
to the proposition. (The spectral theorem gives the link between propositions 
and projections.) 

We now want to show that the sub-objects of S of the form S°{P) for 

P G ViH) also are part of the language C{S). More precisely, we will show 
that S°{P) can be obtained as the inverse image of a certain sub-object of 

in. 

The sub-object of that we consider is 5{P){5°{P)). We take the 

inverse image of this sub-object under the natural transformation 5{P) : 
E — >■ R^ . This means that we assume that the language C{S) contains a 
function symbol P : S — 7^ that is represented by the natural transformation 

One more remark: although it may look as if we put in from the start 
the sub-object S°{P) that we want to construct, this is not the case: we can 
take the inverse of an arbitrary sub-object of R^ , and we happen to choose 
5{P){6"{P)). Forming the inverse image of a sub-object of under the 

natural transformation 6{P) is analogous to taking the inverse image f~^{r} 
of some real value r under some real-valued function /. The real value r 
can be given as the value r = f{x) of the function at some element x of its 
domain. This does not imply that f~^{r} = {x}: the inverse image may 
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contain more elements than just {xj. Likewise, we have to discuss whether 
the inverse image 6{P)~^{6{P){6°{P))) equals S°{P) or is some larger sub- 
object of S. 

We start with the case that P = lip)^^] , i.e., P is the projection onto a 
one-dimensional subspace. 

Theorem 8.6 The inverse image 5{ \i'){tp\ )(Id''^^)) is Xv^'^K 

Proof. Let S_ := 6{ \i>){i>\ \ip){ip\ In any case, we have 

5Drol'^>. (8.82) 

Let us assume that the inclusion is proper. Then there exists some V G 
Ob(V(7^)) such that 

S{V) D = {A G I (A, 5°( )v) = 1}, (8.83) 

which is equivalent to the existence of some Aq G S_y such that 

(Ao,m^)(^l)v) = 0. (8.84) 

By definition, we have 5(y) = {A G S^. | 6{\ij){t/j\)v{X) G k\^){^\)v{rv^^'^)}- 
For all A G tvlf^ , it holds that 

(A,ni^)(V^I)W = l, (8.85) 

see (8.70). This implies that for all A G S_(y), we must have (A, 6°{ \4'){'ip\ )v) = 
1, which contradicts (8.84). Hence there cannot be a proper inclusion S_ D 
tr and we rather have equality 

S{V) = raj/^ (8.86) 

for all V G Oh{V{n)). m 

The proof is based on the fact that the order-reversing functions of the 
form 5°( \iP){'ilj\ )v(A) : [V {0, 1}, where V G Ob(V(7^)) and A G are 
constant functions The remark at the end of Section 8.5 shows that this 
holds more generally for arbitrary non-zero projections P. Hence we obtain: 

Corollary 8.7 The inverse image 6{P)~\6{P){6°{P))) is 6°{P). 
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9 Extending the Quantity- Value Presheaf to 
an Abelian Group Object 



9.1 Preliminary Remarks 

We have shown how each self-adjoint operator, A, on the Hilbert space Ti 
gives rise to an arrow S{A) : S — ^ in the topos Sets^'-'^-' Thus, in 
the topos representation, 0, of C{S) for the theory-type 'quantum theory', 
the arrow S{A) : S is one possible choice®^ for the representation, 

: — i> 71^, of the function symbol, A : S — > 7?.. 

This implies that the quantity-value object, 71^, is the presheaf, R^ . 
However, although such an identification is possible, it does impose certain 
restrictions on the formalism. These stem from the fact that R^ is only 
a monoid-ohiect in Sets^*-^-* and F R^ is only a monoid, whereas the 
real numbers of standard physics are an abelian group; indeed, they are 
a commutative ring. 

In standard classical physics, Honisets (^o-, I^) is the set of real- valued 
functions on the manifold T,^; as such, it possesses the structure of a commu- 
tative ring. On the other hand, the set of arrows Homg^^^vcM)°p (E, R^ ) has 
only the structure of an additive monoid. This additive structure is defined 
locally in the following way. Let a, /3 G Homg^^gvcwjop (S, WZ) . At each stage 
V G Ob(V(7Y)), ay is a pair consisting of a function /iiy from 

Sy to R-y, and a function uiy from Sy to R-y. For each A G Sy, one 
has an order-preserving function /ii y(A) -.[V — ^ R, and an order- reversing 
function I'ly^X) :IV R. We use the notation ay(A) := (/iiy(A), Uiyi^X)). 

Similarly, /? is given at each stage by a pair of functions {fi2,v , t^2,v) , 
and for all A G Sy, we write /9y(A) := (/i2y(A), z^2y(A)) 

We define, for all V G Ob(V(7^)), and all A G Sy, (c.f. (8.79)) 

(a + /5)y(A) = {{fi,y{X),u,y{X)) + {fi2y{X),^2,vW)) (9-1) 
:= (/ii,y(A)+/i2,y(A),z/iy(A) + z/2y(A)) (9.2) 
= ay(A)+/?y(A), (9.3) 

It is clear that (a -|- /3)y(A) is a pair consisting of an order-preserving and 
an order-reversing function for all V and all A G Sy, so that a + P is well 
defined. 

Another choice is to use the presheaf R- as the quantity-value object, or the isomor- 
phic presheaf 

®^To avoid confusion we should emphasise that, in general, the sum S{A) + 5{B) is not 
equal to 6{A + B). 
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Arguably, the fact that Homg^,^^vcM)°p (S, R.^ ) is only a monoid^" is a 
weakness in so far as we are trying to make quantum theory 'look' as much 
like classical physics as possible. Of course, in more obscure applications such 
as Planck-length quantum gravity, the nature of the quantity- value object is 
very much open for debate. But when applied to regular physics, we might 
like our formalism to look more like classical physics than the monoid-only 
structure of Homgg^gV(H)°p (S, R^ ] . 

The need for a subtraction, i.e. some sort of abelian group structure 
on R^ , brings to mind the well-known Grothendieck /c-construction that is 
much used in algebraic topology and other branches of pure mathematics. 
This gives a way of 'extending' an abelian semi-group to become an abelian 
group, and this technique can be adapted to the present situation. The 
goal is to construct a 'Grothendieck completion', fc( R^ ), of R^ that is an 
abelian-group object in the topos Sets^*-''^^ "".^^ 

Of course, we can apply the /c-construction also to the presheaf R^ (or R- , 
if we like). This comes with an extra advantage: it is then possible to define 
the square of an arrow S°{A) : S R- , as is shown in the Appendix. Hence, 
given arrows S°{A) and S°{A'^), we can define an 'intrinsic dispersion' 

V(i) := 5°(i2) - S°{Af. (9.4) 

Since the whole /c-construction is quite complicated and is not used in this 
paper beyond the present section, we have decided to put all the relevant 
definitions into the Appendix where it can be read at leisure by anyone who 
is interested. 

Interestingly, there is a close relation between R^ and fc(R-), as shown 
in the next subsection. 

^"An internal version of this result would show that the exponential object R^ — is a 
monoid object in the topos Sets^*-^-* This could well be true, but we have not studied 
it in detail. 

^^Ideally, we might like fc( R- ) or fc( R^ ) to be a commutative-ring object, but this is 
not true. 

^^The notation used here is potentially a little misleading. We have not given any 
meaning to 'A^' in the language C{S); i.e., in its current form, the language does not give 
meaning to the square of a function symbol. Therefore, when we write 6°{A'^) this must 
be understood as being the Gel'fand transform of the outer daseinisation of the operator 
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9.2 The relation between and k(R-). 



In Section 8.2, we considered the presheaf R*"^ of order-preserving and order- 
reversing functions as a possible quantity- value object. The advantage of this 
presheaf is the symmetric utilisation of inner and outer daseinisation, and 
the associated physical interpretation of arrows from E to R^ . 

It transpires that R^ is closely related to A;(R^). Namely, for each V, we 
can define an equivalence relation = on R^y by 

(/ii, i^i) = (/i2, 1^2) iff ^1 + ^1 = 1^2 + V2- (9.5) 

Then R^ / = is isomorphic to fc( R- ) under the mapping 

[/i, u] ^ [z/, -/i] G k{^)v (9.6) 

for all V and all [/i, v] G ( R^ / =)v.^^ 

However, there is a difference between the arrows that represent physical 
quantities. The arrow [(5°(y4)] : E — > fc(R^) is given by first sending A G 
BiTi)^^ to 5°{A) and then taking /c-equivalence classes — a construction that 
only involves outer daseinisation. On the other hand, there is an arrow 
[(5(yl)] : S RH/ =, given by first sending A to 5{A) and then taking 
the equivalence classes defined in (9.5). This involves both inner and outer 
daseinisation. 

We can show that [(5°(A)] uniquely determines A as follows: Let 

[5°{A)] : S ^ k{^) (9.7) 

denote the natural transformation from the spectral presheaf to the abelian 
group-object /cfR-), given by first sending A to 5° {A) and then taking the 
/c-equivalence classes at each stage V . The monoid R- is embedded into 
A;(R-) by sending v G R- y to [u, Oj G A;(R^)y for all V, which implies that 
A is also uniquely determined by [(5°(A)].^^ We note that, currently, it is an 
open question if [5{A)] also fixes A uniquely. 

We now have constructed several presheaves that are abelian group ob- 
jects within Sets^^'^)"", namely k{W2), k{^) and MT l =. The latter two 
are isomorphic presheaves, as we have shown. All three presheaves can serve 

^^This identification also explains formula (9.5), which may look odd at first sight. 
Recall that [/i, v] g (MH/ =)v means that fj. is order-preserving and ly is order-reversing. 

^^In an analogous manner, one can show that the arrows S'^{A) : E R- and [i5*(^)] : 
E fc( R- ) uniquely determine A, and that the arrow S{A) : E also uniquely 

determines A. 
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as the quantity-value presheaf if one wants to have an abehan-group object 
for this purpose. Intuitively, if the quantity- value object is only an abelian- 
monoid object like R^ , then the 'values' can only be added, while in the case 
of an abelian-group object, they can be added and subtracted. 

9.3 Algebraic properties of the potential quantity- value 
presheaves 

As matters stand, we have several possible choices for the quantity-value 
presheaf, which is the representation for quantum theory of the symbol TZ 
of the formal language C{S) that describes our physical system. In this 
sub-section, we want to compare the algebraic properties of these various 
presheaves. In particular, we will consider the presheaves M^, fc( R- ), 
and kiMT)?^ 

Global elements. We first note that all these presheaves have global el- 
ements. For example, a global element of R- is given by an order-reversing 
function v : V(7Y) R. As remarked in the Appendix, we have Ffcf R- ) ~ 
fc(r R- ). Global elements of R^ are pairs (/i, i^) consisting of an order- 
preserving function /i : V(?i) — > R and an order-reversing function u : 
V{n) R. Finally, it is easy to show that FfcfR"") - fcfFR""). 

The real number object as a sub-object. In a presheaf topos Sets*^"^, 
the Dedekind real number object R is the constant functor from to R. 
The presheaf R is an internal field object (see e.g. [48]). 

The presheaf R- contains the constant presheaf R as a sub-object: let 
V e Ob(V(H)) and r e Ry ~ R. Then the function Cry -.iV ^ R that 
has the constant value r is an element of R^y since it is an order-reversing 
function. Moreover, the global sections of R are given by constant functions 
r : V(7i) R, and such functions are also global sections of R- . 

The presheaf R- can be seen as a sub-object of ^(R^): let V G V(7Y) 
and u G R- y, then [u, 0] G fc(R^)y. Thus the real number object R is also a 
sub-object of fc(R-). 

A real number r G Ry defines the pair {cry, Cry) consisting of two copies 
of the constant function Cry :iV — R. Since c^y is both order-preserving 
and order- reversing, (c^y. Cry) is an element of R'^ y and hence R is a sub- 

^^The presheaf IR- is isomorphic to R- and hence wiU not be considered separately. 
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object of R^ . Since is a sub-object of fc( R^ ), the latter presheaf also 
contains the real number object R clS db sub-object. 



Multiplying with real numbers and vector space structure. Let 

Cr G FR be the constant function on V(?i) with value r. The global element 
Cr of R defines locally, at each V G V(7Y), a constant function Cry : — > R. 
We want to consider if, and how, multiplication with these constant functions 
is defined in the various presheaves. We will call this 'multiplying with a real 
number'. 

Let /i G R-y. For all V ElV, we define the product 

{cr,v^I){V') := Cr,v{V')i2{V') = rfi{V'). (9.8) 

If r > 0, then r/i R is an order-reversing function again. However, 

if r < 0, then r/i is order-preserving and hence not an element of R- y. 
This shows that for the presheaf R- only multiplication by non-negative real 
numbers is well-defined. 

However, if we consider /c( R- ) then multiplication with an arbitrary real 
number is well-defined. For simplicity, we first consider r = —1, i.e., negation. 
Let [z/, k] G R^y, then, for all V eiV, 

{c.,y[u,^]){V') := c^^y{V'MV'),^{V')] (9.9) 

= -[u{V'),k{V')] (9.10) 

= [k{V'),u{V% (9.11) 

so we have 

C-iy[iy,K] = — = [k,,^]. (9.12) 

This multiplication with the real number —1 is, of course, defined in such a 
way that it fits in with the additive group structure on fc( R- ). 

It follows that multiplying an element [u, k] of A;( R- )i/ with an arbitrary 
real number r can be defined as 

^ r„ ^-1 ._ / [CryT^,CryK] = [ru^m] if r > 

Cry[v, H .- I _ [_^^^ _^^] if r < 0. ^^-^"^^ 

Remark 9.1 In this way, the group object fcfR-) in Sets^*-^-* ^ becomes a 
vector space object, with the field object R as the scalars. 

Interestingly, one can define multiplication with arbitrary real numbers 
also for R^ , although this presheaf is not a group object in Sets^(^)°^ Let 
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G R^ y, SO that /i -.IV M is an order-preserving function and 
:|V" ^ M is order- reversing. Let r be an arbitrary real number. We define 

^ (,, ,A ._ / {cryH,Cr,vu) = {r^,ru) if r > , . 

Cr-,yl/i, i^) ■ I (^^^^^^ ^^^^^^ _ ^^^^ if r < 0. ^""-'^^ 

This is well-defined since if fi is order-preserving, then — /i is order-reversing, 
and if u is order- reversing, then — z/ is order-preserving. For r = —1, we 
obtain 

C_i,y(/i, Z/) = -(/i, I^) = (-Z/, -/i). (9.15) 

But this does not mean that — (yU, z/) is an additive inverse of (/i, z/). Such 
inverses do not exist in R^ , since it is not a group object. Rather, we get 

(/i, z/) + (-(/i, z/)) = (/i, z^) + (-z^, = (/i - zy, z/ - /i). (9.16) 

If, for all V &IV, we interpret the absolute value |(/i — z/)(V)| as a measure 
of uncertainty as given by the pair (//, u) at stage V, then we see from (9.16) 
that adding (/i, i/) and (— z/, — /i) gives a pair {fi—i', i^—fi) G concentrated 
around (0,0), but with an uncertainty twice as large (for all stages V). We 
call — (/i, z^) = {—ly, — /i) the pseudo-inverse of (/i, z/) G R^ . 

More generally, we can define a second monoid structure (besides addi- 
tion) on R^ , called pseudo-subtraction and given by 

(/il, z/i) - (/i2, z/2) := (/il, z/i) + (-Z/2, -/i2) = (/ii - 1^2, ^^1 - /i2)- (9.17) 

This operation has a neutral element, namely (co,y,co,y), for all stages V G 
V(?i), which of course is also the neutral element for addition. In this sense, 
R^ is close to being a group object. Taking equivalence classes as described 
in (9.5) makes R^ into a group object, R^ / =, isomorphic to A:( R- ). 

Since multiplication with arbitrary real numbers is well-defined, the presheaf 
R^ is 'almost a vector space object' over R. 

Elements of k{W2)v are of the form [(/ii, z/i), (yU2; ^^2)]- Multiplication 
with an arbitrary real number r is defined in the following way: 

c,W(/.i,.i),(/.2,.2)]:=( [J^^^'^^^^'^^f^^^] , '''^l (9.18) 

The additive group structure on A;( R^ ) implies 

-[(/Wi, 1^1)^ (/^2, 1^2)] = [(/i2, 1^2), (/il, z^i)], (9.19) 

so the multiplication with the real number —1 fits in with the group structure. 
On the other hand, this negation is completely different from the negation on 
R"" (where -(/x, z/) = (-z/, -/z) for all (/i, u) G R^ y and all V" G Ob(V(7^))). 
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Remark 9.2 The yresheaf k( M.^ ) is a vector space object in Sets ^ ' , with 
M as the scalars. 

10 The Role of Unitary Operators 

10.1 The Daseinisation of Unitary Operators 

Unitary operators play an important role in the formulation of quantum the- 
ory, and we need to understand the analogue of this in our topos formalism. 

Unitary operators arise in the context of both 'covariance' and 'invari- 
ance'. In elementary quantum theory, the 'covariance' aspect comes the fact 
that if we have made the associations 

Physical state t— > state vector ETi 

Physical observable A h-^ self-adjoint operator A acting on Ti 

then the same physical predictions will be obtained if the following associa- 
tions are used instead 

Physical state t-^ state vector JJ G Ti (10-1) 

Physical observable A i— > self-adjoint operator UAU^^ acting on Ti 

for any unitary operator U . Thus the mathematical representatives of phys- 
ical quantities are defined only up to arbitrary transformations of the type 
above. In non-relativistic quantum theory, this leads to the canonical com- 
mutation relations; the angular-momentum commutator algebra; and the 
unitary time displacement operator. Similar considerations in relativistic 
quantum theory involve the Poincare group. 

The 'invariance' aspect of unitary operators arises when the operator 
commutes with the Hamiltonian, giving rise to conserved quantities. 

Daseinisation of unitary operators. As a side remark, we first consider 
the question if daseinisation can be applied to a unitary operator U . The 
answer is clearly 'yes', via the spectral representation: 

U = I e'^dE^ (10.2) 

where A i— E^^ is the spectral family for U . Then, in analogy with (7.15-7.16) 
we have the following: 
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Definition 10.1 The outer daseinisation, 6°{U), resp. the inner daseinisa- 
tion, S'^{U) , of a unitary operator U are defined as follows: 



5"{U)v := / e''d{SUE^)), (10.3) 
nU)v ■■= I e''d{/\6°y{El!)), (10.4) 

at each stage V . 

To interpret these entities^^ we need to introduce a new presheaf defined 
as follows. 

Definition 10.2 The outer, unitary de Groote presfieaf, U, is defined by: 

(i) On objects V G Ob(V(7i)).' Uy := Vun, the collection of unitary opera- 
tors in V . 

(a) On morphisms iy'v : V C V : The mapping V_(iv' v) '■ Hy My 
given by 

V{iv'v){a) := S"{a)v' (10.5) 
e'^d{6\E^)v') (10.6) 



/ e^'d{L{iv'v){Ex)) (10.7) 



for all a G Uy . 



Clearly, (i) there is an analogous definition of an 'inner', unitary de Groote 
presheaf; and (ii) the map V t-^ 6°{U)v defines a global element of U. 

This definition has the interesting consequence that, at each stage V, 

6°{e'^)v = e*'^°(^)^ (10.8) 

A particular example of this construction is the one-parameter family of 
unitary operators, t e**^, where H is the Hamiltonian of the system. 

Of course, in our case everything commutes. Thus suppose g Ug is a. 
representation of a Lie group G on the Hilbert space 7i. Then these operators 



^^It would be possible to 'complexify' the presheaf fc( R- ) in order to represent uni- 
tary operators as arrows from S to Cfc( IR- ). Similar remarks apply to the presheaf R^ . 
However, there is no obvious physical use for this procedure. 
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can be daseinised to give the map g ^ 6°{Ug), but generally this is not a 
representation of G (or of its Lie algebra) since, at each stage V we have 

5"{U,,)v5"{U,,)v = 5\U,,)v5°{iJg,)y (10.9) 
for all (71, G G. Clearly, there is an analogous result for inner daseinisation. 

10.2 Unitary Operators and Arrows in Sets^*^^^ . 

10.2.1 The Definition of £^ : Oh{V{H)) Oh{V{H)) 

In classical physics, the analogue of unitary operators are 'canonical trans- 
formations'; i.e., symplectic diffeomorphisms from the state space S to itself. 
This suggests that should try to associate arrows in Sets^(^)°'' with each 
unitary operator U . 

Thus we want to see if unitary operators can act on the objects in 
Sets^(^)°^ In fact, if U{n) denotes the group of all unitary operators in 
7Y, we would like to find a realisation of lAiTi) in the topos Sets^*-^^ . 

As a first step, if ?7 G UiTi) and V G Ob(V(?i)) is an abelian von 
Neumann sub-algebra of B {H) , let us define 

£^(\/) := {t/if/^i \AeV}. (10.10) 

It is clear that ^jjiV) is a unital, abelian algebra of operators, and that self- 
adjoint operators are mapped into self-adjoint operators. Furthermore, the 
map A I— > UAU~^ is continuous in the weak-operator topology, and hence, if 
{Ai}i^j is a weakly-convergent net of operators in V, then {UAiU~^}i^j is a 
weakly-convergent net of operators in i^{V), and vice versa. 

It follows that iii{V) is an abelian von Neumann algebra (i.e., it is weakly 
closed), and hence i^^ can be viewed as a map £jj : Ob(V(7Y)) Ob(V(7i)). 
We note the following: 

1. Clearly, for all f/i, f/2 G W(H), 

h,°k,=k,u. (10.11) 

Thus U (-H> is a realisation of the group U{T-t) as a group of trans- 
formations of Ob(V('H)). 

2. For all U G U{H), V and %(^) are isomorphic sub-algebras of B{H), 
and £7} =ifr-i- 
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3. 



If V C V, then, for all U e U(n), 



iuiy')^kiV)- (10.12) 

Hence, each transformation i^y preserves the partial-ordering of the 
poset category V(7i). 

From this it follows that each : Ob(V(7Y)) Ob(V(7i)) is a functor 
from the category V(7i) to itself. 

4. One consequence of the order-preserving property of is as follows. 
Let S" be a sieve of arrows on V, i.e., a collection of sub-algebras of V 
with the property that if V G S, then, for all V" C V' we have V" G S. 
Then 

i^{S) := {i^iV) \ V e S} (10.13) 
is a sieve of arrows on i(j{V).^'^ 

10.2.2 The Effect of % on Daseinisation 

We recall that if P is any projection, then the (outer) daseinisation, 6°{P)v, 
of P at stage V is ((5.9)) 

6"{P)v ■■=/\{Qe V{V) \QhP] (10.14) 

where we have resorted once more to using the propositional language VC{S). 
Thus 

U5°{P)vU^^ = u /\{Q eV{v)\Qyp}u-' 

= /\{UQU^' eV{i(j{V))\Qyp} 

= /\ [UQU^^ e v{i^{y)) I UQU~^ h uPu^^} 

= 6"{UPu~\(^v) (10.15) 

where we used the fact that the map Q ^ UQU~^ is weakly continuous. 
Thus we have the important result 

U5''{P)yU-^ = S"iUPu-')e^^v) (10.16) 

for all unitary operators U, and for all stages V. There is an analogous result 
for inner daseinisation. 

^^In the partially ordered set V{Tl), an arrow from V' to V can be identified with the 
sub-algebra V C V, since there is exactly one arrow from V to V. 
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Equation (10.16) can be applied to the de Groote presheaf O to give 

U5°{A)vU^' = 5\UAU-^),.^y^ (10.17) 

for unitary operators f/, and all stages V . 

We recall that the truth sub-object, t''^^ of the outer presheaf, O) is 
defined at each stage V by (cf (5.57)) 

j}^^ ■= {aeOyl Prob(d; 1^^)) = 1} 

= {aeOy\{ij\a\^lj) = l} (10.18) 

The neo-realist, physical interpretation of T''^^ is that the 'truth' of the propo- 
sition represented by P is 

i^(5°(P) G tI^>)^ := {V CV \ 5°{P)v' eT^}} (10.19) 
= {V CV\ {^\ 6°{P)v' 1^) = 1} (10.20) 

for all stages V. We then get 

= io{V'CV\{^\6''{P)v'\^) = l} (10.21) 

= {%(n^%(^)l(^IWy'l^) = l} (10.22) 

= {iuiV) C i^{V) I {tPl U-'U6%P)v'U~'U = 1} (10.23) 

= {iuiV) C i^{V) I (^1 U"'6%UPU^X^v)U = 1} (10.24) 

= u{6"{UPU-^) et'^^^)^_^y^^ (10.25) 

Thus we get the important result 

u{6%UPU-^) et'^'^^)^_^y^= £(j{iy{5''iP) G tI'^^)^). (10.26) 

This can be viewed as the topos analogue of the statement in (10.1) about 
the invariance of the results of quantum theory under the transformations 
\ip) I— > U A H-^ UAU~^. Of course, there is a pseudo-state analogue of all 
these expressions involving the sub-objects Vo^'^\ G H. 

10.2.3 The ?7-twisted Presheaf 

Let us return once more to the definition (10.10) of the functor ijy : V{H) 
V(TC). As we shall see later, any such functor induces a 'geometric morphism' 
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from Sets^'^^'' to Sets^'^^'' The exact definition is not needed here: it 
suffices to remark that part of this geometric morphism is an arrow i*y : 

Sets^(^)°' ^ Sets^(^)°' defined by 



[10.27) 



Note that, if Ui,U2 G U(H) then, for all presheaves F, 



Since this is true for all functors F in Sets^^^-* ^ , we deduce that 



;i0.28) 



"U2 Ui U1U2 



[10.29) 



and hence the map U 



is an (anti-)representation of the group U{7{) by 



arrows in the topos Sets^*-^^ 



Of particular interest to us are the presheaves and £^ 



). We de- 



note them by S and fefR-)*^ respectively and say that they are 'f/-twisted' 

Theorem 10.1 For each U G U{7{), there is a natural isomorphism t : S — 
as given in the following diagram 




where, at each stage V , 



(6^(A))(i) := {\,U-'AU) 



[10.30) 



for all A G Sy-, and all A G Vga- 

The proof, which just involves chasing round the diagram above using 
the basic definitions, is not included here. 

Even simpler is the following theorem: 
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Theorem 10.2 For each U G U{T-C), there is a natural isomorphism 
R- — > (R^)^ whose components Ky : R- y — > ( R- )y are given by 



4(/^)(%(n):=Mn 



(10.31^ 



for all V CV. 

Here, we recall /i G R- y is a function /i :|V^ — R such that if V2 C C ^ 
then /u(V2) > /U'(Vi), i.e., an order-reversing function. In (10.31) we have used 
the fact that there is a bijection between the sets i^oiV) and IV. 

Finally, 

Theorem 10.3 We have the following commutative diagram: 

,u 




The analogue of unitary operators for a general topos. It is inter- 
esting to reflect on the analogue of the above constructions for a general 
topos. It soon becomes clear that, once again, we encounter the antithetical 
concepts of 'internal' and 'external'. 

For example, in the discussion above, the unitary operators and the group 
U{T-C) lie outside the topos Sets^*-^-* and enter directly from the under- 
lying, standard quantum formalism. As such, they are external to both 
the languages VC{S) and C{S). We anticipate that notions of 'covariance' 
and 'symmetry' have applications well beyond those in classical physics and 
quantum physics. However, at the very least, in a general topos one would 
presumably replace the external U{T-C) with an internal group object in the 
topos concerned. And, of course, the notion of 'symmetry' is closely related 
to the concept to time, and time development, which opens up a Pandora's 
box of possible speculation. These issues are important, and await further 
development. 
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11 The Category of Systems 



11.1 Background Remarks 

We now return to the more general aspects of our theory, and study its 
apphcation to a collection of systems, each one of which may be associated 
with a different topos. For example, if 51,52 is a pair of systems, with 
associated topoi t{Si) and r(S'2), and if 5*1 is a sub-system of ^2, then we 
wish to consider how t{Si) is related to t{S2)- Similarly, if a composite 
system is formed from a pair of systems 5*1, 5*2, what relations are there 
between the topos of the composite system and the topoi of the constituent 
parts? 

Of course, in one sense, there is only one true 'system', and that is the 
universe as a whole. Concomitantly, there is just one local language, and 
one topos. However, in practice, the science community divides the universe 
conceptually into portions that are sufficiently simple to be amenable to 
theoretical and/or empirical discussion. Of course, this division is not unique, 
but it must be such that the coupling between portions is weak enough that, 
to a good approximation, their theoretical models can be studied in isolation 
from each other. Such an essentially isolated^* portion of the universe is called 
a 'sub-system'. By an abuse of language, sub-systems of the universe are 
usually called 'systems' (so that the universe as a whole is one super-system), 
and then we can talk about 'sub-systems' of these systems; or 'composites' 
of them; or sub-systems of the composite systems, and so on. 

In practice, references by physicists to systems and sub-systems^^ do not 
generally signify actual sub-systems of the real universe but rather idealisa- 
tions of possible systems. This is what a physics lecturer means when he 
or she starts a lecture by saying "Consider a point particle moving in three 
dimensions " . 

To develop these ideas further we need mathematical control over the 
systems of interest, and their interrelations. To this end, we start by focussing 
on some collection, Sys, of physical systems to which a particular theory- type 
is deemed to be applicable. For example, we could consider a collection of 
systems that are to be discussed using the methodology of classical physics; 

^*The ideal monad has no windows. 

^^The word 'sub-system' docs not only mean a collection of objects that is spatially 
localised. One could also consider sub-systems of field systems by focussing on a just 
a few modes of the fields as is done, for example, in the Robertson- Walker model for 
cosmology. Another possibility would be to use fields localised in some fixed space, or 
space-time region provided that this is consistent with the dynamics. 
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or systems to be discussed using standard quantum theory; or whatever. For 
completeness, we require that every sub-system of a system in Sys is itself a 
member of Sys, as is every composite of members of Sys. 

We shall assume that the systems in Sys are all associated with local 
languages of the type discussed earlier, and that they all have the same set 
of ground symbols which, for the purposes of the present discussion, we take 
to be just S and TZ. It follows that the languages C{S), S G Sys, differ from 
each other only in the set of function symbols -F£(5) (S, 7^) ; i.e., the set of 
physical quantities. 

As a simple example of the system-dependence of the set of function 
symbols let system Si be a point particle moving in one dimension, and 
let the set of physical quantities be F£(5j)(E,7^) = {x,p,H}. In the lan- 
guage C{Si), these function-symbols represent the position, momentum, and 
energy of the system respectively. On the other hand, if 5*2 is a parti- 
cle moving in three dimensions, then in the language £.{82) we could have 
Fc(52)(S,7^) = {x,y, z,px,Py,Pz, H} to allow for three-dimensional position 
and momentum. Or, we could decide to add angular momentum as well, to 
give the set Fc(52)(E,7^) = {x,y, z,Px,Py,Pz, J^, Jy, Jz,H}. 

11.2 The Category Sys 

11.2.1 The Arrows and Translations for the Disjoint Sum Si U 5*2. 

The use of local languages is central to our overall topos scheme, and therefore 
we need to understand, in particular, (i) the relation between the languages 
C{Si) and £{82) if 5"! is a sub-system of 5*2; and (ii) the relation between 
£(5*1), £{82) and C{Si o S2), where 6*1 05*2 denotes the composite of systems 
5*1 and S2. 

These discussions can be made more precise by regarding Sys as a cate- 
gory whose objects are the systems. ^''^ The arrows in Sys need to cover two 
basic types of relation: (i) that between 5*1 and S2 if 5*1 is a 'sub-system' of 
5*2; and (ii) that between a composite system, 5*1 o 5*2, and its constituent 
systems, 5*1 and 5*2. 

This may seem straightforward but, in fact, care is needed since although 
the idea of a 'sub-system' seems intuitively clear, it is hard to give a physically 
acceptable definition that is universal. However, some insight into this idea 
can be gained by considering its meaning in classical physics. This is very 

-"^""To control the size of Sys we assume that the collection of objects/systems is a set 
rather than a more general class. 
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relevant for the general scheme since one of our main goals is to make all 
theories 'look' like classical physics in the appropriate topos. 

To this end, let 5*1 and 5*2 be classical systems whose state spaces are 
the symplectic manifolds Si and S2 respectively. If Si is deemed to be a 
sub-system of 5*2, it is natural to require that Si is a sub-manifold of S2, 
i.e., Si C ^2. However, this condition cannot be used as a definition of a 
'sub-system' since the converse may not be true: i.e., if Si S2, this does 
not necessarily mean that, from a physical perspective. Si could, or would, 
be said to be a sub-system of 6*2.^°^ 

On the other hand, there are situations where being a sub-manifold clearly 
does imply being a physical sub-system. For example, suppose the state 
space iS of a system S' is a disconnected manifold with two components Si 
and 1S2, so that S is the disjoint union. Si US2, of the sub-manifolds Si and 
1S2. Then it seems physically appropriate to say that the system 5" itself is 
disconnected, and to write S = SiU S2 where the symplectic manifolds that 
represent the sub-systems Si and 5*2 are Si and ^2 respectively. 

One reason why it is reasonable to call Si and 5*2 'sub-systems' in this 
particular situation is that any continuous dynamical evolution of a state 
point in iS ~ 1S1U1S2 will always lie in either one component or the other. This 
suggests that perhaps, in general, a necessary condition for a sub-manifold 
Si C ^2 to represent a physical sub-system is that the dynamics of the 
system 5*2 must be such that Si is mapped into itself under the dynamical 
evolution on 1S2; in other words. Si is a dynamically-invariant sub-manifold 
of 1S2. This correlates with the idea mentioned earlier that sub-systems are 
weakly-coupled with each other. 

However, such a dynamical restriction is not something that should be 
coded into the languages, C{Si) and C{S2): rather, the dynamics is to be as- 
sociated with the representation of these languages in the appropriate topoi. 

Still, this caveat does not apply to the disjoint sum 5*1 U 5*2 of two sys- 
tems 5*1, 5*2, and we will assume that, in general, (i.e., not just in classi- 
cal physics) it is legitimate to think of Si and S2 as being sub-systems of 
Si U ^2; something that we indicate by defining arrows ii : Si ^ Si L\ S2, 
and ^2 : 'S'2 ^ 5*1 U S2 in Sys. 

To proceed further it is important to understand the connection between 
the putative arrows in the category Sys, and the 'translations' of the as- 

loippj- example, consider the diagonal sub-manifold A(5) C 5 x 5 of the symplectic 
manifold S xS that represents the composite SoS oi two copies of a system S. Evidently, 
the states in A{S) correspond to the situation in which both copies of S 'march together'. 
It is doubtful if this would be recognised physically as a sub-system. 



138 



sociated languages. The first step is to consider what can be said about 
the relation between C{Si U 52), and C{Si) and £{82). All three languages 
share the same ground-type symbols, and so what we are concerned with 
is the relation between the function symbols of signature S —> 7^ in these 
languages. 

By considering what is meant intuitively by the disjoint sum, it seems 
plausible that each physical quantity for the system 5*1 U 5*2 produces a phys- 
ical quantity for 5*1, and another one for 5*2. Conversely, specifying a pair of 
physical quantities — one for 5*1 and one for S2 — gives a physical quantity for 
5*1 U 5*2. In other words, 

i^£(5,u5,)(s,7^) ^F^(5,)(s,7^) X F^(5,)(s,7^) (ii.i) 

However, it is important not to be too dogmatic about statements of this type 
since in non-classical theories new possibilities can arise that are counter to 
intuition. 

Associated with (11.1) are the maps : Fc{SiuS2) (^) ~^ ^c(Si) (^5 T^) 
and C{i2) ■ -F£(5iuS2) ^) ~* -^£(52) > defined as the projection maps 

of the product. In the theory of local languages, these transformations are es- 
sentially translations [8] of C{Si U 5'2) in C{Si) and jC{S2) respectively; a sit- 
uation that we denote : £(51 U S2) — > 'C(5'i), and jC.{i2) : C{Si U S2) 

C{S2). 

To be more precise, these operations are translations if, taking C{ii) as 
the explanatory example, the map : Fc(^SiuS2){^^'^) ~^ -^£(5i) (S? is 
supplemented with the following map from the ground symbols of C{Si U 5*2) 
to those of C{Si): 





■■= s. 


(11.2) 


mm 


:= 7^, 


(11.3) 




:= 1, 


(11.4) 




:= n. 


(11.5) 



Such a translation map is then extended to all type symbols using the defi- 
nitions 

£(zi)(TixT2X---xT„,) = C{ii){T,)xC{zi){T2)x---xC{z,){TQl.6) 
C{t,){PT) = P[Ci^^)iT)] (11.7) 

for all finite n and all type symbols T, Ti, T2, . . . , T„. This, in turn, can be 
extended inductively to all terms in the language. Thus, in our case, the 
translations act trivially on all the type symbols. 
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Arrows in Sys are translations. Motivated by this argument we now 
turn everyttiing around and, in general, define an arrow j : 5*1 ^ 5* in 
the category Sys to mean that there is some physically meaningful way of 
transforming the physical quantities in S to physical quantities in 5*1 . If, for 
any pair of systems 5*1, S there is more than one such transformation, then 
there will be more than one arrow from 5*1 to S. 

To make this more precise, let Loc denote the collection of all (small^''^) 
local languages. This is a category whose objects are the local languages, and 
whose arrows are translations between languages. Then our basic assumption 
is that the association 5* t-^ j^{S) is a covariant functor from Sys to Loc°p, 
which we denote as C : Sys Loc°''. 

Note that the combination of a pair of arrows in Sys exists in so far as 
the associated translations can be combined. 



11.2.2 The Arrows and Translations for the Composite System 

Let us now consider the composition Si o ^2 of a pair of systems. In the case 
of classical physics, if Si and ^2 are the symplectic manifolds that represent 
the systems 5*1 and 5*2 respectively, then the manifold that represents the 
composite system is the cartesian product iSi x ^2. This is distinguished 
by the existence of the two projection functions pr^ : Si x S2 ^ Si and 
pr2 : Si X S2 S2. 

It seems reasonable to impose the same type of structure on Sys: i.e., to 
require there to be arrows pi : Si o S2 ^ Si and p2 ■ Si o S2 ^ S2 in Sys. 
However, bearing in mind the definition above, these arrows pi,p2 exist if, 
and only if, there are corresponding translations C{pi) : C{Si) C{SiO S2), 
and C{p2) '■ '^('S'2) — ^ jCi^Si o 5*2). But there are such translations: for if Ai is 
a physical quantity for system Si, then C{pi){Ai) can be defined as that same 
physical quantity, but now regarded as pertaining to the combined system 
Si o S2; and analogously for system S'2.^''^ We shall denote this translated 
quantity C{pi){Ai), by Ai o 1. 

Note that we do not postulate any simple relation between Fc{Si0S2) (^) 
and Fc(Si){'^,T^) and ^£(53) (S, 7?.) ; i.e., there is no analogue of (11.1) for 

^°^This means that the collection of symbols is a set, not a more general class. 

loSpQj. example, if A is the energy of particle 1, then we can talk about this energy in the 
combination of a pair of particles. Of course, in — for example — classical physics there is 
no reason why the energy of particle 1 should be conserved in the composite system, but 
that, dynamical, question is a different matter. 
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combinations of systems. 

The definitions above of the basic arrows suggest that we might also want 
to impose the following conditions: 

1. The arrows ii : Si ^ SiU S2, and i2 '■ S2 SiU S2 are monic in Sys. 

2. The arrows pi : 6*1 o 6*2 — 5*1 and p2 '■ Si o S2 S2 are epic arrows in 
Sys. 

However, we do not require that 5*1 U 5*2 and Si o S2 are the co-product and 
product, respectively, of Si and S2 in the category Sys. 

11.2.3 The Concept of 'Isomorphic' Systems. 

We also need to decide what it means to say that two systems Si and S2 
are isomorphic, to be denoted S*! ^ 6*2. As with the concept of sub-system, 
the notion of isomorphism is to some extent a matter of definition rather 
than obvious physical structure, albeit with the expectation that isomorphic 
systems in Sys will correspond to isomorphic local languages, and be repre- 
sented by isomorphic mathematical objects in any concrete realisation of the 
axioms: for example, by isomorphic symplectic manifolds in classical physics. 

To a considerable extent, the physical meaning of 'isomorphism' depends 
on whether one is dealing with actual physical systems, or idealisations of 
them. For example, an electron confined in a box in Cambridge is presumably 
isomorphic to one confined in the same type of box in London, although they 
are not the same physical system. On the other hand, when a lecturer says 
"Consider an electron trapped in a box....", he/she is referring to an idealised 
system. 

One could, perhaps, say that an idealised system is an equivalence class 
(under isomorphisms) of real systems, but even working only with idealisa- 
tions does not entirely remove the need for the concept of isomorphism. 

For example, in classical mechanics, consider the (idealised) system S of 
a point particle moving in a box, and let 1 denote the 'trivial system' that 
consists of just a single point with no internal or external degrees of freedom. 
Now consider the system Sol. In classical mechanics this is represented by 
the symplectic manifold S x {*}, where {*} is a single point, regarded as a 
zero-dimensional manifold. However, S x {*} is isomorphic to the manifold 
iS, and it is clear physically that the system 5*0 1 is isomorphic to the system 
S. On the other hand, one cannot say that S* o 1 is literally equal to S, so 
the concept of 'isomorphism' needs to be maintained. 
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One thing that is clear is that if 5*1 ~ 5*2 then Fc{Si) (S, TZ) ~ -^£(53) ; 
and if any other non-empty sets of function symbols are present, then they 
too must be isomorphic. 

Note that when introducing a trivial system, 1, it necessary to specify its 
local language, C{1). The set of function symbols Fc{i)(T.,Tl) is not com- 
pletely empty since, in classical physics, one does have a preferred physical 
quantity, which is just the number 1. If one asks what is meant in general by 
the 'number 1' the answer is not trivial since, in the reals M, the number 1 is 
the multiplicative identity. It would be possible to add the existence of such 
a unit to the axioms for TZ but this would involve introducing a multiplicative 
structure and we do not know if there might be physically interesting topos 
representations that do not have this feature. 

For the moment then, we will say that the trivial system has just a single 
physical quantity, which in classical physics translates to the number 1. More 
generally, for the language C{1) we specify that Fc(i){T.,TZ) := {/}, i.e., 
Fc{i) (S, TZ) has just a single element, /, say. Furthermore, we add the axiom 

: V5iVS2,/(si) = /(52), (11.8) 

where si and S2 are variables of type S. In fact, it seems natural to add such 
a trivial quantity to the language C{S) for any system S, and from now on 
we will assume that this has been done. 

A related issue is that, in classical physics, if A is a physical quantity, 
then so is rA for any r G M. This is because the set of classical quantities 
Act : So- TZa — forms a ring whose structure derives from the ring 
structure of M. It would be possible to add ring axioms for TZ to the language 
C{S), but this is too strong, not least because, as shown earher, it fails in 
quantum theory. Clearly, the general question of axioms for TZ needs more 
thought: a task for later work. 

If desired, an 'empty^ system, 0, can be added too, with Fc{o) (S, TZ) := 0. 
This, so called, 'pure language', C{0), is an initial object in the category Loc. 

11.2.4 An Axiomatic Formulation of the Category Sys 

Let us now summarise, and clarify, our list of axioms for a category Sys: 

1. The collection Sys is a small category whose objects are the systems of 
interest (or, if desired, isomorphism classes of such systems) and whose 
arrows are defined as above. 

Thus the fundamental property of an arrow j : Si ^ S in Sys is that 
it induces, and is essentially defined by, a translation £(j) : C{S) — > 
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£(5*1). Physically, this corresponds to the physical quantities for system 
S being 'pulled-back' to give physical quantities for system 5*1. 

Arrows of particular interest are those associated with 'sub-systems' 
and 'composite systems', as discussed above. 

2. The axioms for a category are satisfied because: 

(a) Physically, the ability to form composites of arrows follows from 
the concept of 'pulling-back' physical quantities. From a math- 
ematical perspective, if j : Si S2 and k : S2 S3, then the 
translations give functions C{j) : Fc(S2) (S, 7?.) — * F£(5^)(S,7^) 
and C{k) : Fc(Ss){^,Ti) ^£(52) (S, 7^) . Then clearly C{j) o 
C{k) : ^£(53) (S, 7?.) — i> Fc(Si){^,T^) , and this can thought of as 
the translation corresponding to the arrow k o j : Si ^ S3. 

The associativity of the law of arrow combination can be proved 
in a similar way. 

(b) We add by hand a special arrow id^ : S ^ S which is defined to 
correspond to the translation £(id5) that is given by the identity 
map on Fc(s){^,'J^) ■ Clearly, id^ : S ^ S acts an an identity 
morphism should. 

3. For any pair of systems Si, S2, there is a disjoint sum, denoted S'l U 5*2. 
The disjoint sum has the following properties: 

(a) For all systems Si, S2, S3 in Sys: 

{SiUS2)US3-SiU{S2US3). (11.9) 

(b) For all systems 5*1, S2 in Sys: 

SiUS2^ S2US1. (11.10) 

(c) There are arrows in Sys: 

Zi : 5*1 ^ 5*1 U ^2 and ^2 : 'S'2 ^ 5*1 U 5*2 (11.11) 

that are associated with translations in the sense discussed in Sec- 
tion 11.2.1. These are associated with the decomposition 

i^£(5lU52)(s,7^) ~F£(5,)(s,7^) xF£(5,)(s,7^). (11.12) 

We assume that if Si, S2 belong to Sys, then Sys also contains 5*1 U S'2. 
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4. For any given pair of systems 5*1, 5*2, there is a composite system in 
Sys, denoted^"^ 5*1 o ^2, with the following properties: 

(a) For all systems 5*1, 5*2, S3 in Sys: 

(5io52)o53 ^ 5i 0(^2 0^3). (11.13) 

(b) For all systems 5*1, 5*2 in Sys: 

5i 0^2 ^^2 0^1. (11.14) 

(c) There are arrows in Sys: 

Pi : Si o S2 ^ Si and p2 : Si o S2 S2 (11.15) 

that are associated with translations in the sense discussed in Sec- 
tion 11.2.2. 

We assume that if 6*1, 6*2 belong to Sys, then Sys also contains the 
composite system S'l o 5*2. 

5. It seems physically reasonable to add the axiom 

{SiUS2)oS C:^{SiOS)U{S2 0S) (11.16) 

for all systems 5*1, S2, S. However, physical intuition can be a dangerous 
thing, and so, as with most of these axioms, we are not dogmatic, and 
feel free to change them as new insights emerge. 

6. There is a trivial system, 1, such that for all systems S, we have 

Sol^ S -loS (11-17) 

7. It may be convenient to postulate an 'empty system', 0, with the prop- 
erties 

SoO ^ Oo^^O (11.18) 
SUO ^ 0U5~^ (11.19) 

for all systems S. 

Within the meaning given to arrows in Sys, is a terminal object in 
Sys. This is because the empty set of function symbols of signature 
S — 7^ is a subset of any other set of function symbols of this signature. 

^"^^Thc product operation in a monoidal category is often written '(E)'. However, a different 
symbol has been used here to avoid confusion with existing usages in physics of the tensor 
product sign '(g)'. 
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It might seem tempting to postulate that composition laws are well- 
behaved with respect to arrows. Namely, if j : Si ^ S2, then, for any 
S, there is an arrow Si o S ^ S2 o S and an arrow U S* ^ 6*2 U S}^^ 

In the case of the disjoint sum, such an arrow can be easily constructed us- 
ing (11.12). First split the function symbols in Fc{Sius) (^i T^) into Fc(Si) (S, TZ) x 
F£(5')(E,7^) and the function symbols in Fc{S2us){^,TZ) into F£(52)(S,7^) x 
(E, 7?.) . Since there is an arrow j : Si ^ S2, there is a transla- 
tion C{j) : C{S2) C{Si), given by a mapping C{j) : Fc(S2)(S,7^) 
Fc{Si){^,TZ) ■ Of course, then there is also a mapping x /^(ids') : 

F^52)(S,7^) X F£(5)(S,7^) F^5l)(S,7^) X F^(5)(E,7^), i.e., a transla- 
tion between C{S2 U 5) and £(5*1 U S). Since we assume that there is an 
arrow in Sys whenever there is a translation (in the opposite direction), 
there is indeed an arrow Si U S* — 6*2 U S*. 

In the case of the composition, however, this would require a translation 
£(5*2 o S) ^ iC^Si o S), and this cannot be done in general since we have no 
prima facie information about the set of function symbols Fc{S2<'S){^,'^) ■ 
However, if we restrict the arrows in Sys to be those associated with sub- 
systems, combination of systems, and compositions of such arrows, then it 
is easy to see that the required translations exist (the proof of this makes 
essential use of (11.16)). 

If we make this restriction of arrows, then the axioms (11.14), (11.17- 
11.20), mean that, essentially, Sys has the structure of a symmetric monoidal^^^ 
category in which the monoidal product operation is 'o', and the left and 
right unit object is 1. There is also a monoidal structure associated with the 
disjoint sum 'U', with as the unit object. 

We say 'essentially' because in order to comply with all the axioms of a 
monoidal category, Sys must satisfy certain additional, so-called, 'coherence' 
axioms. However, from a physical perspective these are very plausible state- 
ments about (i) how the unit object 1 intertwines with the o-operation; how 
the null object intertwines with the U-operation; and (iii) certain properties 
of quadruple products (and disjoint sums) of systems. 

^°^A more accurate way of capturing this idea is to say that the operation Sys x Sys 
Sys in which 

(^1,52) 0^2 (11.20) 

is a bi- functor from Sys x Sys to Sys. Ditto for the operation in which {Si ,82) 6*1 U 5*2. 

^°^In the actual definition of a monoidal category the two isomorphisms in (11.17) are 
separated from each other, whereas we have identified them. Further more, these iso- 
morphism are required to be natural. This seems a correct thing to require in our case, 
too. 
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A simple example of a category Sys. It might be helpful at this point 
to give a simple example of a category Sys. To that end, let S denote a 
point particle that moves in three dimensions, and let us suppose that 5* has 
no sub-systems other than the trivial system 1. Then 5* o 5* is defined to be 
a pair of particles moving in three dimensions, and so on. Thus the objects 
in our category are 1, S, S o S, S o S o ■ ■ ■ S . . . where the 'o' operation 
is formed any finite number of times. 

At this stage, the only arrows are those that are associated with the 
constituents of a composite system. However, we could contemplate adding 
to the systems the disjoint sum S U [S o S) which is a system that is either 
one particle or two particles (but, of course, not both at the same time). 
And, clearly, we could extend this to S L\ {S o S) L\ {S o S o S), and so on. 
Each of these disjoint sums comes with its own arrows, as explained above. 

Note that this particular category of systems has the property that it can 
be treated using either classical physics or quantum theory. 

11.3 Representations of Sys in Topoi 

We assume that all the systems in Sys are to be treated with the same theory 
type. We also assume that systems in Sys with the same language are to be 
represented in the same topos. Then we define: 

Definition 11.1 A topos realisation of Sys is an association, (p, to each 
system S in Sys, of a triple (p{S) = (p,^^^, £(S'), r^(S')) where: 

(i) T^{S) is the topos in which the theory-type applied to system S is to be 
realised. 

(a) C{S) is the local language in Loc that is associated with S. This is not 
dependent on the realisation 0. 

(Hi) P(j)^s is a representation of the local language C{S) in the topos t^{S). 
As a more descriptive piece of notation we write p^^s ■ '^{S) -w t^{S). 
The key part of this representation is the map 

P<i,,s ■ Fc{s){'^,T^) Hom^_^(5)(S0,5,7^<^,5) (11-21) 

^°^As emphasised already, the association S ^{S) is generally not one-to-one: i.e., 
many systems may share the same language. Thus, when we come discuss the represen- 
tation of the language C{S) in a topos, the extra information about the system S is used 
in fixing the representation. 
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where ^^,s one? TZ(f,,s ore the state object and quantity-value object, re- 
spectively, of the representation cf) in the topos t^{S). As a convenient 
piece of notation we write A^^s '■= P4>,s{A) for all A G Fc(s) T^) ■ 



This definition is only partial; the possibility of extending it will be discussed 
shortly. 

Now, ii j : Si ^ S is an arrow in Sys, then there is a translation 
arrow C{j) : C{S) C{Si). Thus we have the beginnings of a commutative 
diagram 



?x£(j)x? 



S ^ {P<^,s, C{S), T^{S)) (11-^^) 

However, to be useful, the arrow on the right hand side of this diagram 
should refer to some relation between (i) the topoi r^(S'i) and t^{S); and (ii) 
the realisations p,f,^Si '■ '^{Si) TipiSi) and p,^,^ : C{S) t^{S): this is the 
significance of the two '?' symbols in the arrow written '? x C{j)x7\ 

Indeed, as things stand. Definition 11.1 says nothing about relations be- 
tween the topoi representations of different systems in Sys. We are particu- 
larly interested in the situation where there are two different systems 5*1 and 
S with an arrow j : ^ S* in Sys. 

We know that the arrow j is associated with a translation C{j) : C{S) 
C{Si), and an attractive possibility, therefore, would be to seek, or postulate, 
a 'covering' map (t){C{j)) : Hom^^(5) (S<^,5, 7^0,5) Hom^^(s^) (E^,^^, 7^0,5J 
to be construed as a topos representation of the translation jC(j) : l~-{S) — >• 
£(5*1), and hence of the arrow j : Si ^ S m. Sys. 

This raises the questions of what properties these 'translation representa- 
tions' should possess in order to justify saying that they 'cover' the transla- 
tions. A minimal requirement is that ii k : S2 ^ Si and j : Si ^ S, then the 
map 4>{C{j o k)) : Hom^^(5) (^0,5, T^^,^) Hom^^(52) (S^^s^^ ^0,52) factorises 
as 

<P{C{jok))=<P{C{k))o^{C{j)). (11.23) 

We also require that 

(f){C{ids)) = id : Hom^_^(5) TZ^^s) ^ Hom^^(5) (S^^s, TZ^^s) (11.24) 
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for all systems S. 

The conditions (11.23) and (11.24) seem eminently plausible, and they 
are not particularly strong. A far more restrictive axiom would be to require 
the following diagram to commute: 



(s,7^) 



-Fc(Si)(S,7^) 



mj)) 



Hom^^(5,)(S0,5,,7^0,5l) 



:il.25) 



At first sight, this requirement seems very appealing. However, caution is 
needed when postulating 'axioms' for a theoretical structure in physics. It 
is easy to get captivated by the underlying mathematics and to assume, 
erroneously, that what is mathematically elegant is necessarily true in the 
physical theory. 

The translation (j){C{j)) maps an arrow from E0^5 to TZip^s to an arrow 
from T,tf)^Si 'Tl<j),Si- Intuitively, if T^^^Si is a 'much larger' object than T^^^s 
(although since they lie in different topoi, no direct comparison is available), 
the translation can only be 'faithful' on some part of '^^,Si that can be iden- 
tified with (the 'image' of) 5. A concrete example of this will show up in 
the treatment of composite quantum systems, see Subsection 13.3. As one 
might expect, a form of entanglement plays a role here. 



11.4 Classical Physics in This Form 
11.4.1 The Rules so Far. 

Constructing maps 0(£(j)) : Hom^^(5) (S^,5, 7^^,<^) Homr^(s^)(E^,5^,7^0,5J 
is likely to be comphcated when t^{S) and t^{Si) are different topoi, and so 
we begin with the example of classical physics, where the topos is always 
Sets. 

In general, we are interested in the relation(s) between the representations 
P<t>,Si ■ '^{Si) T^{Si) and p^^s ■ '^{S) ^4,(3) that is associated with an 
arrow j : Si ^ S in Sys. In classical physics, we only have to study the 
relation between the representations pa,Si '■ '^{Si) Sets and po-,5 : ^^iS) 
Sets. 
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Let us summarise what we have said so far (with a denoting the Sets- 
reahsation of classical physics): 

1. For any system S in Sys, a representation p^-.s : ^{S) Sets consists 
of the following ingredients. 

(a) The ground symbol S is represented by a symplectic manifold, 
S(T,5 •= Pcr,5(S), that serves as the classical state space. 

(b) For all systems 5, the ground symbol TZ is represented by the real 
numbers M, i.e., 7la,s = I^, where 7^o-,s := Pa,s(J^)- 

(c) Each function symbol A : ^ TZ in F£(5)(S,7^) is represented 
by a function A^y^s = Pa,s{^) '■ ^<t,s — > K in the set of functions^°^ 

2. The trivial system is mapped to a singleton set {*} (viewed as a zero- 
dimensional symplectic manifold): 

:={*}• (11-26) 
The empty system is represented by the empty set: 

:= 0. (11.27) 

3. Propositions about the system S are represented by (Borel) subsets of 
the state space T,„^s- 

4. The composite system 5*1 o 52 is represented by the Cartesian product 

Sa,5io52 X S,,52- (11-28) 

The disjoint sum S'iU5'2 is represented by the disjoint union Scr,Si U ^(t,S2?-^-j 

S.,s,us. -S.,s,lJS.,5.- (11-29) 

5. Let j : 5*1 — S* be an arrow in Sys. Then 

(a) There is a translation map C{j) : Fc{s){^,'JZ) — > F£(5^) (S, 7^) . 

(b) There is a symplectic function a{j) : T^^^Si ^a,s from the sym- 
plectic manifold Scr,Si to the symplectic manifold Ecr,s. 

losjj^ practice, these functions are required to be measurable with respect to the Borcl 
structures on the symplectic manifold T,^ and M. Many of the functions will also be 
smooth, but we will not go into such details here. 
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The existence of this function a{j) : So-,Si ~^ ^cr,s follows directly from 
the properties of sub-systems and composite systems in classical physics. It 
is discussed in detail below in Section (11.4.2). As we shall see, it underpins 
the classical realisation of our axioms. 

These properties of the arrows stem from the fact that the linguistic 
function symbols in Fc{s){^,Ti) are represented by real-valued functions 



in C(S<,,5,M). 
similarly p„^Si 
becomes 



Thus we can write pa,s '■ -Fc(5)(S, 7?.) C(So-^5,]R), and 



C{S) 



:s,7^) 



P<T,S 



The diagram in (11.25) now 



and, therefore, the question of interest is if there is a 'translation represen- 
tation' function a{C{i)) : C(So-,5,M) — > (^(So-^s^,]^) so that this diagram 
commutes. 

Now, as stated above, a physical quantity. A, for the system 5* is repre- 
sented in classical physics by a real- valued function A^^s = Pa,s{^) '■ ^a,s 
M. Similarly, the representation of £{j){A) for 5*1 is given by a function 
^a,Si '■= Pa,Si{^) '■ ^a,Si However, in this classical case we also have 

the function a{j) : S<j,5i — * ^a,s, and it is clear that we can use it to define 
[Pa,Simj){A)]{s) := pa,s{A){a{j){s)) for all s G In other words 

p^,s,mj){A))=p^,s{A)oaU) (11.31) 

or, in simpler notation 

{{CU){A))^^^^=A^,socrij). (11.32) 

But then it is clear that a translation-representation function a{C{j)) : 
C(So-,5,M) C(So-,Si5lR) with the desired property of making (11.30) com- 
mute can be defined by 

a(£(j))(/):=/oa(j) (11.33) 

for all / G C(So-,s,M); i.e., the function a{C{j)){f) : ^a,Si — ^ M is the usual 
pull-back of the function / : — > M by the function a{j) : So-,Si ~^ So-,s- 
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Thus, in the case of classical physics, the commutative diagram in (11.22) 
can be completed to give 



Si 



a 



{p„^Si,'C{Si),Sets) 



a{C{j)) X C{j) X id 



S ^ ^ (p.,s,^(^),Sets) (11-34) 

11.4.2 Details of the Translation Representation. 

The translation representation for a disjoint sum of classical sys- 
tems. We first consider arrows of the form 

5i ^ 5i U 52 ^ ^2 (11.35) 

from the components 5*1, 5*2 to the disjoint sum Si U 5*2. The systems 
Si, S2 and Si U 5*2 have symplectic manifolds S<j,5i, ^a,S2 ^a,SiuS2 = 
E^,Si U ^a,S2- We write i := ii. 

Let S* be a classical system. We assume that the function symbols A G 
Fc{s) T^) in the language C{S) are in bijective correspondence with an 
appropriate subset of the functions A„^s ^ C'(So-,S) Il^)-^°^ 

There is an obvious translation representation. For if A G -F£(5iu52) ' 
then since T,„^SiuS2 = ^a,Si U ^a,Si, the associated function A„^SiuS2 '■ ^a,SiuS2 
M is given by a pair of functions Ai G C(So-,5i,M) and A2 G C(So-,52) I^)j we 
write A(T,5ius'2 — (^i;^2)- It is natural to demand that the translation 
representation a{C{i)){A„^SiuS2) is Ai. Note that what is essentially being 
discussed here is the classical-physics representation of the relation (11.1). 

The canonical choice for a{i) is 

(^{i)-^a,Si ^a,SiUS2 = ^a,Sill^a,S2 (11.36) 

Si (— s> Si. (11.37) 

Then the pull-back along 

a(z)* :C(S,,5iU52,K) ^ C(S,A,M) (11-38) 
Aa,SiuS2 ^ ^a,Siu52 ° o-(0> (11.39) 

^"^^ Depending on the setting, one can assume that -^£(5) (S, 7?.) contains function symbols 
corresponding bijectively to measurable, continuous or smooth functions. 
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maps (or 'translates') the topos representative A„^SiuS2 = (^1,^2) of the 
function symbol A G Fc(^SiuS2) to ^ real-valued function A„^SiuS2 ° '^(0 

on This function is clearly equal to Ai. 

The translation in the case of a composite classical system. We 

now consider arrows in Sys of the form 

Si^ SioS2^ S2 (11.40) 

from the composite classical system 5*1 06*2 to the constituent systems Si and 
82- Here, pi signals that 5*1 is a constituent of the composite system SiO S2, 
likewise p2. The systems 5*1, S2 and 510 5*2 have symplectic manifolds 
Eo-_s2 So-,Sio52 = ^a,Si X respectively; i.e., the state space of the 

composite system Si o ^2 is the cartesian product of the state spaces of the 
components. For typographical simplicity in what follows we denote p : = pi. 

There is a canonical translation C{p) between the languages C{Si) and 
C{Si o S2) whose representation is the following. Namely, if A is in Fc(Si) (S, TZ) , 
then the corresponding function A^ Si ^ C(So-,Si)I^) is translated to a func- 
tion a{C{p)){A^^Si) e C{E^^SioS2^^) such that 

a{C{p)){A,^s,){suS2) = A^^sM) (11-41) 

for all (si,S2) E T.^,Si x ^a,S2- 

This natural translation representation is based on the fact that, for the 
symplectic manifold T.a-^SioS2 = ^o-,Si x ^o-,S2! ^ach point s G T,a-^SioS2 can be 
identified with a pair, (^1,52), of points si G Sg-g^ and S2 G S(j,52- This is 
possible since the cartesian product Sg. 5^ x is a product in the categorial 
sense and hence has projections ^ ^o-.Si x ^a,S2 ~^ So-,S2- Then the 

translation representation of functions is constructed in a straightforward 
manner. Thus, let 

o"(p) : ^a,Si X S^,52 T.^^si 

{si,S2) ^ si (11.42) 

be the canonical projection. Then, if A^r^Si ^ C(So-.Si) IR); the function 

A^^s, o a{p) G C(S,,5, X S<,,52,K) (11-43) 

is such that, for all (si, S2) G So-,Si x So-,52! 

o c^(p)(si, S2) = A,,si(si). (11.44) 
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Thus we can define 



a{C{p)){A,,s,) ■.= A,^s,oa{p). (11.45) 

Clearly, a{C{p)){Acj^Si) can be seen as the representation of the function 
symbol A o 1 G ^^(SioSa) (^^ ■ 



12 Theories of Physics in a General Topos 

12.1 The Pull-Back Operations 
12.1.1 The Pull-Back of Physical Quantities. 

Motivated by the above, let us try now to see what can be said about the 
scheme in general. Basically, what is involved is the topos representation of 
translations of languages. To be more precise, let j : Si ^ S he an arrow in 
Sys, so that there is a translation £(j) : C{S) —>■ C{Si) defined by the trans- 
lation function £(j) : Fc(s){'^,'^) -^£(51) (S, 7^) . Now suppose that the 
systems S and 5*1 are represented in the topoi t^{S) and t^{Si) respectively. 
Then, in these representations, the function symbols of signature T, ^ TZ 
in C{S) and C{Si) are represented by elements of Hom^^(5) (S^ 5, 7^,^ 5) and 
Honv^(5^) {j:^^Si,T^<t>,Si) respectively. 
Our task is to find a function 

: Hom^^(5)(S0,5,7^<^,5) ^ }iom^^^Si){'^cp,Si,'^cp,Si) (12.1) 

that can be construed as the topos representation of the translation C{j) : 
C{S) 'C{Si), and hence of the arrow j : Si ^ S in Sys. We are particularly 
interested in seeing if (j){C{j)) can be chosen so that the following diagram, 
(see (11.25)) commutes: 

^£(5)(S,7^) — ^'^'^ . Hom^^(s)(S0,g,7^0,g) 



mj)) 



However, as has been emphasised already, it is not clear that one should ex- 
pect to find a function 0(£(j)) : Hom^^(5)(S^,5,7^<^,s) ^ }iom^^(^Si){'^<i,,Si,T^<t>,Si) 
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with this property. The existence and/or properties of such a function will 
be dependent on the theory-type, and it seems unlikely that much can be 
said in general about the diagram (12.2). Nevertheless, let us see how far we 
can get in discussing the existence of such a function in general. 

Thus, if yU G HomT-^(5) (S0^5, TZ^^s) , the critical question is if there is some 
'natural' way whereby this arrow can be 'pulled-back' to give an element 
<Pmj)){f^) e Honv^(5,)(S0,5,,7^^,5J. 

The first pertinent remark is that fi is an arrow in the topos t^(>S'), whereas 
the sought-for pull-back will be an arrow in the topos t^{Si), and so we need 
a mechanism for getting from one topos to the other (this problem, of course, 
does not arise in classical physics since the topos of every representation is 
always Sets). 

The obvious way of implementing this change of topos is via some functor, 
T^{j) from T^{S) to r^(S'i). Indeed, given such a functor, an arrow /i : S^^s 
TZfjy^s in T"(^('S') is transformed to the arrow 

r<t>{3m ■■ r^{3){^<t>,s) ^ r^{3){n^,s) (12.3) 

in T^{Si). 

To convert this to an arrow from T^^^Si to TZ,p,Si, we need to supplement 
(12.3) with a pair of arrows PcpiJ) in r0(S'i) to get the diagram: 

T-0(j)(S<^,5) r^U)iJ^4>,s) 



The pull-back, (f){C{j)){fi) G B.omT-^(^Si){^^,Si,TZ^,Si) , with respect to these 
choices can then be defined as 

:= (3^ij) o r<^(j)(/i) o 0(j). (12.5) 

It follows that a key part of the construction of a topos representation, 0, of 
Sys will be to specify the functor T^p^j) from r^(5') to T^p^Si), and the arrows 
(/)(j) : E^^si r^U){^<P,s) and : T^{j){n^,s) ^^,5i in the topos 

T^{Si). These need to be defined in such a way as to be consistent with a 
chain of arrows 5*2 — ^ S-i — ^ S. 

When applied to the representative A^^s '■ ^^,s ~^ '^<P,s of a physical 
quantity A G F£(5)(S,7^), the diagram (12.4) becomes (augmented with the 
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upper half) 



A. 



The commutativity of (12.2) would then require 



7^, 



0(/:(j))(A,,5) = {C{3)A)^,s. 
or, in a more expanded notation, 



;i2.6) 



;i2.7) 



:i2.8) 



where both the left hand side and the right hand side of (12.8) are mappings 
from Fc(5)(S,7^) to Hom^^(5^) 7^0,5J. 

Note that the analogous diagram in classical physics is simply 




a{CmA^,s) 

and the commutativity/puU-back condition (12.7) becomes 

a{CmA.,s) = imAh,s, 



;i2.9) 



^12.10) 



which is satisfied by virtue of (11.33). 

It is clear from the above that the arrow 0(j) : S0,5i r<^(j)(S^5) can 
be viewed as the topos analogue of the map a{j) : Scr,5i ^a,s that arises 
in classical physics whenever there is an arrow j : Si ^ S . 

12.1.2 The Pull-Back of Propositions. 

More insight can be gained into the nature of the triple (T0(j), 0(j), /^^(j)) 
by considering the analogous operation for propositions. First, consider an 



155 



arrow j : Si ^ S in Sys in classical physics. Associated with this there is (i) 
a translation C{j) : C{S) 'C{Si); (ii) an associated translation mapping 
: F£(5')(S,7^) F£(5j) (S, 7?.) ; and (iii) a symplectic function a{j) : 

Let i^' be a (Borel) subset of the state space, So-,s; hence K represents 
a proposition about the system S. Then a{j)*{K) := a{j)~^{K) is a subset 
of Scr,5i and, as such, represents a proposition about the system Si. We 
say that a(j)*(-R') is the pull-back to So-.s^ of the ^-proposition represented 
by K. The existence of such pull-backs is part of the consistency of the 
representation of propositions in classical mechanics, and it is important to 
understand what the analogue of this is in our topos scheme. 

Consider the general case with the two systems Si, S as above. Then let 
K he a proposition, represented as a sub-object of ^0,5, with a monic arrow 
ix '■ K ^ ^0,5- The question now is if the triple {t^U), P (!>{])) can be 
used to pull K back to give a proposition in t(5'i), i.e., a sub-object of S,/,,^!? 

The first requirement is that the functor T^{i) : t^{S) — * t^{Si) should 
preserve monies. In this case, the monic arrow ik '■ K ^ '^<i>,s in 'T<t>{S) is 
transformed to the monic arrow 

r^{3)M ■■ Mm<p,s) (12.11) 

in Tip{Si)] thus T^{j){K) is a sub-object of Ttf){j)(J2^^s) in Tij>{Si). It is a 
property of a topos that the pull-back of a monic arrow is monic ; i.e., if 
M y is monic, and ii ijj : X ^ Y, then '0~^(M) is a sub-object of X. 
Therefore, in the case of interest, the monic arrow T(j,{j){iK) '■ 'T<t>{.i){.K) ^ 
T^{j){T,^^s) can be pulled back along 0(j) : T^^^Si T4){j){^^,s) (see diagram 
(12.6)) to give the monic (f){j)~^{T^{j){K)) C T^^^Si- This is a candidate for 
the pull-back of the proposition represented by the sub-object K C T,^^s- 

In conclusion, propositions can be pulled-back provided that the functor 
T^{j) : T^{S) —>■ T^{Si) preserves monies. A sufficient way of satisfying this 
requirement is for r<^(j) to be left-exact. However, this raises the question of 
"where do left-exact functors come from?" . 

12.1.3 The Idea of a Geometric Morphism. 

It transpires that there is a natural source of left-exact functors, via the 
idea of a geometrie morphism. This fundamental concept in topos theory is 
defined as follows [56]. 

Definition 12.1 A geometric morphism cj) : T ^ £ between topoi T and S 
is a pair of functors (p* : S ^ and cj)^ : ^ £ such that 
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(i) (()* -\ (j)^, i.e., (j)* is left adjoint to 0*; 
(a) (f)* is left exact, i.e., it preserves all finite limits. 

The morphism cf)* : £ ^ T is called the inverse image part of the geometric 
morphism ^p; ip^, : T ^ £ is called the direct image part. 

Geometric morphisms are very important because they are the topos 
equivalent of continuous functions. More precisely, if X and Y are topolog- 
ical spaces, then any continuous function f : X ^ Y induces a geometric 
morphism between the topoi Sh(X) and Sh(y) of sheaves on X and Y re- 
spectively. In practice, just as the arrows in the category of topological 
spaces are continuous functions, so in any category whose objects are topoi, 
the arrows are normally defined to be geometric morphisms. In our case, 
as we shall shortly see, all the examples of left-exact functors that arise in 
the quantum case do, in fact, come from geometric morphisms. For these 
reasons, from now on we will postulate that any arrows between our topoi 
arise from geometric morphisms. 

One central property of a geometric morphism is that it preserves expres- 
sions written in terms of geometric logic. This greatly enhances the attrac- 
tiveness of assuming from the outset that the internal logic of the system 
languages, C{S), is restricted to the sub-logic afforded by geometric logic. 

En passant., another key result for us is the following theorem ([56] p359): 

Theorem 12.1 If ip : C ^ V is a functor between categories C and V, then 
it induces a geometric morphism (also denoted if) 

^ : Sets^°' ^ Sets^"'' (12.12) 

for which the functor ip* : Sets'^ ^ Sets*^ ^ takes a functor F : P ^ Sets 
to the functor 

ip*{F) := Foif^P (12.13) 

from C to Sets. 

In addition, ip* has a left adjoint ip\; i.e., ipi -\ ip* . 

We will use this important theorem in several crucial places. 

12.2 The Topos Rules for Theories of Physics 

We will now present our general rules for using topos theory in the mathe- 
matical representation of physical systems and their theories. 
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Definition 12.2 The category M.{Sys) is the following: 

1. The objects o/A1(Sys) are the topoi that are to be used in representing 
the systems in Sys. 

2. The arrows from Ti to T2 are defined to be the geometric morphisms 
from T2 to Ti. Thus the inverse part, ip* , of an arrow ip* : Ti ^ T2 is a 
left- exact functor from Ti to T2- 

Definition 12.3 The rules for using topos theory are as follows: 

1. A topos realisation, 0, of Sys in y\/i(Sys) is an assignment, to each 
system S in Sys, of a triple (p^S) = {p^^s, '^{S),Ttf){S)) where: 

(a) T^{S) is the topos in 7Vl(Sys) in which the physical theory of 
system S is to be realised. 

(b) C{S) is the local language that is associated with S. This is inde- 
pendent of the realisation, 0, of Sys in Al(Sys). 

(c) P0,5 : '^{S) T(i,{S) is a representation of the local language C{S) 
in the topos Tij^^S). 

(d) In addition, for each arrow j : Si ^ S in Sys there is a triple 
(''"</)( Pif){j)) that interpolates between p^^s' : C{S) Tij){S) 
and Pfjj^Si '■ '^{Si) -w r0(5'i); for details see below. 

2. (a) The representations, p^^siX') and p^^si^^), of the ground symbols S 

and 71 in C{S) are denoted T,^^s and 7^0,5, respectively. They are 
known as the 'state object' and 'quantity- value object' in t^{S). 

(b) The representation by p^^^ of each function symbol A : H ^ TZ of 
the system S is an arrow, p^^si^) '■ ^(f>,s '^(f>,s in 'T<t>{.S)] we will 
usually denote this arrow as A^^s '■ ^0,5 T^(f>,s- 

(c) Propositions about the system S are represented by sub-objects 
of S<^^5. These will typically be of the form A'^^g{E), where H is a 
sub-object of 7^0,5.^^° 

3. Generally, there are no 'microstates' for the system S; i.e., no global 
elements (arrows 1 ^<t>,s) of the state object S^.s; or, if there are 
any, they may not be enough to determine T,^^s as an object in t^(S). 

^^"Here, A^^(S) denotes the sub-object of S^.s whose characteristic arrow is XB.oA<j>,s '■ 
riT-^(s-), where xs ■ T^4,,s ^t^(S) ^^e characteristic arrow of the sub-object S. 
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Instead, the role of a state is played by a 'truth sub-object' T of 
PS^^cj.i^i If J G Sub(E^,5) ~ r(PS^,5), the 'truth of the proposi- 
tion represented by J' is defined to be 



V 



See Section 6.2 for full information on the idea of a 'truth object'. 
Alternatively, one may use pseudo-states rather than truth objects, in 
which case the relevant truth values are of the form viyo C J). 

4. There is a 'unit object' lA^(Sys) in Al(Sys) such that if Isys denotes 
the trivial system in Sys then, for all topos realisations </>, 

^^(Isys) = lA4(Sys)- (12.15) 

Motivated by the results for quantum theory (see Section 13.2), we 
postulate that the unit object lyncsys) in 7W(Sys) is the category of 
sets: 

l7W(Sys) = Sets. (12.16) 

5. To each arrow j : S\ ^ S \vl Sys, we have the following: 

(a) There is a translation £(j) : £(5*) C.{S\). This is speci- 
fied by a map between function symbols: £(j) : F£(s)(E,7?.) — > 

i^£(so(s,7^). 

(b) With the translation /:(j) : F£(5)(S,7^) -> F£(Sl)(S,7^) there is 
associated a corresponding function 

: Hom^^(5)(S0,5,7^0,5) ^ Hom^^(Si) (S^,5,, 7^^,5,) . 

(12.17) 

These may, or may not, fit together in the commutative diagram: 
^£(5)(S,7^) — ^'^"^ ' Hom^^(g)(S0^g,7^^,g) 



',Si 



Hom^^(Si) (S^^5^, 7^^^5J 



:i2.18) 



-'^-'^^In classical physics, the truth object corresponding to a micro-state s is the collection 
of all propositions that are true in the state s. 
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(c) The function 0(£(j)) : B.omr^(^s){^4>,s,T^^,s) ^ Honv^(Si) (S^,5^, 7^, 
is built from the following ingredients. For each topos realisation 
(j), there is a triple , (f){j) , (3^{j)) where: 

(i) : T^{Si) — > T^{S) is a geometric morphism; i.e., an arrow 
in the category 7Vl(Sys) (thus u^^j)* : 7-^(5') — t^{Si) is left 
exact). 

N.B. To simplify the notation a little we will denote v,f,{j)* 
by T^{j)- This is sensible in so far as, for the most part, only 
the inverse part of 1^0 (j) will be used in our constructions. 

(ii) </)(j) : S0^5^ T^{j){T.^^s) is an arrow in the topos t^{Si). 

(iii) f3^{j) : T^{j){Tl<f,,s) 'Tl<t>,s^ is an arrow in the topos t^{Si). 
These fit together in the diagram 



A. 



0,5 



0(£(j))(A0,5) 



7^, 



0,51 



;i2.19) 



The arrows and should behave appropriately under 

composition of arrows in Sys. 

The commutativity of the diagram (12.18) is equivalent to the 
relation 

cj>{CU)){A^^s) = mj)iA)U,s, (12.20) 

for all A E Fc(^^s) (S, 7^) . As we keep emphasising, the satisfaction 
or otherwise of this relation will depend on the theory-type and, 
possibly, the representation (j). 

(d) If a proposition in t^{S) is represented by the monic arrow, K ^ 
E0 5, the 'pull-back' of this proposition to t^{Si) is defined to be 
0(j)-i(r0(j)(AO) CS0,5.. 

(a) If Si is a sub-system of S, with an associated arrow % '. S\ — ^ S 
in Sys then, in the diagram in (12.19), the arrow </)(j) : S0^5j — > 
T^{i){Jl^^s) is a monic arrow in t^{Si). 
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In other words, T^^^Si is a sub-object of rtp{j){'L^^s), which is de- 
noted 

S<^,5i Cr^(j)(S^,5). (12.21) 
We may also want to conjecture 

n^^s,^Mj){n^,s). (12.22) 

(b) Another possible conjecture is the following: if j : Si ^ S is 
an epic arrow in Sys, then, in the diagram in (12.19), the arrow 

: E^^si Mj)i^<P,s) is an epic arrow in t^{Si). 
In particular, for the epic arrow pi : S10S2 Si, the arrow 0(pi) : 
^(l>,SioS2 ~^ '''(j){'^(j),Si) is an epic arrow in the topos t^{Si o 6*2). 

One should not read Rule 2. above as implying that the choice of the 
state object and quantity-value object are unique for any given system S. 
These objects would at best be selected only up to isomorphism in the topos 
t{S). Such morphisms in the r(S')^^^ can be expected to play a key role 
in developing the topos analogue of the important idea of a symmetry, or 
covariance transformation of the theory. 

In the example of classical physics, for all systems we have t{S) = Sets 
and is a symplectic manifold, and the collection of all symplectic man- 
ifolds is a category. It would be elegant if we could assert that, in general, 
for a given theory-type the possible state objects in a given topos r form 
the objects of an internal category in r. However, to make such a statement 
would require a general theory of state-objects and, at the moment, we do 
not have such a thing. 

From a more conceptual viewpoint we note that the 'similarity' of our 
axioms to those of standard classical physics is reflected in the fact that 
(i) physical quantities are represented by arrows A^p^g : Yl^p g — > T^f^g] (ii) 
propositions are represented by sub-objects of ^^^5; and (iii) propositions 
are assigned truth values. Thus any theory satisfying these axioms 'looks' 
like classical physics, and has an associated neo-realist interpretation. 

^^^Care is needed not to confuse morphisms in the topos t{S) with morphisms in the 
category (Sys) of topoi. An arrow from the object t{S) to itself in the category (Sys) 
is a geometric morphism in the topos t{S). However, not every arrow in t{S) need arise in 
this way, and an important role can be expected to be played by arrows of this second type. 
A good example is when t{S) is the category of sets, Sets. Typically, T0(j) : Sets Sets 
is the identity, but there are many morphisms from an object O in Sets to itself: they are 
just the functions from O to O. 
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13 The General Scheme appHed to Quantum 
Theory 



13.1 Background Remarks 

We now want to study the extent to which our 'rules' apply to the topos 
representation of quantum theory. 

For a quantum system with (separable) Hilbert space 7i, the appropriate 
topos (what we earlier called t^{S)) is Sets^'-^'' the category of presheaves 
over the category (actually, partially-ordered set) V(H) of unital, abelian von 
Neumann sub-algebras of the algebra, BiH), of bounded operators on H. 

A particularly important object in Sets^'-^'' ^ is the spectral presheaf S, 
where, for each V, is defined to be the Gel'fand spectrum of the abelian 
algebra V. The sub-objects of S can be identified as the topos representations 
of propositions, just as the subsets of S represent propositions in classical 
physics. 

In Sections 8 and 9, several closely related choices for a quantity-value 
object 7^0 in Sets^^^^"'' were discussed. In order to keep the notation sim- 
pler, we concentrate here on the presheaf of real-valued, order-reversing 
functions. All results hold analogously if the presheaf (which we actually 
prefer for giving a better physical interpretation) is used.^^^ 

Hence, physical quantities A : ^ 71, which correspond to self-adjoint 
operators A, are represented by natural transformations/arrows S°{A) : S 
R- . The mapping A ^°{A) is injective. For brevity, we write S{A) := 



13.2 The Translation Representation for a Disjoint Sum 
of Quantum Systems 

Let Sys be a category whose objects are systems that can be treated using 
quantum theory. Let C{S) be the local language of a system S in Sys whose 
quantum Hilbert space is denoted Hs- We assume that to each function 
symbol, A : T, ^ 71, in C{S) there is associated a self-adjoint operator 

Since the construction of the arrows S{A) : S involves both inner and outer 

daseinisation, we would have double work with the notation, which we avoid here. 

^^^Note that this is not the same as the convention used earlier, where S{A) denoted a 
different natural transformation! 
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A e B{Hs),^^^ and that the map 

F^(5)(s,7^) ^ Bini^ (13.1) 

A ^ A (13.2) 

is injective (but not necessarily surjective, as we will see in the case of a 
disjoint sum of quantum systems). 

We consider first arrows of the form 

Si^ SiUS2^ S2 (13.3) 

from the components Si, S2 to a disjoint sum 6*1 U 6*2; for convenience we 
write i := ii. The systems 5*1, 5*2 and 5*1 U 5*2 have the Hilbert spaces Hi, 

0. 2 and Til © 7^2, respectively. 

As always, the translation C{i) goes in the opposite direction to the arrow 

1, so 

: Fc^s.us,) (S, 7^) ^ F^(5,) (S, 7^) . (13.4) 

Then our first step is find an 'operator translation' from the relevant self- 
adjoint operators in Tii © 7^2 to those in Tii, 

To do this, let A be a function symbol in Fc{SiuS2)i^^'^ ■ Section 
11.2.1, we argued that ^^(s.us^) (S, 7^) ~ Fc{s^){^,'R) x F£(52)(S,7^) (as 
in (11.1)), and hence we introduce the notation A = {Ai,A2), where Ai G 
Fc(Si){^,T^) and A2 G ^£(53) (S, 7?.) . It is then natural to assume that 
the quantisation scheme is such that the operator. A, on Hi © 7^2 can be 
decomposed as A = Ai (B A2, where the operators Ai and A2 are defined 
on Hi and 7^2 respectively, and correspond to the function symbols Ai and 
A2.^^^ Then the obvious operator translation is A 1— Ai G B{H^)sa- 

We now consider the general rules in the Definition 12.2 and see to what 
extent they apply in the example of quantum theory. 

1. As we have stated several times, the topos t^{S) associated with a 
quantum system S is 

r^(^) = Sets^(«sr. (13.5) 

Thus (i) the objects of the category 7W(Sys) are topoi of the form Sets^'^^^^-'"'', 
5" G Ob(Sys); and (ii) the arrows between two topoi are defined to be ge- 
ometric morphisms. In particular, to each arrow j : Si ^ S \n Sys there 

^^^More specifically, one could postulate that the elements of i^£(5) (S, 7?.) are associated 
with self-adjoint operators in some unital von Neumann sub-algebra of B{T-Lg). 

^^^li should be noted that our scheme does not use all the self-adjoint operators on the 
direct sum Hi® ■ only the 'block diagonal' operators of the form A = Ai (B A2 arise. 
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must correspond a geometric morphism ^'^{j) : t^{Si) ^<^('S') with asso- 
ciated left-exact functor r^(j) := t-'4>{3)* '■ T,f){S) r^(S'i). Of course, the 
existence of these functors in the quantum case has yet to be shown. 

2. The reahsation p^^s ■ '^{S) t^{S) of the language C{S) in the topos 
T^{S) is given as follows. First, we define the state object T,^s to be the 
spectral presheaf, S^^^s)^ over ViHg), the context category of B{7ig). To 
keep the notation brief, we will denote^^^ ^O^s) _ 

Furthermore, we define the quantity-value object, TZip^Si to be the presheaf 
R- "^■^ that was defined in Section 8 . Finally, we define 

A^^s := ^(i), (13.6) 

for all A e Fc(5)(S,7^). Here 5{A) : T.^^ R^^g is constructed using the 
Gel'fand transforms of the (outer) daseinisation of A, for details see later. 

3. The truth object T''^^ corresponding to a pure state {tp) was discussed 
in Section 6.3. Alternatively, we have the pseudo-state ro''^^ 

4. Let = (D be the one-dimensional Hilbert space, corresponding to 
the trivial quantum system 1. There is exactly one abelian sub-algebra of 
S((D) ~(D, namely (D itself. This leads to 

r^(lsys) = Sets^*^ ~ Sets = lA^(sys)- (13.7) 

5. Let A G F£(5^u52) (S, 7^) be a function symbol for the system 5*1 U 5*2. 
Then, as discussed above, A is of the form A = (741,^2) (compare equation 
(11.1)), which corresponds to a self-adjoint operator AiQ)A2 G -B(7Y^ ©7Y2)sa- 
The topos representation of A is the natural transformation S{{Ai, A2)) : 
gHi®H2 _^ ^Wiewa^ ^hich is defined at each stage V G Ob(V(7^^ © ^^2)) as 

5((A,A2))y:S«^®«^ ^ M^;^^®^^ 

A ^ {V ^ {X\v',S{A^®A2)v') \V' CV113.8) 

where the right hand side (13.8) denotes an order-reversing function. 
We will need the following: 

Lemma 13.1 Let Ai®A2 G B{n^®H2)si„ and let V = Vi®V2 G Ob(V(7^i © ^^2)) 
such that Vi G Ob(V(Hi)) and V2 G Ob(V(7^2)). Then 

5{Ai © A2)v = S{Ai)v, © S{A2)v2- (13.9) 

^^^Presheaves are always denoted by symbols that arc underlined. 
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Proof. Every projection Q G V is of the form Q = Qi ® Q2 for unique 
projections Qi E V{rL-^) and Q2 e V{n^). Let P E Viji.) be of the form 
p = P^Qp^ such that A E V{n^) and A G ^(^i)- The largest projection 
in V smaller than or equal to P, i.e., the inner daseinisation of P to V , is 

5\P)v = Qi®Q2, (13.10) 

where Qi E ViVi) is the largest projection in Vi smaller than or equal to Pi, 
and Q2 E V{V2) is the largest projection in V2 smaller than or equal to P2, 
so 

5%P)v = 5{P,)v,®S{p2)v,. (13.11) 

This implies 6{A © B)v = 5(^)vi © ^{B)v2, since (outer) daseinisation of a 
self-adjoint operator just means inner daseinisation of the projections in its 
spectral family, and all the projections in the spectral family of A® B are of 
the form P = A © A. ■ 

As discussed in Section 12, in order to mimic the construction that we 
have in the classical case, we need to pull back the arrow/natural transfor- 
mation 5{{Ai,A2)) : S'^i®'^2 _^ £b Wi®W2 to obtain an arrow from S^^ to 
R- ^1 . Since we decided that the translation on the level of operators sends 
Ai © A2 to Ai, we expect that this arrow from to l^^i is 5(ii). We 
will now show how this works. 

The presheaves ^^^®^^ and lie in different topoi, and in order to 
'transform' between them we need we need a (left-exact) functor from the 
topos Sets^(^i®^=^)°''to the topos Sets^^^^^"": this is the functor r^(j) : 
Tff,{S) T(/,(5'i) in (12.19). One natural place to look for such a functor 
is as the inverse-image part of a geometric morphism from Sets^'-^i^"'' to 
Sets^(^i®^2)°^ According to Theorem 12.1, one source of such a geometric 
morphism, fi, is a functor 

m:V{ni) ^V{n,®H2), (13.12) 

and the obvious choice for this is 

m{V) := V ®Gin2 (13.13) 

for all V E Ob(V(7^l)). This function from Ob(V(7^l)) to Ob(V(7^i © T^a)) 
is clearly order preserving, and hence m is a genuine functor. 

Let yU : Sets^^'^i-'"^ Sets^*-^!®^^-*"^ denote the geometric morphism 
induced by m. The inverse-image functor of fi is given by 

/i* : Sets^(«^®^^)°'' Sets^(«i)°'' (13.14) 
F ^ Pom°P. (13.15) 
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This means that, for all V G Ob(V(7ii)), we have 

(/iil -Zygj^i^^- (13.16) 

For example, for the spectral presheaf we get 

This is the functor that is denoted T^{i) : t0(S'i) t^{S) in (12.19). 

We next need to find an arrow (f){i) : that is the ana- 

logue of the arrow 0(j) : T^^^Si T<p{j){^^<i,,s) in (12.19). 

For each V, the set (/i*E^^®^^)y = ^li^l^^ contains two types of spec- 

tral elements A: the first type are those A such that (A, © l-i^^) = 0- Then, 
clearly, there is some A G such that (A, A) = (A, 0^2) = (A, i© i-Ha) 
for all A G Vsa- The second type of spectral elements A G S^fi?,^^ are such 

that (A, Ofi^ © Ifi^) = 1. In fact, there is exactly one such A, and we denote 
it by Aq. This shows that E^i?,^' ~ TJ^i' U {Aq}. Accordingly, at each stage 

V, the mapping 0(i) sends each A G to the corresponding A G S^^®^^ . 

The presheaf M^WiffiW2 jg given at each stage W G Ob(V(7^i ©7^2)) as 
the order-reversing functions u -.IW — * M, where IW denotes the set of unital, 
abelian von Neumann sub-algebras of W. Let W = V (BG1'H2- Clearly, there 
is a bijection between the sets iW C Ob(V(7^i © 7^2)) and iV C Oh{V{n)). 
We can thus identify 

(/i*l^^^®^^)v. = l^^^J^' ^ M^y' (13.18) 

for all V G Ob(V(H)). This gives an isomorphism f]^{i) : /i*M^'^i®^2 _^ 
M^'^S which corresponds to the arrow : T^(j)(7^</),5) — ^ '^</),5i in 

(12.19). 

Now consider the arrow 6{{Ai,A2)) : S^i®^^ ^ ^^^10^2, This is the 
analogue of the arrow A^i^^s '■ ^ij),s '^<t>,s in (12.19). At each stage W G 
Ob(V(7Yi ©7^2)), this arrow is given by the (outer) daseinisation 6{Ai © 
A2)w' for all W &IW. According to Lemma 13.1, we have 

(5(ii©i2)v.et;iH2 = '5(^i)^®'^(^2)ci„^ = (5(ii)y©max(sp(A2))iH2 (13-19) 

for all V (BG1-H2 £ Ob(V(7ii © 7^2))- This makes clear how the arrow 

/i*(5((Ai, A2))) : /x*S^^®^^ ^ /i*M^«i®^2 (13.20) 
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is defined. Our conjectured pull-back/translation representation is 

0(/:(^))(5((Ai,A2))) :=/3^«o/i*(5((A,A2)))o0(^) : (13.21) 

Using the definitions of 0(i) and it becomes clear that 

/3^(z) o fi*{6{{A,, A2))) o 0(z) = 6{A,). (13.22) 

Hence, the commutativity condition in (12.20) is satisfied for arrows in Sys 
of the form 2 : 5'i^2 — ^ 5*1 U 82- 

13.3 The Translation Representation for Composite Quan- 
tum Systems 

We now consider arrows in Sys of the form 

Si^ SioS2^ Si, (13.23) 

where the quantum systems Si, S2 and Si o S2 have the Hilbert spaces Hi, 
7-^2 and Hi ® H2, respectively.^^^ 

The canonical translation^^^ '^{Pi) between the languages C{Si) and C{Si o S2) 
(see Section 11.2.2) is such that if Ai is a function symbol in Fc(5^) (S, 7^) , 
then the corresponding operator Ai G B{H^)s& will be 'translated' to the 
operator Ai ® l-y^^ G B{H^ ® 7^2)- By assumption, this corresponds to the 
function symbol o 1 in Fc(SioS2) (^5 ■ 

13.3.1 Operator Entanglement and Translations. 

We should be cautious about what to expect from this translation when 
we represent a physical quantity A : 71 in F£(5^)(S,7^) by an arrow 

between presheaves, since there are no canonical projections 

Hi^Hi®H2^H2, (13.24) 

and hence no canonical projections 

S^i ^ s^i55W2 ^ ^2 (13.25) 

^^^As usual, the composite system Si o 5*2 has as its Hilbert space the tensor product of 
the Hilbert spaces of the components. 

^^^As discussed in Section 11.2.2, this translation. transforms a physical quantity 

Ai of system Si into a physical quantity ^1 o 1, which is the 'same' physical quantity but 
now seen as a part of the composite system SiO S2- The symbol 1 is the trivial physical 
quantity: it is represented by the operator l-^^. 
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from the spectral presheaf of the composite system to the spectral presheaves 
of the components. 

This is the point where a form of entanglement enters the picture. The 
spectral presheaf S^^®^^ is a presheaf over the context category V(7ii ®7i2) 
of Hi ® Ti.2- Clearly, the context category V{Hi) can be embedded into 
V{Hi ® Ti.2) by the mapping Vi Vi (^Cl-^j, and likewise V(7i2) can be 
embedded into V(Hi ® 7^2)- But not every W E Ob(V(Hi ® H2)) is of the 
form Vi 'S>V2. 

This comes from the fact that not all vectors in Tii 7^2 are of the form 
i^i ® "^2, hence not all projections in V(Hi ® 7-^2) are of the form ® P^^, 
which in turn implies that not all W G V(Hi ® 7-^2) are of the form Vi V2. 
There are more contexts, or world-views, available in V(7Yi ®7i2) than those 
coming from V(7ii) and V(7i2)- We call this 'operator entanglement'. 

The topos representative of Ai is S{Ai) : M^^^, and the repre- 

sentative of ii ® i7^2 is 6{Ai o 1) : S^i®W2 ^ ^Wi®H2^ At sub-algebras 
W e Ob(V(7ii (g) 7Y2)) which are noi of the form W = Vi®V2 for any Vi E 
Ob(V(7^ J) and V2 E Ob(V(7^2)), the daseinised operator 6{Aiw®ln2) ^ 
will not be of the form 6{Ai)vi ^ S{Ai)v2-^'^^ On the other hand, it is easy to 
see that 6{Ai (g) i^J^^^ = 5{Ai)v, ® if W = Vi (^Gln^- 

Given a physical quantity Ai, represented by the arrow 6{Ai) : 
R- \ we can (at best) expect that the translation of this arrow into an arrow 
from ^^^®^^ to R- "^^*^^^ coincides with the arrow 5(v4i o 1) on the ^image^ 
of in S''^^'^''^^. This image will be constructed below using a certain 
geometric morphism. As one might expect, the image of is a presheaf P 
on V{Hi®H2) such that Pvj^t;i^_^ ^ Sy^^ for all Vi G V(7Yi), i.e., the presheaf 

P can be identified with exactly on the image of V(Hi) in V(7ii (g 7-^2) 
under the embedding Vi Vi CSCIt^j. At these stages, the translation of 
6{Ai) will coincide with 6{AiO 1). At other stages W E V{Hi (g) 7^2), the 
translation cannot be expected to be the same natural transformation as 
6{Aol) in general. 

^^"On the other hand, in the classical case, there are canonical projections 

So-,Sl ^ S<T,SiOS2 ~* ^<T,S2 (13.26) 

because the symplectic manifold So-,SioS2 that represents the composite system is the 
cartesian product Tta-^SioS2 = ^cr,Si x S^r.Sa! which is a product in the categorial sense and 
hence comes with canonical projections. 

Currently, it is even an open question if 5{Ai^®l-}i^) = 8(^Ai)y^ ® if = T^i (g) V2 
for a non-trivial algebra V2. 
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13.3.2 A Geometrical Morphism and a Possible Translation 

The most natural approach to a translation is the following. Let W G 
Ob(V(7Y^ ®'H2))-, and define Vw G Ob(V(7Yi)) to be the largest sub-algebra 
of BiTi^ such that Vw ® ^^H2 is a sub-algebra of W . Depending on VT, Vw 
may, or may not, be the trivial sub-algebra (DIt^^. We note that if W C ly, 
then 

Vw C Vw, (13.27) 
but W' C W only implies Vw' ^ Vw- 

The trivial algebra (DIt^^ is not an object in the category ViTii). This is 
why we introduce the 'augmented context category' V(7ii)*, whose objects 
are those of V{Hi) united withClT^^, and with the obvious morphisms (CIt^j 
is a sub-algebra of all V G V{7ii)). 

Then there is a functor n : ViTi^ ®7-^2) — ^ V(7-^i)*, defined as follows. 
On objects, 

n:0h{v{ni®n2)) ohiviHi),) 

W ^ Vw, (13.28) 

and if iw'w '■ W — is an arrow in V{Hi <S) 'H2), we define n{iw'w) '■= 
ivyy,Vw (^^ arrow in V(7ii)*); if Vw' = Vw, then iy^^^Vw is the identity arrow 
idvw- 

Now let 

u : Sets^(«^®^^)°'' ^ Sets(^(«^)*)°'' (13.29) 

denote the geometric morphism induced by vr. Then the (left-exact) inverse- 
image functor 

u* : Sets(^(^^)*)°^ ^ Sets^(«i®«^)°'' (13.30) 

acts on a presheaf F_ G Sets^^'^^^^*''"'' in the following way. For all W G 
Oh{V{n^ O H2)), we have 

{iy*F)w = F^opf^w) = E.vw (13.31) 

and 

{i^*F){iw'w) = Fiiv^,v^) (13.32) 

for all arrows iw'w in the category ViH^ ® 7^2)-^^^ 

i22^g j-gjnark, although wiU not prove it here, that the inverse-image presheaf h'*F_ coin- 
cides with the direct image presheaf of F_ constructed from the geometric morphism 
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In particular, for all W G V(7Y^ ® 'H2), we have 

= S^;, (13.34) 
(z/*l^^^)iy = l^^V (13.35) 

Since Vw can be (DItt;^, we have to extend the definition of the spectral 
presheaf S'^^ and the quantity- value presheaf R- "^^ such that they become 
presheaves over V(7ii)* (and not just V(7ii)). This can be done in a straight- 
forward way: the Gel'fand spectrum S^i^ ofCl-;^^ consists of the single spec- 
tral element Ai such that (Ai, l'^^) = 1. Moreover, Cl>^j has no sub-algebras, 
so the order-reversing functions on this algebra correspond bijectively to the 
real numbers M. 

Using these equations, we see that the arrow 5{Ai) : — R- that 
corresponds to the self-adjoint operator Ai G B(H^)sa. gives rise to the arrow 

u*{6{Ai)) : z/*S^^ ^ z/*R^^\ (13.36) 

In terms of our earlier notation, the functor r,^ (pi ) : Sets^*-^^-* ^ Sets^^''^!®^^'* 
is u*, and the arrow in (13.36) is the arrow T^{j){A^^s) ■ T(i){j)i'^4>,s) ~^ 
T^{i){J^cj,,s) in (12.19) with j : Si S being replaced hy p : Si o S2 Si, 
which is the arrow in Sys whose translation representation we are trying to 
construct. 

The next arrow we need is the one denoted : T<^(j)('7^(/),s') '^<t>,Si 

in (12.19). In the present case, we define P^{p) : i^*R^^i ^ ^'Hi^H2 
follows. Let a G (;/* R- ^Om/ — R- ^^^^ be an order- reversing real- valued 
function on iVw- Then we define an order-reversing function (3(f,{p){<y) G 
M^^'^^' as follows. For all W C W, let 

[P^{p){a)]{W') ■.= a{Vw') (13.37) 

which, by virtue of (13.27), is an order-reversing function and hence a member 

ofR^^^®^^ 

We also need an arrow in Sets^^^i®^^)"^ ^^^^ ^i^H^ ^ where 

i/*E^i is defined in (13.34). This is the arrow denoted 0(j) : S^^^ — > 
r^(j)(S^,5) in (12.19). 

4> induced by the functor 

k:V(Hi) ^ V{'H^®n2) 

V ^ V®€iHo_- (13.33) 

Of course, the inverse image presheaf I3*F_ is much easier to construct. 
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The obvious choice is to restrict A G S^^®^^ to the sub-algebra Vi 



w 



(Dl7^2 — ^5 to identify Vw ®(D1-^^ ~ Vw ® l-u^ ~ Vw as von Neumann 
algebras, which gives ^ Let 



■Hi 



A ^ A|y^ (13.38) 

denote this arrow at stage W . Then 

is a natural transformation which is defined for all W G Ob(V(7i^ ® "^^2)) 
and all A G by 



/?^(p)oi.*(5(Ai))o0(p) (A) = u*{5{A)){X\y^^) (13.40) 



{V'H^(A|v",5(i)K,)|V^'^VVll3.41^ 



This is clearly an order-reversing real-valued function on the set [W of sub- 
algebras of W^, i.e., it is an element ofM^,^^®^^ We define (3^{p)oi'*(l{Ai))o 
(pip) to be the translation representation, 0(£(p))((5(Ai)) of 5{Ai) for the 
composite system. 

Note that, by construction, for each W , the arrow {P^{p) o i/*(S{Ai)) o 
(j){p))w corresponds to the self-adjoint operator 5{Ai)vy^, ® 1^12 ^ W^sa, since 



(A|v^, 6{A^)vJ = (A, 5iA,)v^ ® i^,) (13.42) 



for all A G S^^®^^ 



Comments on these results. This is about as far as we can get with the 
arrows associated with the composite of two quantum systems. The results 
above can be summarised in the equation 

<f){C{p)){6{Ai))w = kAi)v^. ® 1% (13.43) 

for all contexts W G Ob(V(7^l ® H2)). If G Ob(V(7^i ® T^a)) is of the 
form W = Vi ®(Dl7^2) i-^-, if W is in the image of the embedding of V(7Yi) 
into ViHi <S> 'H2), then Vw = Vx and the translation formula gives just what 
one expects: the arrow 5(Ai) is translated into the arrow 5(Ai o 1) at these 
stages, since 5(ii ® iwjy.^jci^^ = 5(ii)yi ® Iwa-^^^ 

^^^To be precise, both the translation (/)(£(p))((5(Ai))h', given by (13.43), and (5(Ao X)y^ 
arc mappings from S^'®^' to R^^/^'^'. Each A € ^®"^^ is mapped to an order- 
reversing function on J,W^. The mappings 0(£(p))((5(Ai))vi/ and S{Ao l)vi/ coincide at all 
W ^iW that are of the form W = (^Ci^^. 
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liW e Ob(V(?^i ® 7^2)) is not of the form W = Vi ^Cl^^, then it is 
relatively easy to show that 

6{Ai ® in,)w + ® (13.44) 

in general. Hence 

0(/:(|)))(5(iO)^^(^iol), (13.45) 

whereas, intuitively, one might have expected equality. Thus the 'commuta- 
tivity' condition (12.7) is not satisfied. 

In fact, there appears to be no operator B G -B(7Y^ ® l-i-i) such that 
(/)(£(p))(5(ii)) = 1{B). Thus the quantity, /3<^(j9)oiy*(5(ii))o(/)(p), that is our 
conjectured pull-back, is an arrow in Homg^,^^v(Hi g?^^)oD (S'^^'^'^^, R- ^i^^a) 
that is not of the form 5^052 ^'^Y physical quantity A G Fc(SioS2) (^^ ^) • 

Our current understandin^is that this translation is 'as good as possible': 
the arrow S{Ai) : ^ is translated into an arrow from S^^'^''^^ to 

^Hi®W2 ^-^^^ coincides with 6{Ai) on those part of S^^^^^^ ^^at can be 
identified with But is much larger, and it is not simply a 

product of E^^ and S^^. The context category V{Hi ® Ti.2) underlying 
^Hi®W2 jg j^yc]^ richer than a simple product of V(Hi) and V(7^2). This is 
due to a kind of operator entanglement. A translation can at best give a 
faithful picture of an arrow, but it cannot possibly 'know' about the more 
complicated contextual structure of the larger category. 

Clearly, both technical and interpretational work remain to be done. 

14 Characteristic Properties of E^, 7^^ and 

T/m 

14.1 The State Object 

A major motivation for our work is the desire to find mathematical structures 
with whose aid genuinely new types of theory can be constructed. Conse- 
quently, however fascinating the 'toposification' of quantum theory may be, 
this particular theory should not be allowed to divert us too much from the 
main goal. However, it is also important to see if any general lessons can 
be learnt from what has been done so far. This is likely to be crucial in the 
construction of new theories. 

In developing the topos version of quantum theory we have constructed 
concrete objects in the topos to function as the state object and quantity- 



172 



value object. We have also seen how each quantum vector state gives a 
precise truth object, or 'pseudo-state'. 

The challenging question now is what, if anything, can be said in general 
about these key ingredients in our scheme. Thus, ideally, we would be able 
to specify characteristic properties for S^, TZ^, and the truth objects/pseudo- 
states. A related problem is to understand if there is an object, W^, of all 
truth objects/pseudo-states, and, if so, what are its defining properties. Any 
such universal properties could be coded into the structure of the language, 
£(5), of the system, hence ensuing that they are present in all topos repre- 
sentations of S. In particular, should a symbol W be added to C{S) as the 
linguistic precursor of an object of pseudo-states? 

So far, we only know of two explicit examples of physically-relevant topos 
representations of a system language, C{S): (i) the representation of classical 
physics in Sets; and (ii) the representation of quantum physics in topoi 
of the form Sets^*-^-* . This does provide much to go on when it comes 
to speculating on characteristic properties of the key objects and 7^^. 
From this perspective, it would be helpful if there is an alternative way of 
finding the quantum objects S and in addition to the one provided by the 
approach that we have adopted. Fortunately, this has been done recently by 
Heunen and Spitters [38]; as we shall see in Section 14.1.2, this does provide 
more insight into a possible generic structure for S^. 

14.1.1 An Analogue of a Symplectic Structure or Cotangent Bun- 
dle? 

Let us start with the state object E^. In classical physics, this is a symplec- 
tic manifold; in quantum theory it is the spectral presheaf S in the topos 
Sets^*-^-* . Does this suggest any properties for in general? 

One possibility is that the state-object, S^, has some sort of 'symplec- 
tic structure'. If taken literally, this phrase suggests synthetic differential 
geometry (SDG): a theory that is based on the existence in certain topoi 
(not Sets) of genuine 'infinitesimals'. However, this seems unlikely for the 
quantum topoi Sets^*-^-* ^ and we would probably need to extend these topoi 
considerably in order to incorporate SDG. Thus when we say ". . . some sort 
of symplectic structure", the phrase 'some sort' has to be construed rather 
broadly. 

We suspect that, with this caveat, the state object S may have such a 
structure, particularly for those quantum systems that come from quantising 
a given classical system. However, at the moment this is still a conjecture. 
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We are currently studying systems whose classical state space is the cotan- 
gent bundle, T*Q, of a configuration space Q. We think that the quantum 
analogue of this space is a certain presheaf, Mq, that is associated with 
the maximal commutative sub-algebra, Mq G Ob(V(7i)), generated by the 
smooth, real-valued functions on Q. This is currently work in progress. 

But even if the quantum state-object does have a remnant 'symplectic 
structure', it is debatable if this should be axiomatised in general. Symplec- 
tic structures arise in classical physics because the underlying equations of 
motion are second-order in the 'configuration' variables q, and hence first- 
order in the pair {q,p), where p are the 'momentum variables'. 

However if, say, Newton's equations of gravity had been third-order in q, 
this would lead to triples {q,p,a) (a are 'acceleration' variables) and sym- 
plectic structure would not be appropriate. 

14.1.2 as a Spectral Object: the Work of Heunen and Spitters 

Another way of understanding the state object is suggested by the recent 
work of Heunen and Spitters [38]. They start with a non- commutative C*- 
algebra. A, of observables in some 'ambient topos', © — in our case, this is 
Sets — and then proceed with the following steps: 

1. Construct the poset category^^^ V(^) of commutative sub-algebras of 
A. 

2. Construct the topos, ©^^-^^ of covariant functors (i.e., co-presheaves) 
on the category/poset V(^). 

3. Construct the 'tautological' co-presheaf A in which AiV) := y for 
each commutative sub-algebra, V, of A. Then if iviV2 '■ Vi ^2, the 
associated arrow A{iviV2) '■ -^(^i) ~^ A{V2) is just the inclusion map of 
AiVi) in A{V2). 

4. They show that A has the structure of a commutative (pre^^^) C*- 
algebra inside the topos 

^^^This notation has been chosen to suggest more clearly the analogues with our topos 
constructions that use the base category V(7i). It is not that used by Heunen and Spitters. 

^^^They afhrm that the operation A ^-^ defines a functor from the category of 

C*-algebras in 6 to the category of elementary topoi and geometric morphisms. 

^^^The 'pre' refers to the fact that the algebra is defined using only the co-presheaf. Q. 
of complexified rationals. This co-presheaf is constructed from the natural-number object. 
N, only. This restriction is necessary because it is not possible to define the norm of a 
C*-algebra in purely constructive terms. 
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5. Using a recent, very important, result of Banacheswski and Mulvey [7], 
Heunen and Spitters show that the spectrum, S, of the commutative 
algebra A can be computed internally, and that it has the structure of 
an internal locale in 

6. They then show that, in the case of quantum theory, E is essentially 
our spectral object, E, but viewed as a co-presheaf of locales, rather 
than clS Sb presheaf of topological spaces. 

Thus Heunen and Spitters differ from us in that (i) they work in a gen- 
eral ambient topos &, whereas we use Sets; (ii) they use C*-algebras rather 
than von Neumann algebras^^^; and (iii) they use covariant rather than con- 
travariant functors. 

The fact that they recover what is (essentially) our spectral presheaf is 
striking. Amongst other things, it suggests a possible axiomatisation of the 
state object, E,^. Namely, we could require that in any topos representation, 
0, the state object is (i) the spectrum of some internal, commutative (pre) 
C*-algebra; and (ii) the spectrum has the structure of an internal locale in 
the topos T^. 

It is not currently clear whether or not it makes physical sense to always 
require E^ to be the spectrum of an internal algebra. However, even in 
the contrary case it still makes sense to explore the possibility that E,^ has 
the 'topological' property of being an internal locale. This opens up many 
possibilities, including that of constructing the (internal) topos, Sh(E0), of 
sheaves over E^. 

14.1.3 Using Boolean Algebras as the Base Category 

As remarked earlier, there are several possible choices for the base category 
over which the set-valued functors are defined. Most of our work has been 
based on the category, V(?i), of commutative von Neumann sub-algebras 
of BiH). As indicated above, the Heunen-Spitters constructions use the 
category of commutative C*-algebras. More abstractly, one can start with 
any /liy*-algebra or C*-algebra. 

However, as discussed briefly in Section 5.5.3, another possible choice is 
the category, BliH), of all Boolean sub-algebras of the lattice of projection 

^^^One problem with C*-algebras is that they very often do not contain enough projec- 
tors; and, of course, these are the entities that represent propositions. This obhges Heunen 
and Spitters to move from a C*-algebra to a A W^*- algebra, which is just an abstract version 
of a von Neumann algebra. 
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operators on Ti. The ensuing topos, Sets ^ ' , or Sets ' % is interesting 
in its own right, but particularly so when combined with the ideas of Heunen 
and Spitters. As applied to the category BliH), their work suggests that we 
first construct the tautological co-presheaf Bl{l-L) which associates to each 
B G Ob(i31(7Y)), the Boolean algebra B. Viewed internally in the topos 
Sets^"-^-*, this co-presheaf is a Boolean-algebra object. We conjecture that 
the spectrum of BliTi) can be obtained in a constructive way using the 
internal logic of Sets^'^^^. If so, it seems clear that, after using the locale 
trick of [38], this spectrum will essentially be the same as our dual presheaf 
D. 

Thus, in this approach, the state object is the spectrum of an internal 
Boolean-algebra, and daseinisation maps the projection operators in Ti. into 
elements of this algebra. This reinforces still further our claim that quantum 
theory looks like classical physics in an appropriate topos. This raises some 
fascinating possibilities. For example, we make the following: 



Conjecture: The subject of quantum computation is 
equivalent to the study of 'classical' computation in the 
quantum topos Sets^(«)°^ 



14.1.4 Application to Other Branches of Algebra 

It is clear that the scheme discussed above could fruitfully be extended to 
various branches of algebra. Thus, if 21 is any algebraic structure^^*^, we can 
consider the category V(2l) whose objects are the commutative sub-algebras 
of 21, and whose arrows are algebra embeddings (or, slightly more generally, 
monomorphisms) . One can then consider the topos, Sets^*^^-* , of all set- 
valued, contravariant functors on V(2l); alternatively, one might look at the 
topos, Sets^''^\ of covariant functors. 

For this structure to be mathematically interesting it is necessary that the 
abelian sub-objects of 21 have a well-defined spectral structure. For example, 
let 21 be any locally-compact topological group. Then the spectrum of any 
commutative (locally-compact) subgroup A is just the Pontryagin dual oi A, 
which is itself a locally-compact, commutative group. The spectral presheaf 
of 21 can then be defined as the object, S^, in Sets^^^-* that is constructed 
in the obvious way (i.e., analogous to the way in which S was constructed) 
from this collection of Pontryagin duals. 

i28^g g^j-g assuming that the ambient topos is Sets, but other choices could be considered. 
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We conjecture that a careful analysis would show that, for at least some 
structures of this type: 

1. There is a 'tautological' object, 21, in the topos Sets^^^-* that is asso- 
ciated with the category V(2t). 

2. Viewed internally, this tautological object is a commutative algebra. 

3. This object has a spectrum that can be constructed internally, and is 
essentially the spectral presheaf, Sgi, of 21. 

It seems clear that, in general, the spectral presheaf, S21, is a potential 
candidate as the basis for non-commutative spectral theory. 

14.1.5 The Partial Existence of Points of 

One of the many intriguing features of topos theory is that it makes sense 
to talk about entities that only 'partially exist'. One can only speculate on 
what would have been Heidegger's reaction had he been told that the answer 
to "What is a thing?" is "Something that partially exists" . However, in the 
realm of topos theory the notion of 'partial existence' lies easily with the 
concept of propositions that are only 'partly true'. 

A particularly interesting example is the existence, or otherwise, of 'points' 
(i.e., global elements) of the state object S^. If has no global elements 
(as is the case for the quantum spectral presheaf, S) it may still have 'partial 
elements'. A partial element is defined to be an arrow ^ : f/ — where 
the object U in the topos is a sub-object of the terminal object 1^-^. Thus 
there is a monic U Ir^ with the property that the arrow ^ : t/ — > 
cannot be extended to an arrow 1^-^ — >• S<^. Studying the obstruction to such 
extensions could be another route to finding a cohomological expression of 
the Kochen-Specker theorem. 

Pedagogically, it is attractive to say that the non-existence of a global 
element of E is analogous to the non-existence of a cross-section of the fa- 
miliar 'double- circle', helical covering of a single circle, S^. This principal 
Z2-bundle over is non-trivial, and hence has no cross-sections. 

However, local cross-sections do exist, these being defined as sections of 
the bundle restricted to any open subset of the base space S^. In fact, this 
bundle is locally trivial; i.e., each point s E has a neighbourhood Ug such 
that the restriction of the bundle to Us is trivial, and hence sections of the 
bundle restricted to Us exist. 



177 



There is an analogue of local triviality in the topos quantum theory where 
= Sets^(^)°^ Thus, let V be any object in V{n) and define [V := {Vi E 
Ob(V(7i)) I Vi C V"}. Then IV is like a 'neighbourhood' of V] indeed, that 
is precisely what it is if the poset Ob(V(7i)) is equipped with the topology 
generated by the lower sets. Furthermore, given any presheaf F_ in r^, the 
restriction, F^IV, to V, can be defined as in Section 6.5. It is easy to see 
that, for all stages V, the presheaf FIV does have global elements. In this 
sense, every presheaf in Sets^*-^-* ^ is 'locally trivial'. Furthermore, to each 
V there is associated a sub-object f/^ of 1 such that each global element of 
F^iV corresponds to a partial element of F. 

Thus, for the topos Sets^*^^^ ^ , there is a precise sense in which the spec- 
tral presheaf has 'local elements', or 'points that partially exist'. However, 
it is not clear to what extent such an assertion can, or should, be made for 
a general topos r^. Certainly, for any presheaf topos. Sets'" ^ , one can talk 
about 'localising' with respect to the objects in the base category C, but the 
situation for a more general topos is less clear. 

14.1.6 The Work of Corbett et al 

Another interesting question is whether these different ways of seeing the 
state-object relate at all to the work of Corbett and his collaborators [3, 16]. 

For some time Corbett has been studying what he calls 'quantum' real 
numbers, or 'qr-numbers', as another way of a obtaining a 'realist' interpre- 
tation of quantum theory. The first step is to take the space of states, Ss, 
of a quantum system (where a state is viewed as a positive linear functional 
on an appropriate C*-algebra, A) and equip it with the weakest topology 
such that the functions A i— >■ tY{Ap) are continuous for all states p e £s- 
Then a 'qr-number' is defined as a global element of the sheaf of germs of 
continuous real-valued functions on Ss- Put another way, a qr-number is 
a (Dedekind) real number in the topos, Sh(£^5'), of sheaves over Ss- The 
fundamental physical postulate is then: 

1. The 'numerical values' of a physical quantity. A, are given by the qr- 
numbers aqiU) := ti{Ap)p(zu where U is an open subset of £s- 

2. Every physical quantity has a qr-number value at all times. 

3. Every physical quantity has an open subset of £$ associated with it 
at all times. This is the extent to which the quantity can be said to 
'exist'. 
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Evidently this theory also is 'contextual', with the contexts now being iden- 
tified with the open sets of 

There seems a possible link between these ideas and the work of Heunen 
and Spitter. The latter construct the (internal in the topos Sets^*-^^) topos, 
Sh(S), of sheaves over the locale S and then show that each bounded self- 
adjoint operator in Ti is represented by an analogue of an 'interval domain^^^' 
in this topos. This is their analogue of our non-commutative spectral theory 
in which A is represented by an arrow 5° {A) : S (or an arrow from S 

to R^ , if one prefers that choice of quantity- value object). 

It would be interesting to see if there is any relation between the real 
numbers in the Corbett presheaf, Sh(£^5') and the interval domains in the 
Heunen- Spitter s presheaf Sh(S). Roughly speaking, we can say that Corbett 
et al assign exact values to physical quantities by making the state 'fuzzy', 
whereas we (and Heunen & Spitter) keep the state sharp, but ascribe 'fuzzy' 
values to physical quantities. Clearly, there are some interesting questions 
here for further research. 



14.2 The Quantity- Value Object 7^0 

Let us turn now to the quantity-value object 71^. This plays a key role in 
the representation of any physical quantity. A, by an arrow A^p : T,^ ^ 71^. 
In so far as a 'thing' is a bundle of properties, these properties refer to 
values of physical quantities, and so the nature of these 'values' is of central 
importance. 

We anticipate that T?,^ has many global elements 1^-^ — > T?.,^, and these 
can be interpreted as the possible 'values' for physical quantities. If also 
has global elements/mi crostates s : 1^-^ — > S^, then these combine with any 
arrow A^ : T,^ ^ IZ^ to give global elements of TZ^. It seems reasonable 
to refer to the element, A^ o s : Ir^ TZ<j) as the 'value' of A when the 
microstate is s. However, our expectation is that, in general, may well 
have no global elements, in which case the interpretation of A^ : 12^ TZ^ 
in terms of values is somewhat subtler. This has to be done internally using 
the language C{t^) associated with the topos r^: the overall logical structure 
is a nice example of a 'coherence' theory of truth [30]. 

As far as axiomatic properties of T?-,^ are concerned, the minimal require- 
ment is presumably that it should have some ordering property that arises in 
all topos representations of the system 5*. This universal property could be 
coded into the internal language, C{S), of 5*. This implements our intuitive 

i29rpj^jg is rather like a Dedekind real number except that the overlap axiom is missing. 
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feeling that, in so far as the concept of 'value' has any meaning, it must be 
possible to say that the value of one quantity is 'larger' (or 'smaller') than 
that of another. It seems reasonable to expect this relation to be transitive, 
but that is about all. In particular, we see no reason to suppose that this 
relation will always correspond to a total ordering: perhaps there are pairs of 
physical quantities whose 'values' simply cannot be compared at all. Thus, 
tentatively, we can augment C{S) with the axioms for a poset structure on 

Beyond this simple ordering property, it becomes less clear what to as- 
sume about the quantity- value object. The example of quantum theory shows 
that it is wrong to automatically equate TZ^ with the real-number object M.^ 
in the topos t^. Indeed, we believe that is almost always the case. 

However, this makes it harder to know what to assume of TZ^. The quan- 
tum case shows that T?.^ may have considerably fewer algebraic properties 
than the real-number object M^. On a more 'topological' front it is attrac- 
tive to assume that TZfp is an internal locale in the topos t^. However, one 
should be cautious when conjecturing about TZtp since our discussion of var- 
ious possible quantity- value objects in quantum theory depended closely on 
the specific details of the spectral structure in this topos. 

A more general perspective is given by the work of Heunen and Spitters 
[38]. We recall that their starting point is a (non-commutative) C*-algebra, 
A in an ambient topos &. Then they construct the topos of co-presheaves, 
e^^^\ and show that A is an internal, pre C*-algebra in this topos. Finally, 
they construct the spectrum, E, of A and show that it is an internal locale. 

Having shown that S has the structure of a locale, it is rather natural to 
consider the (internal) topos of sheaves, Sh(S), over S, and then construct 
the 'interval-domain' object in this topos^^°. In the case of quantum theory, 
they show that this is related to what we have called M^. 

This approach might be a useful tool when looking for ways of axioma- 
tising TZ^. Thus, if in any topos representation 0, we assume that the state 
object is an internal local in r^, we can construct the internal topos Sh(S(^) 
and consider its interval-domain number object. It remains to be seen if this 
has any generic use in practice. 

^•^"if X is any topological space it is well-known that the real numbers in the topos Sh(X) 
are in one-to-one correspondence with elements of the space, C'{X, R), of continuous, real- 
valued functions on X 
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14.3 The Truth Objects T, or Pseudo-State Object 



The truth objects in a topos representation are certain sub-objects of PS,^. 
Their construction will be very theory-dependent, as are the pseudo-states, 
and the pseudo-state object, W<^, if there is one. Each proposition about 
the physical system is represented by a sub-object J C S,^, and given a 
truth-object T C PS<^, the generalised truth value of the proposition is 
I J e T] G TVL^] in terms of pseudo-states, tr, the generalised truth values 
are of the form [iD C J] G Ffi^. 

The key properties of the quantum truth objects, t''^^ (or pseudo-states 
Vo}'^'') can easily be emulated if one is dealing with a more general base 
category, C, so that the topos concerned is Sets'" ^ . However, it is not clear 
what, if anything, can be said about the structure of truth objects/pseudo- 
states in a more generic topos representation. 

An attractive possibility is that there is a general analogue of (6.54) in 
the form 

tt) 



PS. 



(14.1) 



and that obstructions to the existence of global elements of the state-object 
can be studied with the aid of this diagram. If there is a pseudo-state 
object then this could be a natural replacement for PS^ in this diagram. 



15 Conclusion 

In this long article we have developed the idea that, for any given theory- 
type (classical physics, quantum physics, Dl-physics,. . . ) the theory of a 
particular physical system, 5, is to be constructed in the framework of a 
certain, system-dependent, topos. The central idea is that a local language, 
C{S), is attached to each system 5, and that the application of a given 
theory-type to S is equivalent to finding a representation, 0, of C{S) in 
a topos Tfj){S)] this is equivalent to finding a translation of C{S) into the 
internal language associated with r0(S'); or a functor to t^{S) from the topos 
associated with C{S). 

Physical quantities are represented by arrows in the topos from the state 
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object Ti^^s to the quantity- value object T^,/,,^, and propositions are repre- 
sented by sub-objects of the state object. The idea of a 'truth sub-object' 
of P^4,,s (or a 'pseudo-state' sub-object of ^0,5) then leads to a neo-realist 
interpretation of propositions in which each proposition is assigned a truth 
value that is a global element of the sub-object classifier Vt^-^^^s)- In general, 
neo-realist statements about the world/system S are to be expressed in the 
internal language of the topos t^{S). Underlying this is the intuitionistic, 
deductive logic provided by the local language C-{S). 

These axioms are based on ideas from the topos representation of quan- 
tum theory, which we have discussed in depth. Here, the topos involved is 
Sets^*-^-* ^ : the topos of presheaves over the base category ViTi) of com- 
mutative, von Neumann sub-algebras of the algebra, BiTi), of all bounded 
operators on the quantum Hilbert space, Ti. Each such sub-algebra can 
be viewed as a context in which the theory can be viewed from a classi- 
cal perspective. Thus a context can be described as a 'classical snap-shot', 
or 'window on reality', or 'world-view'/weltanschauung. Mathematically, a 
context is a 'stage of truth': a concept that goes back to Kripke's use of a 
presheaf topos as a model of his intuitionistic view of time and process. 

We have shown how the process of 'daseinisation' maps projection oper- 
ators (and hence equivalent classes of propositions) into sub-objects of the 
state-object E. We have also shown how this can be extended to an arbitrary, 
bounded self-adjoint operator, A. This produces an arrow A-.T^^TZ where 
the minimal choice for the quantity- value object, TZ, is the object M^. We 
have also argued that, from a physical perspective, it is more attractive to 
choose as the quantity-value presheaf. The significance of these results 
is enhanced considerably by the alternative, Heunen & Spitters derivation of 
S as the spectrum of an internal, commutative algebra. These, and related, 
results all encourage the idea that quantum theory can be viewed as classical 
theory but in a topos other than the topos of sets. Sets. 

Every classical system uses the same topos. Sets. However, in general, 
the topos will be system dependent as, for example, is the case with the 
quantum topoi of the form Sets^*^^^ where Ti is the Hilbert space of the 
system. This leads to the problem of understanding how the topoi for a class 
of systems behave under the action of taking a sub-system, or combining 
a pair of systems to give a single composite system. We have presented a 
set of axioms that capture the general ideas we are trying to develop. Of 
course, these axioms are not cast in stone, and are still partly 'experimental' 
in nature. However, we have shown that classical physics exactly fits our sug- 
gested scheme, and that quantum physics 'almost' does: 'almost' because of 
the issues concerning the translation representation of the arrows associated 
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with compositions of systems that were discussed in Section 13.3. 

An important challenge for future work is to show that our general topos 
scheme can be used to develop genuinely new theories of physics, not just to 
rewrite old ones in a new language. Of particular interest is the problem with 
which we motivated the scheme in the first place: namely, to find tools for 
constructing theories that go beyond quantum theory and which do not use 
Hilbert spaces, path integrals, or any of the other familiar entities in which 
the continuum real and/or complex numbers play a fundamental role. 

As we have discussed, the topoi for quantum systems are of the form 
Sets^^^-* , and hence embody contextual logic in a fundamental way. One 
way of going 'beyond' quantum theory, while escaping the a priori imposition 
of continuum concepts, is to use presheaves over a more general 'category of 
contexts', C, i.e., develop the theory in the topos Sets'^ ^ . Such a structure 
embodies contextual, multi- valued logic in an intrinsic way, and in that sense 
might be said to encapsulate one of the fundamental insights of quantum 
theory. However, and unlike in quantum theory, there is no obligation to use 
the real or complex numbers in the construction of the category C. 

Indeed, early on in this work we noted that real numbers arise in theories 
of physics in three different (but related) ways: (i) as the values of physi- 
cal quantities; (ii) as the values of probabilities; and (iii) as a fundamental 
ingredient in models of space and time. The first of these is now subsumed 
into the quantity-value object TZ^, and which now has no a priori relation 
to the real number object in t^. The second source of real numbers has gone 
completely since we no longer have probabilities of propositions but rather 
generalised truth values whose values lie in TQ^^. The third source is also 
no long binding since models of space and time in a topos could depend on 
many things: for example, infinitesimals. 

Of course, although true, these remarks do not of themselves give a con- 
crete example of a theory that is 'beyond quantum theory'. On the other 
hand, these ideas certainly point in a novel direction, and one at which, 
almost certainly, we would not have arrived if the challenge to 'go beyond 
quantum theory' had been construed only in terms of trying to generalise 
Hilbert spaces, path integrals, and the like. 

From a more general perspective, other types of topoi are possible realms 
for the construction of physical theories. One simple, but mathematically rich 
example arises from the theory of M-sets. Here, M is a monoid and, like all 
monoids, can be viewed as a category with a single object, and whose arrows 
are the elements of M. Thought of as a category, a monoid is 'complementary' 
to a partially-ordered set. In a monoid, there is only one object, but plenty of 
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arrows from that object to itself; whereas in a partially-ordered set there are 
plenty of objects, but at most one arrow between any pair of objects. Thus a 
partially-ordered set is the most economical category with which to capture 
the concept of 'contextual logic'. On the other hand, the logic associated 
with a monoid is non-contextual as there is only one object in the category. 

It is easy to see that a functor from M to Sets is just an 'M-set': i.e., a 
set on which M acts as a monoid of transformations. An arrow between two 
such M-sets is an equivariant map between them. In physicists' language, 
one would say that the topos Sets^ — usually denoted BM — is the category 
of the 'non-linear realisations' of M . 

The sub-object classifier, Qbm, in BM is the collection of left ideals in M; 
hence, many of the important constructions in the topos can be handled using 
the language of algebra. The topos BM is one of the simplest to define and 
work with and, for that reason, it is a popular source of examples in texts on 
topos theory. It would be intriguing to experiment with constructing model 
theories of physics using one of these simple topoi. One possible use of M- 
sets is discussed in [43] in the context of reduction of the state vector, but 
there will surely be others. 

Is there 'un gros topos' ? It is clear that there are many other topics for 
future research. A question that is of particular interest is if there is a single 
topos within which all systems of a given theory-type can be discussed. For 
example, in the case of quantum theory the relevant topoi are of the form 
Sets^(^)°', where H is a Hilbert space, and the question is whether all such 
topoi can be gathered together to form a single topos (what Grothendieck 
termed 'un gros topos') within which all quantum systems can be discussed. 

There are well-known examples of such constructions in the mathematical 
literature. For example, the category, Sh(X), of sheaves on a topological 
space X is a topos, and there are collections T of topological spaces which 
form a Grothendieck site, so that the topos Sh(T) can be constructed. A 
particular object in Sh(T) will then be a sheaf over T whose stalk over any 
object X in T will be the topos Sh(X). 

For our purposes, the ideal situation would be if the various categories 
of systems, Sys, can be chosen in such a way that 7Vl(Sys) is a site. Then 
the topos of sheaves, Sh(7Vl(Sys)), over this site would provide a common 
topos in which all systems of this theory type — i.e., the objects of Sys — can 
be discussed. We do not know if this is possible, and it is a natural subject 
for future study. 
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Some more speculative lines of future research. At a conceptual level, 
one motivating desire for the entire research programme was to find a for- 
malism that would always give some sort of 'realist' interpretation, even in 
the case of quantum theory which is normally presented in an instrumental- 
ist way. But this particular example raises an interesting point because the 
neo-realist interpretation takes place in the topos Sets^^^-* , whereas the 
instrumentalist interpretation works in the familiar topos Sets of sets, and 
one might wonder how universal is the use of a pair of topoi in this way. 

Another, related, issue concerns the representation of the P£(S')-propositions 
of the form "Ae A" discussed in Section 5. This serves as a bridge between 
the 'external' world of a background spatial structure, and the internal world 
of the topos. This link is not present with the C{S) language whose proposi- 
tions are purely internal terms of type Q of the form 'A(s) G A'. In a topos 
representation, 0, of C{S), these become propositions of the form 'A G S', 
where S is a sub-object of TZ^. 

In general, if we have an example of our axioms working neo-realistically 
in a topos r, one might wonder if there is an 'instrumentalist' interpretation 
of the same theory in a different topos, Xj, say? Of course, the word 'in- 
strumentalism' is used metaphorically here, and any serious consideration of 
such a pair (r, Tj) would require a lot of very careful thought. 

However, if a pair (r, Tj) does exist, the question then arises of whether 
there is a categorial way of linking the neo-realist and instrumentalist inter- 
pretations: for example, via a functor I : t —>■ Ti. If so, is this related to 
some analogue of the daseinisation operation that produced the representa- 
tion of the P£(5')-propositions, "AeA" in quantum theory? Care is needed 
in discussing such issues since informal set theory is used as a meta-language 
in constructing a topos, and one has to be careful not to confuse this with 
the existence, or otherwise, of an 'instrumentalist' interpretation of any given 
representation. 

If such a functor, / : r ^ Tj, did exist then one could speculate on the 
possibility of finding an 'interpolating chain' of functors 

r ^ ^ > r'' ^ n (15.1) 

which could be interpreted conceptually as corresponding to an interpolation 
between the philosophical views of realism and instrumentalism! 

Even more speculatively one might wonder if "one person's realism is 
another person's instrumentalism". More precisely, given a pair (r, Tj) in the 
sense above, could there be cases in which the topos r carries a neo-realist 
interpretation of a theory with respect to an instrumentalist interpretation in 
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Tj, whilst being the carrier of an instrumentahst interpretation with respect 
to the neo-reahsm of a 'higher' topos; and so on? For example, is there 
some theory whose 'instrumentalist manifestation' takes place in the topos 

On the other hand, one might want to say that 'instrumentalist' interpre- 
tations always take place in the world of classical set theory, so that should 
always be chosen to be Sets. In any event, it would be interesting to study 
the quantum case more closely to see if there are any categorial relations be- 
tween the formulation in Sets^^''^^ and the instrumentalism interpretation 
in Sets. It can be anticipated that the action of daseinisation will play an 
important role here. 

All this is, perhaps^'^^, rather speculative but there is a more obvious 
situation in which a double-topos structure will be necessary, irrespective of 
philosophical musings on instrumentalism. This is if one wants to discuss 
the 'classical limit' of some topos theory. In this case this limit will exist in 
the topos. Sets, and this must be used in addition to the topos of the basic 
theory. A good example of this, of course, is the topos of quantum theory 
discussed in this article. If, pace Landsmann, one thinks of 'quantisation' 
as a functor from Sets to Sets^*-^-* ^, then the classical limit will perhaps 
involve a functor going in the opposite direction. 

Implications for quantum gravity. A serious claim stemming from our 
work is that a successful theory of quantum gravity should be constructed 
in some topos U — the 'topos of the universe' — that is not the topos of sets. 
All entities of physical interest will be represented in this topos, including 
models for space-time (if there are any at a fundamental level in quantum 
gravity) and, if relevant, loops, membranes etc. as well as incorporating the 
anticipated generalisation of quantum theory. 

Such a theory of quantum gravity will have a neo-realist interpretation in 
the topos U, and hence would be particularly useful in the context of quantum 
cosmology. However, in practice, physicists divide the world up into smaller, 
more easily handled, chunks, and each of them would correspond to what 
earlier we have called a 'system' and, correspondingly, would have its own 
topos. Thus U is something like the 'gros topos' of the theory, and would 
combine together the individual 'sub-systems' in a categorial way. Of course, 
it is most unlikely that there is any preferred way of dividing the universe up 
into bite-sized chunks, but this is not problematic as the ensuing relativism 
is naturally incorporated into the idea of a Grothendieck site. 

^^^To be honest, the 'perhaps' should really be replaced by 'highly'. 
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16 Appendix 1: Some Theorems and Con- 
structions Used in the Main Text 



16.1 Results on Clopen Subobjects of S. 

Theorem 16.1 The collection, Subci(S), of all clopen sub-objects ofE is a 
Heyting algebra. 

Proof. First recall how a Heyting algebra structure is placed on the set, 
Sub(S), of all sub-objects of S. 

The 'V'- and 'A'-operations. Let S_,T_ be two sub-objects of S. Then 
the 'V and 'A' operations are defined by 



for all contexts V. It is easy to see that if S_ and T are clopen sub-objects of 
E, then so are 5 V T and S_AT. 

The zero and unit elements. The zero element in the Heyting algebra 
Sub(E) is the empty sub-object := {0y | V G Ob(V(?i))}, where 0y is 
the empty subset of Sy. The unit element in Sub(S) is S. It is clear that 
both and S are clopen sub-objects of S. 

The '^'-operation. The most interesting part is the definition of the 
implication S_=> 7^. For all V G Ob(V(7i)), it is given by 



{S^T)v ■■= {A G I VI/' C 1/, if 

S(iy,y)(A) G Sy, then S(iy,y)(A) G Ty,} (16.3) 

= {A G Sy I W C V, if 



Since -^S_ '■= S_ ^ 0, the expression for negation follows from the above 

as 



(5VT)y := SyUT 
iSAT)y := SyHT 



(16.1) 
(16.2) 



\\v' £ S_y, then Ajy G Ty}- 



(16.4) 



{Xe^y\yV'CV, S(iy,y)(A) ^ Sy,} 
{A G Sy I C X\y, ^Sy,}. 



(16.5) 
(16.6) 
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We rewrite the formula for negation as 

hS)v = fl {Xe^yl X\v' e SI.,} (16.7) 
v'cv 

where S_y,'^ denotes the complement of S_y, in E^,. Clearly, S_y,'^ is clopen in 
Ey, since S_y, is clopen. Since the restriction T^^iyy) : Sy — > Sy, is continu- 
ous and surjective-^^^, it is easy to see that the inverse image ^{iv'v)~^ {S_y,'^) 
is clopen in Sy. Clearly, 

U^V'v)'\Sy,'') = {A G Sy I \\y, e Sy,'} (16.8) 

and so, from (16.7) we have 

hs)y = fl mv'vr\Sy,'') (16.9) 

V'CV 

The problem is that we want {~'S_)v to be a clopen subset of Sy. Now 
the right hand side of (16.9) is the intersection of a family, parameterised by 
{V' I V C V}, of clopen sets. Such an intersection is always closed, but it is 
only guaranteed to be open ii {V \ V O V} is a. finite set, which of course 
may not be the case. 

If V" C V' and X\y„ G S^y,,"^, then A|y G S^y,"^. Indeed, if we had A|v' G 
S_y,, then (A|y/)|v" = X\v" ^ S_y„ by the definition of a sub-object, so we 
would have a contradiction. This implies S(2y"y)~"^(i5y//'^) C ^{iy'y)~^{Sy''), 
and hence the right hand side of (16.9) is a decreasing net of clopen subsets 
of Sy which converges to something, which we take as the subset of Sy that 
is to be {^S_)y. 

Here we have used the fact that the set of clopen subsets of Sy is a 
complete lattice, where the minimum of a family (f/i)ig/ of clopen subsets is 
defined as the interior of Cl^^j Ui. This leads us to define 

{^S)y := int Pi Uiv'v)~\Sy,') (16.10) 
V'CV 

= int Pi {a G Sy I A|y/ G (V)} (16.11) 
V'CV 

as the negation in Subci(S). This modified definition guarantees that -iS_ 
is a clopen sub-object. A straightforward extension of this method gives a 
consistent definition of ^ T. 

^•^^See proof of Theorem 16.2 below. 
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This concludes the proof of the theorem. ■ 

The following theorem shows the relation between the restriction map- 
pings of the outer presheaf O and those of the spectral presheaf E. We 
basically follow de Groote's proof of Prop. 3.22 in [33] and show that this 
result, which uses quite a different terminology, actually gives the desired 
relation. 

Theorem 16.2 Let V, V e OhiViH)) such that V C V. Then 

^0{iy,y){5°{P)v) =M^V'V){S^0^P)^). (16.12) 

Proof. First of all, to simplify notation, we can replace S°{P)v by P (which 
amounts to the assumption that P G ViV). This does not play a role for 
the current argument). By definition, 0{iv'v){P) = S°{P)v', so we have to 
show that 5'5o(p)^, = S(zy/y)(S'p) holds. 

If A G Sp, then A(P) = 1, which implies A(Q) = 1 for all Q > P. In 
particular, \{6°{P)v') = 1, so S(zy/y)(A) = A|y/ G iS^o(p) ,. This shows that 
^{iv'v){Sp) C 5'^o(p)^,. 

To show the converse inclusion, let A' G 5'5o(p)^, , which means that 
X'{6"{P)v') = 1. We have P G 0(iy'y)"^(5°(P)y')- Let 

Fy := {Q G V{V') I A'(Q) = 1} = X'~^l) n V{V'). (16.13) 

As shown in section 8.3, Fy is an ultrafilter in the projection lattice V{V')}^^ 
The idea is to show that Fx' U P is a filter base in ViV) that can be extended 
to an ultrafilter, which corresponds to an element of the Gel'fand spectrum 
of 

Let us assume that Fy U P is not a filter base in ViV). Then there exists 
some Q G Fy such that 

Q AP = QP = 6, (16.14) 

which implies P < 1 — Q, so 

0{iv'v){P) = 5\P)v' < 0{iv'v){l - g) = i - g (16.15) 

and hence we get the contradiction 

1 = A'(<5°(P)y/) < A'(i - g) = 0. (16.16) 

133 jjj^ general, each ultrafilter F in the projection lattice of an abelian von Neumann 
algebra V corresponds to a unique clement Ai? of the Gel'fand spectrum of V . The 
ultrafilter is the collection of all those projections that are mapped to 1 by A, i.e., F = 
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By Zorn's lemma, the filter base F\i U P is contained in some (not necessarily 
unique) maximal filter base in ViV). Such a maximal filter base is an ul- 
trafilter and thus corresponds to an element A of the Gel'fand spectrum Ey 
of V . Since P is contained in the ultrafilter, we have A(P) = 1, so A G i5p. 
By construction, E(2y/y)(A) = A|v' = A' G 5'^o(p)^,, the element of Sy, we 
started from. This shows that ^'^^(p)^, ^ TJ(iv'v){.Sp), and we obtain 

S,.^p^^,=n^v'v){Sp). (16.17) 

It is well-known that every state A' G Sy, is of the form A' = S(iy'y)(A) = 
A|y/ for some A G Sy. This implies 

S(iy/y)-^(^^„(p)^^J = ^5o(p)^, C Sy. (16.18) 

Note that on the right hand side, Sgo(^p^^, (and not Sp, which is a smaller set 
in general) shows up. ■ 

De Groote has shown in [33] that for any unital abelian von Neumann 
algebra V, the clopen sets S'g, Q G V{V), form a base of the Gel'fand 
topology on Sy. Formulas (16.17) and (16.18) hence show that the restriction 
mappings 

S(2y/y) : Sy Ey, 
A (— > A|y 

of the spectral presheaf are open and continuous. Using continuity, it is easy 
to see that ^{iv'v) is also closed: let C C Sy be a closed subset. Since Sy is 
compact, C is compact, and since T^{iv'v) is continuous, ^{iv'v){C) C Sy/ 
is compact, too. However, Sy/ is Hausdorff, and so S(iy/y)(C) is closed in 

Sy/. 

16.2 The Grothendieck A;- Construction for an Abelian 
Monoid 

Let us briefly review the Grothendieck construction for an abelian monoid 
M. 

Definition 16.1 A group completion of M is an abelian group k{M) to- 
gether with a monoid map 9 : M ^ k{M) that is universal. Namely, given 
any monoid morphism cf) : M ^ G, where G is an abelian group, there exists 
a unique group morphism cf)' : k{M) — > G such that factors through cf)' ; 
i.e., we have the commutative diagram 
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k{M) 

with (j) = (j)' o 9. 

It is easy to see that any such k{M) is unique up to isomorphism. 

To prove existence, first take the set of all pairs (a, b) E M x M, each of 
which is to be thought of heuristically as a — fe. Then, note that if inverses 
existed in M, we would have a — b = c — d if and only if a + d = c + b. This 
suggests defining an equivalence relation on M x M in the following way: 

(a, b) = (c, d) iS3g e M such that a + d + g = b + c + g. (16.19) 



Definition 16.2 The Grothendieck completion of an abelian monoid M is 
the pair {k{M), 9) defined as follows: 

(i) k{M) is the set of equivalence classes [a,b], where the equivalence rela- 
tion is defined in (16.19). A group law on k{M) is defined by 

(i) [a, b] + [c, d] ■.= [a + c,b + d], (16.20) 

(ii) Ofc(M) := [Om,Om], (16.21) 

(iii) - [a,b] := [b,a], (16.22) 

where Om is the unit in the abelian monoid M. 
(a) The map 9 : M ^ k{M) is defined by 

9{a):=[a,0] (16.23) 

for all a e M. 



It is straightforward to show that (i) these definitions are independent of 
the representative elements in the equivalence classes; (ii) the axioms for a 
group are satisfied; and (iii) the map 9 is universal in the sense mentioned 
above. 

It is also clear that k is a functor from the category of abelian monoids to 
the category of abelian groups. For, if / : Mi — > M2 is a morphism between 
abehan monoids, define k{f) : k{Mi) — ^ k{M2) by k{f)[a,b] := [f{a),f{b)] 
for all a,b e Ml. 
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16.3 Functions of Bounded Variation and FM- 



These techniques will now be applied to the set, F R- , of global elements 
of We could equally well consider F R^ and its /c-extension, but this 
would just make the notation more complex, so in this and the following 
subsections, we will mainly concentrate on F R- (resp. R- ). The results can 
easily be extended to F R^ (resp. RH). 

It was discussed in Section 8.2 how global elements of R^ are in one-to- 
one correspondence with pairs {n, v) consisting of an order-preserving and 
an order-reversing function on the category V(7Y); i.e., with functions yU. : 
Ob(V(7^)) ^ R such that, for all Vi.V^ E Ob(V(7^)), if V2 C Vi then 
/i(V^2) < and V : Ob(V(7^)) ^ R such that, for all Vi, V2 G Oh{V{n)), 

if V2 C Vi then z/(V2) > u{Vi)] see (8.75). The monoid law on F R"" is given 
by (8.79). 

Clearly, global elements of R^ are given by order-reversing functions i' : 
V(7i) — > R, and F R- is an abelian monoid in the obvious way. Hence the 
Grothendieck construction can be applied to give an abelian group fc(F R- ). 
This is defined to be the set of equivalence classes [u, k] where z/, k G F R- , 
and where (z/i, ni) = {h'2, 1^2) if? and only if, there exists a G F R- , such that 

vi + K.2 + = + 1^2 + Oi (16.24) 

Since FR^ has a cancellation law, we have (z/i, ki) = (z/2, H2) if, and only if, 

+ K2 = Ki + V2- (16.25) 

Intuitively, we can think of [i^, k\ as being — k\ and embed F R- in fc(F R- ) 
hy V ^ [u, 0]. However, u, k are R-valued functions on Ob(V(7i)) and hence, 
in this case, the expression 'z/ — k' also has a literal meaning: i.e., as the 
function {u - K)iy) := p(y) - niy) for all V G Ob(V(H)). 

This is not just a coincidence of notation. Indeed, let F(0b(V(7^)), R) 
denote the set of all real-valued functions on Ob(V(7Y)). Then we can con- 
struct the map, 

j-.kiV^) F(0b(V(7^)),R) (16.26) 

[z/, k] I— > U — K 

which is well-defined on equivalence classes. 

It is easy to see that the map in (16.26) is injective. This raises the 
question of the image in F(0b(V(7i)), R) of the map j: i.e., what types of 
real-valued function on Ob(V(7Y)) can be written as the difference between 
two order-reversing functions? 
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For functions / : R ^ M, it is a standard result that a function can be 
written as the difference between two monotonic functions if, and only if, it 
has bounded variation. The natural conjecture is that a similar result applies 
here. To show this, we proceed as follows. 

Let / : Ob(V(7i)) ^ M be a real-valued function on the set of objects in 
the category V(7i). At each V G Ob(V(7i)), consider a finite chain 

C := {Vo, Vu V2,..., Vn-u I K) C C C ■ ■ ■ C K-i C (16.27) 

of proper subsets, and define the variation of / on this chain to be 

n 

Vf{C):=J2\fm-f{V,-i)\ (16.28) 
i=i 

where we set Vn '■= V. Now take the supremum of Vf{C) for all such chains 
C. If this is finite, we say that / has a bounded variation and define 

If{V) ■.= snpVf{C) (16.29) 

c 

Then it is clear that (i) V ^ If{V) is an order-preserving function on 
Ob(V(7i)); (ii) f — If is an order-reversing function on Ob(V(7Y)); and (iii) 
—If is an order-reversing function on Ob(V(7Y)). Thus, any function, /, of 
bounded variation can be written as 

/ ^ (/ - J;) - (-/;) (16.30) 

which is the difference of two order-reversing functions; i.e., / can be ex- 
pressed as the difference of two elements of F R- . 

Conversely, it is a straightforward modification of the proof for functions 
/ : M ^ M, to show that if / : Oh{V{n)) ^ M is the difference of two order- 
reversing functions, then / is of bounded variation. The conclusion is that 
fc(F R- ) is in bijective correspondence with the set, BV(Ob(V(?i)), M), of 
functions / : Ob(V(?i)) — ^ M of bounded variation. 

16.4 Taking Squares in k{rR^) 

We can now think of k(TR^) in two ways: (i) as the set of equivalence 
classes [z^, k], of elements z/, k G FR-; and (ii) as the set, BV(0b(V(7i)), M), 
of differences z/ — k of such elements. 
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As expected, BV(0b(V(7i)), M) is an abelian group. Indeed: suppose 
a = Ui — Ki and P = 1^2 — 1^2 with ui, 1/2, ni, ^2 £ r R- , then 

a + (3 = {ui + U2) - + ^^2) (16.31) 
Hence a + (3 belongs to BV(0b(V(7Y)), M) since z/i + 1/2 and ki + K2 belong 

to m^. 



The definition of [i^, 0]^. We will now show how to take the square of 
elements of fcfF R- ) that are of the form [z/, 0]. Clearly, z/^ is well-defined as 
a function on Ob(V(7^)), but it may not belong to TM^. Indeed, liviV) <Q 
for any V , then the function V 1— v'^iV) can get smaller as V gets smaller, 
so it is order-preserving instead of order-reversing. 

This suggests the following strategy. First, define functions v+ and i/_ by 
and 

JO ifz/(^)>0 

"-^^)^=1.(^) ifKv^xo. 

Clearly, z/(y) = v+iV) + i/_(r) for all V e Ob(V(H)). Also, for all V, 
i^+(V^)z/_(V) = 0, and hence 

v{yf = v+{yf + v_{yf (16.34) 

However, (i) the function V ^ v^iyY is order-reversing; and (ii) the function 
V I— > v_{yY is order-preserving. But then V (—+ —v^[VY is order-reversing. 
Hence, by rewriting (16.34) as 

y(yf = y^(yf-(^-u^(yf) (16.35) 

we see that the function V ^ v'^iV) := u{Vf is an element of BV(0b(V(7i)), I 
In terms of /c(r R- ), we can define 

[i/,0]^ := (16.36) 

which belongs to fcfF IR- ). Hence, although there exist u G FM^ that have 
no square in FM^, such global elements of R- do have squares in the k- 
completion, fc(F R- ). On the level of functions of bounded variation, we have 
shown that the square of a monotonic (order-reversing) function is a function 
of bounded variation. 



194 



On the other hand, we cannot take the square of an arbitrary element 
[z/, k] G F R- , since the square of a function of bounded variation need not be 
a function of bounded variation. 

16.5 The Object k(R^) in the Topos Sets^(^)°^ 
16.5.1 The Definition of A;(R^). 

The next step is to translate these results about the set fcfFR-) into the 
construction of an object A;(M^) in the topos Sets^^''^'' . We anticipate that, 
if this can be done, then k(TR^) ~ FfcCR^). 

As was discussed in Section (8.2), the presheaf R- is defined at each stage 
V by 

R^^ ■= {u-.lV -^R\iy e On{[V, R)}. (16.37) 

If iv'v '■ V V, then the presheaf map from R- ^ to M-y, is just the 
restriction of the order-reversing functions from [V to IV. 

The first step in constructing fc( R- ) is to define an equivalence relation 
on pairs of functions, u, k E R-y, for each stage V, by saying that (i^i, ki) = 
(z/2, K2) if, and only, there exists a G R^^^ such that 

MV) + K^iV) + a{V') = Ki{V') + U2iV') + a{V') (16.38) 

for all V C V. 

Definition 16.3 The presheaf k( M.- ) is defined over the category V(7Y) in 
the following way. 

(i) On objects V G Oh{y{n)): 

fc(Rz)y := {^k] \v,Ke C7^(i1/,R)}, (16.39) 

where [v^n] denotes the k-equivalence class of {v.,k). 

(a) On morphisms iyv '■ V ^ V: The arrow k( M.- )(iv>v) : k( M.- )v — > 
A:(R-)i// is given by (kCR-)(iv'v)) ([u, k]) := [z/|v^/, for all [ly, G 
k{M^)v. 

134 jiave to consider functions like {1^+ + — (k+ + k_ ) )^ , which contains terms of the 
form I'+K- and z/_k_|_: in general, these arc neither order-preserving nor order-reversing. 
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It is straightforward to show that is an abehan group-object in the 

topos Sets^^^^ . In particular, an arrow + : fcfIR-) x A;(R-) k(R-) is 
defined at each stage V by 

+y (K, f^i], W2, '^2]) := K + 1^2, f^i + /«2] (16.40) 

for all {[1^1, Ki],[i'2, f^2]) G kCR.-)v x k(R-)v. It is easy to see that (i) 
Tk(R^) ^ fcCFR^); and (ii) is a sub-object of A;(l^) in the topos Sets^(^)°' 

16.5.2 The Presheaf k(R-) as the Quantity- Value Object. 

We can now identify A;(M^) as a possible quantity- value object in Sets^*-^-* ^ . 
To each bounded, self-adjoint operator A, there is an arrow : S 

/c(R^), given by first sending A G BiTi)^^ to S°{A) and then taking k- 
equivalence classes. More precisely, one takes the monic l : ffi^ ^ fc( R- ) 
and then constructs l o 5° {A) : S — > fcf R- ). 

Since, for each stage V , the elements in the image of [5°(74)]y = (t o 
5°{A))v are of the form [z/, 0], z/ e R-^, their square is well-defined. From a 
physical perspective, the use of /i;(R^) rather than R^ renders possible the 
definition of things like the 'intrinsic dispersion', V(v4) := 5°{A^) — 5°(y4)^; 
see (9.4). 

16.5.3 The square of an arrow [(5°(y4)]. 

An arrow [5°(y4)] : S — > fcf R- ) is constructed by first forming the outer 
daseinisation 6°{A) of A, which is an arrow from S to R- , and then composing 
with the monic arrow from R^ to k{R^). Since only outer daseinisation is 
used, for each V G V(7i) and each A G one obtains an element of /c(R-)v 
of the form [5°{A)y{\), 0]. We saw how to take the square of these functions, 
and applying this to all A G Tr^ and all V G V(7i), we get the square [^"(yl)]^ 
of the arrow [5° (A)]. 

If we consider an arrow of the form 5{A) : E —> R^ , then the construction 
involves both inner and outer daseinisation, see Theorem 8.2. For each V 
and each A G Ey, we obtain a pair of functions (5*(A)y(A), (5°(A)y(A)), which 
are both not constantly in general. There is no canonical way to take the 
square of these in R^y. Going to the fc-extension fc( R^ ) of R^ does not 
improve the situation, so we cannot define the square of an arrow 5{A) (or 
[5{A)] in general. 



196 



17 Appendix 2: A Short Introduction to the 
Relevant Parts of Topos Theory 



17.1 What is a Topos? 

It is impossible to give here more than the briefest of introductions to topos 
theory. At the danger of being highly imprecise, we restrict ourselves to 
mentioning some aspects of this well-developed mathematical theory and 
give a number of pointers to the literature. The aim merely is to give a very 
rough idea of the structure and internal logic of a topos. 

There are a number of excellent textbooks on topos theory, and the reader 
should consult at least one of them. We found the following books useful: 
[54, 29, 56, 48, 8, 52]. 

Topos theory is a remarkably rich branch of mathematics which can be 
approached from a variety of different viewpoints. The basic area of mathe- 
matics is category theory; where, we recall, a category consists of a collection 
of objects and a collection of morphisms (or arrows). 

In the special case of the category of sets, the objects are sets, and a 
morphism is a function between a pair of sets. In general, each morphism / 
in a category is associated with a pair of objects^'^^, known as its 'domain' 
and 'codomain', and is written a.s f : B ^ A where B and A are the domain 
and codomain respectively. Note that this arrow notation is used even if 
/ is not a function in the normal set-theoretic sense. A key ingredient in 
the definition of a category is that if f : B ^ A and g : C ^ B (i.e., the 
codomain of g is equal to the domain of /) then / and g can be 'composed' 
to give an arrow f o g : C ^ A; in the case of the category of sets, this is 
just the usual composition of functions. 

A simple example of a category is given by any partially-ordered set 
('poset') C: (i) the objects are defined to be the elements of C; and (ii) if 
g G C, a morphism from p to g is defined to exist if, and only if, p ^ q in 
the poset structure. Thus, in a poset regarded as a category, there is at most 
one morphism between any pair of objects p,q E C; if it exists, we shall write 
this morphism as ipq '■ p ^ q. This example is important for us in form of the 
'category of contexts', V(7i), in quantum theory. The objects in V(7i) are 
the commutative, unital^^^ von Neumann sub-algebras of the algebra, B{T-C), 

^•^^The collection of all objects in category, C, is denoted Ob(C). The collection of arrows 
from i? to A is denoted llomc{B,A). We will only be interested in 'small' categories in 
which both these collections are sets (rather than the, more general, classes.) 

^■^^'Unital' means that all these algebras contain the identity operator 1 e BiTi). 



197 



of all bounded operators on the Hilbert space H. 



Topoi as mathematical universes. Every (elementary) topos r can be 
seen as a mathematical universe. As a category, a topos r possesses a number 
of structures that generalise constructions that are possible in the category, 
Sets, of sets and functions. Namely, in Sets, we can construct new sets 
from given ones in several ways. Specifically, let S, T be two sets, then we 
can form the cartesian product S x T, the disjoint union S U. T and the 
exponential S'^ — the set of all functions from T to S. 

These constructions turn out to be fundamental, and they can all be 
phrased in an abstract, categorical manner, where they are called the 'prod- 
uct', 'co-product' and 'exponential', respectively. By definition, in a topos 
r, these operations always exist. The first and second of these properties are 
called 'finite completeness' and 'finite co-completeness', respectively. 

One consequence of the existence of finite limits is that each topos, r, has 
a terminal object, denoted by 1^. This is characterised by the property that 
for any object A in the topos r, there exists exactly one arrow from A to 1^. 
In Sets, any one-element set 1 = {*} is terminal. 

Of course. Sets is a topos, too, and it is precisely the topos which usually 
plays the role of our mathematical universe, since we construct our mathe- 
matical objects starting from sets and functions between them. As a slogan, 
we have: a topos r is a category with 'certain crucial' properties that are 
similar to those in Sets. A very nice and gentle introduction to these aspects 
of topos theory is the book [54]. Other good sources are [29, 55]. 

In order to 'do mathematics', one must also have a logic, including a 
deductive system. Each topos comes equipped with an internal logic, which is 
of intuitionistic type. We will now very briefly sketch the main characteristics 
of intuitionistic logic and the mathematical structures in a topos that realise 
this logic. 



The sub-object classifier. Let X be a set, and let P{X) be the power set 
of X; i.e., the set of subsets of X. Given a subset K G P{X), one can ask for 
each point x & X whether or not it lies in K. Thus there is the characteristic 

^■^^Morc precisely, small sets and functions between them. Small means that we do not 
have proper classes. One must take care in these foundational issues to avoid problems 
like Russell's paradox. 

^■^^Like many categorical constructions, the terminal object is fixed only up to isomor- 
phism: all one-clement sets arc isomorphic to each other, and any of them can serve as a 
terminal object. Nonetheless, one speaks of the terminal object. 
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function xk '■ X 



{0, 1} oi K, which is defined as 
Xk{x) := 



1 




if X e K 



'i7.r 



for all X G X; cf. (6.2). The two-element set {0, 1} plays the role of a set of 
truth-values for propositions (of the form "a; G /T"). Clearly, 1 corresponds 
to 'true', corresponds to 'false', and there are no other possibilities. This is 
an argument about sets, so it takes place in, and uses the logic of, the topos 
Sets of sets and functions. Sets is a Boolean topos, in which the familiar 
two-valued logic and the axiom (*) hold. (This does not contradict the fact 
that the internal logic of topoi is intuitionistic, since Boolean logic is a special 
case of intuitionistic logic.) 

In an arbitrary topos, r, there is a special object fi^, called the sub-object 
classifier, that takes the role of the set {0, 1} ~ {false, true} of truth-values. 
Let B be an object in the topos, and let A be a sub-object of B. This means 
that there is a monic A 5,^^^ (this is the categorical generalisation of 
the inclusion of a subset K into a larger set X). As in the case of Sets, 
we can also characterise A as a sub-object of B by an arrow from B to the 
sub-object classifier Qr] in Sets, this arrow is the characteristic function 
Xk : ^ ^ {0, 1} of (17.1). Intuitively, this 'characteristic arrow' from B to 
Qr describes how A 'lies in' B. The textbook definition is: 

Definition 17.1 In a category r with finite limits, a sub-object classifier is 
an object Qr, together with a monic true : l^ Qr, such that to every monic 
m : A ^ B in T there is a unique arrow xa '■ B ^ Q^- which, with the given 
monic, forms a pullback square 




true 



In Sets, the arrow true : 1 {0, 1} is given by true(*) = 1. In general, 
the sub-object classifier, Qr, need not be a set, since it is an object in the 
topos r, and the objects of r need not be sets. Nonetheless, there is an 



^•^^A monic is the categorical version of an injective function. In the topos Sets, monies 
exactly are injective functions. 
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abstract notion of elements (or points) in category theory that we can use. 
Then the elements of Qr are the truth-values available in the internal logic 
of our topos r, just like 'false' and 'true', the elements of {false, true}, are 
the truth-values available in the topos Sets. 

To understand the abstract notion of elements, let us consider sets for a 
moment. Let 1 = {*} be a one-element set, the terminal object in Sets. Let 
5" be a set and consider an arrow e from 1 to S. Clearly, (i) e(*) G S* is an 
element of S; and (ii) the set of all functions from 1 to 5 corresponds exactly 
to the set of all elements of 5*. 

This idea can be generalised to any category that has a terminal object 1. 
More precisely, an element of an object A is defined to be an arrow from 1 to 
A in the category. For example, in the definition of the sub-object classifier 
the arrow 'true : It- — > fi^-' is an element of Qr- It may happen that an 
object A has no elements, i.e., there are no arrows 1,- A. It is common to 
consider arrows from subobjects U of A to A as generalised elements. 

As mentioned above, the elements of the sub-object classifier, understood 
as the arrows Ir — > ^r, are the truth-values. Moreover, the set of these 
arrows forms a Heyting algebra (see, for example, section 8.3 in [29]). This 
is how (the algebraic representation of) intuitionistic logic manifests itself in 
a topos. Another, closely related fact is that the set, Sub(yl), of sub-objects 
of any object A in a topos forms a Heyting algebra. 

The definition of a topos. Let us pull together these various remarks 
and list the most important properties of a topos, r, for our purposes: 

1. There is a terminal object Ir in r. Thus, given any object A in the 
topos, there is a unique arrow A ^ It-. 

For any object A in the topos, an arrow 1^ ^ A is called a global 
element of A. The set of all global elements of A is denoted TA. 

Given A,B ^ Ob(r), there is a product A x B in t. In fact, a topos 
always has pull-backs, and the product is just a special case of this.^^° 

2. There is an initial object 0,- in r. This means that given any object A 
in the topos, there is a unique arrow 0^ A. 

Given A,B E Ob(r), there is a co-product AU B in t. In fact, a 
topos always has push-outs, and the co-product is just a special case of 
this. 

^^''Thc conditions in 1. above are equivalent to saying that r is finitely complete. 
i4irpj_^g conditions in 2. above are equivalent to saying that r is finitely co-complete. 
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3. There is exponentiation: i.e., given objects A,B in r we can form an 
object A^, which is the topos analogue of the set of functions from B 
to A in set theory. The definitive property of exponentiation is that, 
given any object C, there is an isomorphism 

Hom^ (C, A^) ~ Hom^ (C x B, A) (17.2) 

that is natural in A and C; i.e., it is 'well-behaved' under morphisms 
of the objects involved. 

4. There is a sub-object classifier Qr- 



17.2 Presheaves on a Poset 

To illustrate the main ideas, we will first give a few definitions from the 
theory of presheaves on a partially ordered set (or 'poset'); in the case of 
quantum theory, this poset is the space of 'contexts' in which propositions 
are asserted. We shall then use these ideas to motivate the definition of a 
presheaf on a general category. Only the briefest of treatments is given here, 
and the reader is referred to the standard literature for more information 
[29, 56]. 

A presheaf (also known as a varying set) X on a poset C is a function 
that assigns to each p G C, a set X^; and to each pair p ^ q (i.e., ipg ■ p q) , 
a map X^^ : — > 2£.p such that (i) : X.p — > 2£.p is the identity map idx 

on Xp, and (ii) whenever p ^ q ^ r, the composite map X^ X^ X^ 

is equal to X.r ~^ 2£.p, i-e-) 

Krp = Kqp ° Krq- (1^.3) 

The notation X^^ is shorthand for the more cumbersome X_{ipq)', see below 
in the definition of a functor. 

An arrow, or natural transformation f] '■ Y_ between two presheaves 

X, F on C is a family of maps r]p : X^ — > F^, p E C, that satisfy the 
intertwining conditions 

Vp°Xqp = Y^pOV, (17.4) 
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whenever p ^ q. This is equivalent to the commutative diagram 

X„ 




;i7.5) 



It follows from these basic definitions, that a sub-object of a presheaf X 
is a presheaf with an arrow i : ^ — >■ X such that (i) K„ C X„ for all 



p ^ C; and 

Kgp ■ Kg 
diagram 



l^ii) for all p ^ q, the map Kgp : 
Xp to the subset ^ Xg- 



■p — —p 
Kp is the restriction of 

This is shown in the commutative 




(17.6) 



where the vertical arrows are subset inclusions. 



The collection of all presheaves on a poset C forms a category, denoted 
Sets*^ ^ . The arrows/morphisms between presheaves in this category the 
arrows (natural transformations) defined above. 



17.3 Presheaves on a General Category 

The ideas sketched above admit an immediate generalization to the theory 
of presheaves on an arbitrary 'small' category C (the qualification 'small' 
means that the collection of objects is a genuine set, as is the collection of 
all arrows/morphisms between any pair of objects). To make the necessary 
definition we first need the idea of a 'functor': 



The idea of a functor. A central concept is that of a 'functor' between 
a pair of categories C and T). Broadly speaking, this is an arrow-preserving 
function from one category to the other. The precise definition is as follows. 
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Definition 17.2 1. A covariant functor F from a category C to a category 
V is a function that assigns 

(a) to each C-object A, a V-object F^; 

(b) to each C-morphism f : B A, a V-morphism F{f) : Fb Fa 
such that F(idyi) = idpA', O'^'^d, if g : C ^ B, and f : B ^ A then 

F{fog)=F{f)oF{g). (17.7) 

2. A contravariant functor X from a category C to a category V is a 
function that assigns 

(a) to each C-object A, a V-object X^; 

(b) to each C-morphism f : B ^ A, a V-morphism X{f) : X^ Xb 
such that X(idyi) = idx^; and, if g : C ^ B , and f : B ^ A then 

X{fog)=X{g)oX{f). (17.8) 

The connection with the idea of a presheaf on a poset is straightforward. 
As mentioned above, a poset C can be regarded as a category in its own 
right, and it is clear that a presheaf on the poset C is the same thing as a 
contravariant functor X from the category C to the category Sets of normal 
sets. Equivalently, it is a covariant functor from the 'opposite' category^^^ C°p 
to Sets. Clearly, (17.3) corresponds to the contravariant condition (17.8). 
Note that mathematicians usually call the objects in C 'stages of truth', or 
just 'stages'. For us they are 'contexts', 'classical snap-shops', or 'world 
views'. 

Presheaves on an arbitrary category C. These remarks motivate the 
definition of a presheaf on an arbitrary small category C: namely, a presheaf 
on C is a covariant functor^"^^ X_ : — > Sets from C°p to the category of sets. 
Equivalently, a presheaf is a contravariant functor from C to the category of 
sets. 

We want to make the collection of presheaves on C into a category, and 
therefore we need to define what is meant by a 'morphism' between two 
presheaves X and Y_. The intuitive idea is that such a morphism from X to 

-"^^^The 'opposite' of a category C is a category, denoted C°p, whose objects are the same 
as those of C, and whose morphisms are defined to be the opposite of those of C; i.e., a 
morphism f : A ^ B \n C°p is said to exist if. and only if, there is a morphism f : B ^ A 
in C. 

^"'^ Throughout this series of papers, a presheaf is indicated by a letter that is underlined. 
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y must give a 'picture' of X within Y_. Formally, such a morphism is defined 
to be a natural transformation : X ^ F , by which is meant a family of 
maps (called the components of N) Na '■ X ^ ILa^ ^ ^ C)b(C), such that if 

/ : i? — ^ A is a morphism in C, then the composite map 

is equal to X^^ — ^ As — ^ 
diagram 



Y . 



Y 



■B 

Y_j^. In other words, we have the commutative 



Mf) 



Kb 



N. 



B 



Y, 



W) 



Y 



■B 



(17.9) 



of which (17.5) is clearly a special case. The category of presheaves on C 
equipped with these morphisms is denoted Sets*^""". 

The idea of a sub-object generalizes in an obvious way. Thus we say that 
-K^ is a sub-object of X if there is a morphism in the category of presheaves 
(i.e., a natural transformation) i '■ I^—* X. with the property that, for each A, 
the component map la '■ K a — > Ka is a subset embedding, i.e.. 



Ka C Xa. 



Thus, li f : B A IS any morphism in C, 
commutative diagram (17.6): 



Kif) 



we get the analogue of the 




(17.10) 



where, once again, the vertical arrows are subset inclusions. 

The category of presheaves on C, Sets'' forms a topos. We do not need 
the full definition of a topos; but we do need the idea, mentioned in Section 
17.2, that a topos has a sub-object classifier 1], to which we now turn. 



Sieves and the sub-object classifier Vl. Among the key concepts in 
presheaf theory is that of a 'sieve', which plays a central role in the con- 
struction of the sub-object classifier in the topos of presheaves on a category 
C. 
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A sieve on an object A in C is defined to be a collection 5* of morphisms 
f : B ^ A in C with the property that if f : B ^ A belongs to S, and if 
g : C ^ B is any morphism with co-domain B, then f o g : C ^ A also 
belongs to S. In the simple case where C is a poset, a sieve on p G C is any 
subset S of C such that if r G S' then (i) r ^ p, and (ii) r' e 5* for all r' ^r; 
in other words, a sieve is nothing but a lower set in the poset. 

The presheaf Q:C^ Sets is now defined as follows. If A is an object in 
C, then Qj^ is defined to be the set of all sieves on A; and if f : B ^ A, then 
• ~^ is defined as 

Q{f){S) := {h : C ^ B \ f o h e S} (17.11) 

for all S G Qj^] the sieve ^{f){S) is often written as f*{S), and is known as 
the pull-back to B of the sieve S* on A by the morphism f : B ^ A. 

It should be noted that if is a sieve on A, and ii f : B ^ A belongs to 
S, then from the defining property of a sieve we have 

f*{S) ■.= {h:C^B\foheS} = {h:C^B}=:iB (17.12) 

where j, B denotes the principal sieve on B, defined to be the set of all 
morphisms in C whose codomain is B. 

If C is a poset, the pull-back operation corresponds to a family of maps 
Qlqp '■ Qlq ^lp (where Qp denotes the set of all sieves/lower sets on p in the 
poset) defined by = fl{ipq) iiipq : p ^ q {i.e., p ^ q). It is straightforward 
to check that if S G 11^, then 

n^p{S):=ip^S (17.13) 

where [p := {r E C \ r ^ p}. 

A crucial property of sieves is that the set fi^ of sieves on A has the 
structure of a Heyting algebra. Specifically, the unit element 1q^ in VLj^ is 
the principal sieve and the null element 0^^ is the empty sieve 0. The 
partial ordering in fi^ is defined by < S2 if, and only if. Si C S2; and the 
logical connectives are defined as: 

Si A ^2 := Si n ^2 (17.14) 
SiW S2:= SiU S2 (17.15) 
Si ^ S2 := {f : B ^ A \ ^g : C ^ B ii f o g e Si then foge ^2^17.16) 

As in any Heyting algebra, the negation of an element S (called the pseudo- 
complement of S) is defined as -^S := S ^ 0; so that 

-^S := {f : B ^ A \ ioT all g : C ^ B, f o g ^ S}. (17.17) 
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It can be shown that the presheaf is a sub-object classifier for the 
topos Sets'' That is to say, sub-objects of any object X in this topos 
[i.e., any presheaf on C) are in one-to-one correspondence with morphisms 
X '■ ^ ^1- This works as follows. First, let ^ be a sub-object of X with 
an associated characteristic arrow xk '■ 2^ ^ Then, at any stage A in C, 
the 'components' of this arrow, xk^ '■ ~^ defined as 

XKAix) ■.= {f:B^A\ X{f){x) e K^} (17.18) 

for all X G X 4. That the right hand side of (17.18) actually is a sieve on A 
follows from the defining properties of a sub-object. 

Thus, in each 'branch' of the category C going 'down' from the stage A, 
Xk^{x) picks out the first member B in that branch for which X_{f){x) lies in 
the subset K^, and the commutative diagram (17.10) then guarantees that 
2£.ih o f){x) will lie in K^^ for all h : C ^ B. Thus each stage A in C serves 
as a possible context for an assignment to each x G X 4 of a generalised 
truth value — a sieve belonging to the Heyting algebra Qy^. This is the sense 
in which contextual, generalised truth values arise naturally in a topos of 
presheaves. 

There is a converse to (17.18): namely, each morphism \ : X ^ Q (i.e., a. 
natural transformation between the presheaves X. and £2) defines a sub-object 
of X via 

■■= XA^ilnJ- (17.19) 

at each stage A. 

Global elements of a presheaf. For the category of presheaves on C, a 
terminal object 1:C-^ Sets can be defined by 1^ := {*} at all stages A in 
C; if f : B A is a. morphism in C then l{f) : {*} — > {*} is defined to be the 
map * I— > *. This is indeed a terminal object since, for any presheaf X, we 
can define a unique natural transformation X : X ^ X whose components 
Na '■ 2£.i^) ^ Xa — {*} ^he constant maps x * for all x G X4. 

As a morphism 7 : 1 ^ X in the topos Sets''"'", a global element corre- 
sponds to a choice of an element 7^ G X 4 for each stage A in C, such that, 
if f : B ^ A, the 'matching condition' 

Xif){jA)=7B (17.20) 

is satisfied. 
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